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PEEFACE. 
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I HAVE endeavoured in the present work to exhibit a 
comprehensive view of the Differential Calculus on the 
method of Limits. In the more elementary portions I have 
entered into considerable detail in the explanations with the 
hope that a reader who is without the assistance of a tutor 
may be enabled to acquire a competent, acquaintance with 
the subject. To; the' different Chapters ' will h® found ap- 
pended Examples sufficiently numerous render another 
book unnecessary. These examples hayd 'been selected 
almost exclusively from: the :%llegn' 'and Ex- 

amination Papers ; the greater part of them will be found 
-to plesent no very serious difficulty to the student, although 
a. few may require peculiar analytical skill. 

I have frequently given more than one investigation of 
^ theorem, because I believe that the student derives ad- 
vantage from viewing the same proposition under different 
a>spects, and that, in order to succeed in the examinations 
vrhich he may have to undergo, he should be prepared for 
^ considerable variety in the order of arranging the several 
branches of the subject, and for a corresponding variety in 
‘fche mode of demonstration. 

In the composition of the first edition of this work, while 
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trusting mainfy to independent knowledge and jud| 
derived assistance from tlie labours of well known an 
the subject, especially Cournot, De Morgan, Moigno, 
and Schlomilch. In the subsequent editions ^ cons 
amount of frosli matter lias been introduce, and. t. 
almost exclusively on my own authority ; iilcreased ex- 
as a teacher naturally gave stronger confidence to tin 
Thus the work now contains on the -wliole much 
original in substance, and much that is new in form. 

The present edition has been carefully revised an 
what enlarged. I have examined with attention and 
treatises on the Differential Calculus recently publis 
eminent mathematicians, in order to discover if the i 
of explaining and developing the principles of the 
had gained any real improvement during the last 
years. I have not however found reason for concludi 
I could with advantage make any essential change 
elementary work. ^ 

I have much reason to be grateful for the appr 
bestowed by teachers and students on this voluir 
first of a long series relating to various branches of 
matics. My thanks are especially due to Professor Ba 
of Naples for the honour which he has conferred on 
translating my treatises on the Differential and the I 
Calculus into Italian. 

I. TODHUNl 

St John’s College, 

A^prilf 1871 . 

Since the foregoing Preface to the fifth editic 
printed the work has obtained increased favour both a 
and abroad, and translations of it have appeared in 
a^d in India. An elementary treatise on Laplace’s Fur 
Lamd’ s Functions, and Bessel’s Functions, designed as a 
to the volumes on the Differential and Integral Calcul 
since been published. 

/anuary, 1878 . 
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BEFINrTIONS, LIMIT. LVriSTO>, 

h Suppose two whit-li ar« r#!” 

change so connected that if we alt.*T etfie i4 itn'ri* iv, 

a consequent alteration in the other, 

is called 2 . function of the firnt. if .r. U* a t*i 

which we can assign ditfereut nniiieriml v-ahirt, ^$irk ex- 
pressions as x\ 3*, log X, and sin x, are all nf 

If a function of x is suppn.st'd f^qtio! u* qiianfifr^ 

as for example sin /;;=//, theii h^rh nri;^' I'lilldil 

variables, one of them Ijo'ing tin* mid 

the other the iUpeiuhitt An mri' 

able is a quantity to whieh w«? inov miy % 7 i|i|i* 

arbitrarily assign etl ; a drixndtni vauahh^ a qimii’lillf ty. 
value of which is deterniinerl m m ihot of Mfirrtti iir^. 
dependent variable i.n known. Fre#j!n':iitli^ whrti w*;? are' 
considering two or rrmro vnrmbfeH it m in* our iu U% 

upon whichever we fhmu m lln* indrfmukmt varnilifr^ finf, 
having once made our ehoimi w'-ii mmi ndtuir n.i 
in this respect throiighcmfc onr ojP*ratif»ii.K .r^t .^indi 

a change would require cerliiiii |n arrant ioir* mml fmu4m-^ 
mations. 

2. We generally denote fmwllmm hf n- 

f (x), md ilw hm$u 

denoted by a?. Such an equation iw ^..,4 th,i 

the dependent variable y k so fmnip^rtwf wiih ty- iinhqifiah'fii 
variable x, that tho viilnci of y kmmu m mm$n 

that of oms given, ami that if nnv rdiiingo in fh. 

“fid ». .V 
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2 D^INITION'S. 

S. The student has probably already had occasion to 
consider the meaning of the terms ‘'variable quantity” and 
“function” which we have here introduced. In treatises on 
the conic sections, for example, the equation ?/ = 2 Vax occurs, 
where x is a general symbol to which different numerical 
values may be assigned, and a is a symbol to which we 
suppose some invariable numerical value assigned, and which 
is therefore called a “constant.” For every value given to x 
we can deduce the coiresponding numerical value of y. In 
the equation ;?y=2 ^ ax, since the value of*^ depends upon 
that of a as well as that of x, we may say tliat y is a functi^aui 
of a and x. Hence such symbols maybe used as F{a, x) 
to denote a function of both a and x ; and such an equation 
as ?/=(/> (x, z, t) indicates that y is a function of the thrde 
quantities denoted by the symbols x, z, and t 

4. In the equation 2 Vaa?, if we know that a is to be 
a constant quantity throughout any investigation on which 
we may be engaged, wo shall frequently not require to be 
reminded of this constant, and shall continue to speak of y 

as a function of x. So the equation y= ~ // {d^—x^) may be 

ct 

represented \>j y=(p {x), where we express only that sym- 
bol X which throughout our investigations will be considered 
variable. 

5. If the equation connecting the variables x and y be 
such that y alone occurs on one side, and on the other side 
some expression involving x and not y, we say that y is 
an explicit function of x. When an equation connecting x 
and y is not of this form, we say that y is an implicit function 
of X. Thus if y—ax^+lx+c, we have y an explicit function 
of X. If ay^—2bxy+cx^’+g=^0 we have ym implicit func- 
tion of X. The words implicit f auction assume that y really 
is a f auction of x in the sense in which we have used the 
word function. This assumption may be seen to be true in 
the example given, for we can by the solution of a quadratic 
equation exhibit y as a function of x; or rather we can infer 
that y must be one of two explicit functions of x, namely 

either ^a;-V{(y-ac) 

a a 

shall return to this point hereafter, in Art. 58. 


EXA>iri-K.S OF ^ LIMIT. ^ Ti 

fi Explicit functions may ho (iivi«l-l inf,. . ,u,,,-hramd arul 
The funiM'F are hi wlueh the (inly 

iTrltions indicated arc addifiun. .sal.tra.-ti..n. luult.iplicatiod, 

dhTsion, and the raisin- »i >/' l-yy'-'' 

;l the extraction of a known niof ; f' laH-r an- thos.pwlucli 
Lolveother operations, as oxi«m-n n-d l.,-nntluu.c 

functions, and trigm.omotru-al iuurtn.ns. suf.poso l„.ru 

Sat tbe^imbcr of the oporntmius i». ..■•■tt.-l ,.s jr,ute; for as 
we shall see hereafter a tran.s<a;ml.-nfnl hn.oto'n may ho oqm- 
valenno an infinite scries of n!«.'hrui.-al fnnotnms. 

To the independent variahh- in an .•.piatmu wo may 
suppose any value as.si-nod oiflo r i....jitu.. or uo-ativo, as 
oxStas we please or as small as w ph-aso. If _wo_ snpposo 
a series of different values ass, 5 .n.'d f.. r, hooiimuifr witli 
some negative value numorioully very lar-^o .-md gradually 
increasing algchraically up to Hoim- Iar».- posit iv.i valim, 
the series of value.s we obtain for y may j.r.’ .id l.» us v.'iy 
different results. Eor exampl-, if y fio-n Iho vahms 

of y will form <a .scries lM‘-inmu- Mith a m -nfivo value 
numerically large, and increasing alg. hrai.'ally uj. 1.. a large 
positive value. If y = a,'-', flm v.-du.-s ..1 y are nlway.s positive, 
and form a .seric.s first .iccrca.diig ami llo-it ag.-iiii iiiereasing. 
If y = ,^(a^-a:'-';, then tin; values of' y are unreal for ovi-ry 
value of X not contained hclw.'i'U »t and i-o. 

7. We proceed to another examp!.- more importtmt for 

our purpose. Suppose y = '■om'idiT f.lie. series of 

values which y as.sumc>s when to x are a.s.stgn«Hl different 
positive values'. When x~li, y ■•=<*, and wiieii x has any 
positive value, y is a pomtive projM-r fraeiioii. If we 

put y in the form 1 ^ ^ iio*ri*a-sc‘i4 

so does y, but y In/mg a propf^r fmrtioa raa lanatr bo, ho 

great as xinity? The dilToromtif of iiiaiy is | ^ 

this fraction dimini«heH m ^ anti e^tn he mmia 

smaller than am/ amitjnml fmeikm, h^mrer h/ 

giving a suffwientlg great mtlm ta rf*. TliUfi if wa winli 

y to differ from, unity by a qiiinritity Imm tbaii 

iri 
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make a: =100^000, and the. required result is obtained. If 
we wish y to differ from unity by a quantity less than 

-- , make x = 1,000,000, and the required result is 

1,000,000 r- 

obtained. Under these circumstances we say "^the limit of 
y when x increases indefinitblj is unity/^ 

8. The importance of the notion of a Imiit cannot be 

over-estimated ; in fact the whole of the Differential Calculus 
consists in tracing the consequences which follow from that 
notion. The student has probably already falleir upon casqj 
in which the word limit has been used, to whicli it will be 
useful to recur. For example, the sum of the geometiical pro- 
gression l + continued to n terms is 2 — ' 

At 

and hence he has deduced the result that the limit of the 
series when the number of terms is indefinitely increased 
is 2. 

o 

9. A very important example of a limit occurs in works 
on Trigonometry, It is there shewn that if Q denote the 

sin 6 


circular measure of an angle, the fraction 


e 


will, if 6 be 


diminished indefinitely, approach as near as we please to 

unity. In other words the limit of , as 9 continually 

diminishes, is unity. We shall express this by saying ‘‘ the 

limit of — , whe7i9 = 0, is unity;” that is, we use the 

words ''when 0 = 0” as an abbreviation for "when 6 is 
continually dimmished towards zero,'' or for "when 6 is 
dwiinished without limit." 

10. The proposition ''the limit of , wherr0=O, is unity” 

is sometimes expressed thus, = when 0 = 0,” or 

0 

" sin 0 = 0, when 0 = 0.” It must however he most carefully 
remembered that such expressions are only abbreviations and 
cg^nnot he understood absolutely. In like manner the result 
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W/tUIi 


ixmm*. 


i » 


obtained in Art. 7, naiu.-ly that th-* -f 

increases indefinitely is unity, w-nl.i h- > 

thus, “when a: is infinite un.^%. ! 

parts of the senteW are abbivviatjMii. : ' A 

L 'only be can.si.h.red ns n.earnn- «h. a -* .• 

without limit” and '*“i>y'’ 

can be made to differ from unity by .n* « 

Is we please.” 




, 11. In the example *** * 

negative viilues. Put —z loro'; thusy - i' 

pose 2 to change gradually frotu 0 to 1 ; th- jou*. ; <• > ^ 

is positive and continually incivaanir, wmiy tt- ■- ;• - 

is negative and nuiiic-riraliy fondmia.iv ^ »..o 

value of y then is ncgaliv.- an-l num- ia'-tov «- -a* vm'.-- 

creases, and hy taking s n-m t ■ 

make y as gredi as wa pUnmi’ ; thnt ■/ 

y has no finite limit Ffir *4 vi.^ a/.-< ^ 

times exprcHHcd thuH, y In f t, 

not be forgotten that tliin Lant y* an ^ 

must be considered minin : ” bv ^ 

to unity can be iniwlft to exr«'«'d any . 

however great.” Wo sbal! omI prMr^^r'-djoitlr'r ; 

amp^e ; the reiwler will see that wip-ti r w s 4;../.. 

y is positive, that?/ eonfiiiimlly diirdiirdp-.-^ •'» " .a.-t 

approaches the limit imlly wlirii n oi<b ti 

12. The student hnn .alr*'a#ly iin -4 

kind as that brought forwiinl in tlm Ai?“*b% I'o i-- t-t-- 
probably been mceuiifoiiiod to my, 
of 90® is infinity.” On ridh^xion h^ %%ill 
way in which a menriiiig vnu !?o gii'm i** 
to consider it an aldirf^vintiori i>f" ' .i-i ^' 

increase an angle miiliinlly up to tl,.* -4 •• 

angle increases, and by taking tln^ urxt *'%, ^n^4a ><•’ 

we may make the tiiiig€!iil $m pimi sm wr \% <• ^ .3 
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form no distinct conccptioiX of an infinite magnitude, and the 
word can only be used in Mathematics as an abbreviation 
in the manner of the examples here given. 

If to X the independent vanable be ascribed values begin- 
ning with zero and increasingVitliout limit, this is sometimes 
expressed for abbreviation by saying that‘A? increases from 
zero to infinity. ' 

13. The meaning of the word " limit,” or its equivalent 
“limiting value,” will be understood from its userin the 
preceding Articles. The following may be given as a defini- 
tion: “The limit of a function for an assigned value of 
the independent variable, is that value from which the 
function can be made to differ as little as we please, by 
making the independent variable approach its assigned 
value” 

sin 0 

14. In the example “ the limit of = 1 when 6 = 0,” it 


is obvious that ^is never equal to 1 so long as 6 has 
any value different from zero^ and if we actually make 
0 = 0, we render the expression unmeaning. In other 


e 


sin 6 


words, although — approaches as nearly as we please to 

the limit unity it never actually attains that limit. Some- 
times in the definition of a limit the words “ that value 
which the function never actually attains” liave been in- 
troduced. But it is more convenient to omit them ; fer if 

we take any function of x, say , and ascribe to x any 

X -j- 1 

. value, say 1, we can determine the actual value of the 
function, which in this case would be i. According to the 
definition we have given in the preceding Article we may 

when X approaches unity. 

X X 


if we please call J the limit of 

The same holds for any finite value of any function, and 
generally according to the definition of a limit laid down 
in Art. 13, any actual value of a ficnction may he considered 
ts a limiting value. 


INVESTIGATIOIT OF A LIMIT. 


15. Limit of + -j . The following theorem, whicli 
we proceed to demonstrate, is very important. When x 
increases indefinitely the expression [ 1 + - ] approaches a 


certain limit which lies between 2 and 3. 

In^the first place ^suppose x a positive whole number, = m 
say ; we shall prove that the above expression continually in- 
creases^ with m, but can never reach the value 3. Assuming 
the Binomial Theorem for positive integral exponents, we have 

f'l + i)“_ 1 + „i- + 

\ mj m 1.2 \mj 1 . . 3 \mj 

* , m (m — I ) (w — 2) . . . [m — (w — 1)} / 1 

1 . 2 ... m \m/ ■ 

which may be written 


=:1 + J +- 


1.2 ... m 


Similarly 


V' 'l + 'W =1+1^+' JL_2 • 1.2.3 

rtt+l/V m+lj V m + ij 

NoviT in the last two scries we see that their first and 
second terms dYe equal, but the third term in (2) is greater 
than the third term in (1); also the fourth term in (2) is 
greater than the fourth term in (1), and so on; moreover 
in (2) there is one term more than in (1). Hence 


_ 1 
m-Hl 
1.2 


m-f- 1/ V 
1 .2 . 3 


-•••( 3 ). 


is greater than 
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Therefore if' we put m snccessively equal to 2, 3, 4, &c. the 
/ I . 

expression f 1 4- ^ — 1 continually increases. 

12 3 

But since 1 , 1 , ... are all positive and 

m m m ^ 

all less than unity it follows that the series in (1) cannot be 
greater than 

1 4- Y + d- I — 9 — g “b Y — 2 — 3 — 4 + - • • + Y — 5 ^ (3)^ 

however great m may be. 

But the series in (3) is loss than the folio, wing series, 
which forms a geometrical progression, beginning at the 
second term, 

that is, the series in (3) is less than 

1 




1 - 


1 +- 


^ 2 


2m ^ 

yorS-^, 


/ 1 V • 

Hence f 1 4- — j is less than 3, however great m may be. 


/ 1 

Since then the expression fl + —j continually increases 

with m, but at the same time cannot exceed 3, there must 
be some ‘"limit” towards which it approaches as m is in- 
creased indefinitely. We shall use the symbol e to (Jenote 
this limit, and shall hereafter shew’ how to calculate its 
approximate value : we say approximate, for it will prove 
to be an incommensurable number. See Art. 115. 


16. We might perhaps leave it to the student to convince 

himself that the limiting value of ^1 4* nttist be the same 

whether we attribute to a? a succession of integral or of 
fractional values increasing without limit. But it may be 
formally shewn thus. Whatever fractional value be ascribed 
to X there naust be two consecutive integers, say m and m 4- 1, 
between which jsuch fractional value lies. Suppose then 


investigation of^a limit. 


9 


m 


^ ^ than 1 ^ and less than 1+ where n is put 

fuz' m -}- L 
Then 


^ between and + ^) • 


Suppqse + go ^ and yS are proper frac- 

tions, then 


( 1 A * 

I 4- lies between ^1 4- - 

that is, between 


;) ' + s) ■ 


1 -f 




1^*” 


m, 


)] 


If X 1)0 now supposed to increase without limit, so also do 

14--“] and of f 1 H j is e, and as 

B a ^ 

I - - and 14-"- have unity for their limit it follows that the 

limit of 




lY . 


17. We may show that the limit of (^1 + - j is also e 
when X is ne(jatb )6 and increases without limit. For put 
tlum wo luive to find the limit of when z 

iricrezises without limit. 


(^J\ where y=^z-l, 


y 

1 4 * 


iV 


l43t now m increaso numerically without limit, then and 
c!0ii»ec|ticritly y, do the same. The limit of 4- is e, and 

1 . . i ly • 

that of 1 i- - is unity, and therefore the limit of ^1 — - j is e, ^ 
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18. Since the limit of 1 H- - j when x increases indefi- 
nitely is e, we see, by pnttir^ - = that the limit of 

m ^ 

when z is diminished indefinitely is also e. Hence we can 

* 1 

deduce the limit when z = 0 of (}-^az)\ where a^^is any 
constant quantity. For 

(1 -h az) "= |(1 - 1 - . 

Now as ^ diminishes without limit, so also does az, therelhre 

the limit of (1 -1- azy‘ is e, 

1 

and the limit of {1 + az)‘ is e*. 

19. Since log„ (1 4- - log^ [l + z), 

z 

a being any base, we have, by diminishing indefinitely, 
the limit of — — = the limit of log„ (l+z)% 

= log„e; 

and, putting e for a, 

the limit of = 1. 


20. From the equation 

we deduce, by assuming 1 + z — ai’, 

loga (!+«)'= -5^. 

Now suppose z to diminish without limit, and therefore also v. 
We have then 


the limit of 


when ?; = 0 


= limit of log„(l + 2 ;)* when 0 = 0 


log.e. 
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<2^—1 

Therefore the limit of — — when 

1 



log,, e* 


^ . =log,a. 

Suppose 

a = (fy 

therefore 

fj, = hg,fr, 

and-^ 

_ 1 

the limit of -1— » when 

V 


The following rcsultn will hi* foiuid in uurk ? 
Trigonometry. If the variable x diiiiiiiiHh iri<iftirut*’!y 

the limit of = I, 

the limit of - L, 

j: 


the limit oh 


tan hr 
X 


L 


22. A few general romark.M may ho mrob’ at flo^ rbno 
of this Introductory Cliapt(*r. It frr<|iH'ritly hopji» oa tiinr, 
a person commencing this miljjof'i in dincfiin'o^od at t b#' 
because he cannot discover or imagimt any pmfiimi nppiv^ 
cation of the somewhat abstrime poiiilH to wiiieh hin all- of inii 
is directed. From what ho romomhorH at' fha early fwoteae. 
of those branches of mathomaties witlt whieli lie ih aIrr:Ml v 
acquainted, he is led to expert that aa rw la* 

begins the Differential Cahniltis, ho will hoahb* In rvioijii, . 
hend its general scope, and to make um of it in 
algebraical and geometrical «examp!eH ; and hring di 
pointed in this exq)ectatiori, ho is a|it to imagine m n 
for it, that he has not correctly undendeofl f hr eh iieiO-ifv 
principles of the subject It rria^* ilmofnia, hi! nf 
service ^to assure him, ^tliat the diffiaill y of whifdi fi*^ 
plains is probably owing much more to the natnro nf tfif. 
subject than to his own want of cc>rn|m*h*'iiMi»m. Tlie 
must, of course, leave to his teacher the ta^k cif firumging 
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the (liflftTOnt portions cf the sul;^cct he is studying, and of i 
soh‘oiitig the definitions necessary to be understood ; and in J 
ridding a work on the Diftereiitial Calculus, lie must be i 
satisfied at first with refkcting upon the meaning of tbe 
(hdiniti^HiH, and examining*' whether the deductions drawn by 
the writt^r from those definitions arc correct. There are 
innumerable applications of the elementary principles of the ; 
Diflisreniial Calculus, as will be seen in the Chapter on : 
KxjianHiouH and those following it, but we shall at first 
confine ourst‘lves mendy to the logical exercise of tracing tbe 
consol piences of certain definitions. 

A (Hllictdiy of a more serious kind which is connected -wifcli 
the notion of a limit, appears to embarrass many students ^ 
of this Hul>j(‘ct, namely, a suspicion that the methods em- i 
ploy«‘d anronly approximative, and therefore a doubt as to • 
wlii'thcr the results are absolutely true. This objection is . 
certainly V(‘ry natural, but at the same time by no means ' i 
cusy to^neet, on account of the inability of the reader to j 
point out any definite iilaco at which his uncertainty com- I 
inerH‘(*H. In such a case all he can do is, to fix his attention ’ . 
vi'ry canTtdly on some part of the subject, as tbe theory j 
of expansiouH for example, where specific important formal^ 
are obtained. He must examine the demonstrations, and if ; 
Ins can find no Haw in them, he must allow that results o 
(thmiluidti true and free from all appromnatw^ can be le- ! 
gilimaiely ch'rived l>y the doctrine of Limits. 1 

' 

2*L TTio di^monstration in Arts. 15, 16 of tbe proposition : 

that ; j tends to some fixed limit as x increases in- 

ihdinitidy, lius hoou ^iven in several elementary ^worlcs on 
the Differential (jalctilns, and it is accordingly retained here. 
iJnt the following mctliod, in which the JBinomial Theorem 
i.H not assumed, is worthy of notice. 

Wo shall first establish two inequalities. 

If /3 and X are positive quantities, and X greater than, 
unity, 

(1 + 19)^ is greater than 1 + X^ (Ij- J 


INVESTIGATION OF A LIMIT. M 

If /3 and /x are positive quantiticH/and fMfi Iohh than unit v, 

(1 +/3)^ is less than ^ i-i* 

To establish these inequalities^ we shall use the kiumu 
theorem that the arithmetical mean of aiij iiumher ef pieu 
tive quantities is greater than the geouielrieal iiieau ; 
Algebra, Chapter LI. 

LetX = “, where p and g arc positive inlegi‘rH. lab- p 
quantities, g of which are equal to I 

unity. Then their arithmetical mean is - - — , 

that is l+^S; their geometrical moan is 

former is the greater; and therefoni (1 h P/ is groati r lh;iii 
1 Thus (1) is establishccj. 

r s r 

Let/4 = --, and/z/3 = -, where r, ^ ami / aro pMsilivi^ ii« 
tegers; thus <8 = ^. Take s + t « itf whMi ni. 

equal to l+~, t equal to I — 'riuui their nrilhruefi 

cal mean is VtT * uniiy ; thrir gi-oinr 


trical mean is -f * j f 1 


The hiriner is iii#- , 


therefore ^l + ~j ig legg than liiiify ; mi4 

i 

+ is less than Thus (t-) is estahii^hwi 
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INraSTXaATION OF A LIMIT. 


In (1) put = power y; 

then 

/ l^Y. ^ , / 1\Y 

^1 + — J IS greater than (^1 + ”j ; 

that is, if B be greater than y, r 

^1 + is greater than + ~) 

From (3) we see that ^i + ”^ continually ir 


increases ^s w 


increases. It does not, however, pass beyond a certain finite 

limit : for in (2) write — for 8, and raise both sides to the 
/^7 

power y ; then 

T \ fxy ^ 

1 _j ) is less than — if y be greater than 1. 

A6<Yy , /, 


(-5 


Hence, if we put 7 = 2, We find that (^1+"] never 
exceed 4. By ascribing to y greater values we shall obtain 
a closer limit for + ") » If 7 = 6 we see that 

-f must be less than , and therefore less than 3. 

Since then the limit of ^1 + , as cc becomes indefinitely 

great, must lie between ^ and ? where n has 

any positive value, we may, by ascribing successive integral 
values to n, easily approximate to the numerical value of the 
limit. • 


( 15 ). 


^CHAPTER IL 

DEFimTION OF A DiFFEREXTrA f. croKFFff ’f EXT 
DIFFEREXTXAL OOEFFICIEXT OF A >SUM, FRiHifr’T, ASU 
QUOTrEXT. 


24. We shall now lay down the* fiiiid;oiir*tif;il 
- of .the Differential Calculius, and (Icdiita; truin it 
inferences. 


Deb'INITIOX. Let denote any funriiini of a\ ;t?id 

^(xi-h) the same function of llaot Hto lifoiiifi * 

value of — — iS-J. ^ when h i.s luady indt'linit<’Iy 

is called the differential coefficient of (f)U) with t 

This definition assiun(i.s that, the above frat'h’on realiv /ftii 
a limit Strictly speakin^^ W(^ nhould use an eiiuiieiali^ii i#f 

this form— “If a limit wli.-j, h i:, 

indefinitely small, that limit i.s c/ill.-il tlt<'<ii(r<‘r..iiti.-i! m.. 01. 
of (p{w) with re.spect to x.” W.. .sliali .sIh-\v. h.,w.-v.-r thr.t 

the limit does exist in function.s of ovmy kiii.l, l.y 
them m detail in this and the following' two C ’haiRfi pi, \\\, 

gNQ twb examples for the puri«i.se of ilhistrafin.' ihi- <1* fim 
tion. ^ 

Suppose ^ = a;’ ; 

therefore <f> (x + /^) =: (x + /,/; 

therefore ±t±3:Z±P^ « (•« + 

A ' “ 


2.rA + //’ 
A 


‘Jx 4 A 
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and the limit of 2a; + 4 wrhon A = 0, is 2.c; tlicroforii Sx k ?h« 
differential coefficient of a;’ with rospi-et to x. 


* 


BIFFKRENTIAL COEFFICIENT. NOTATION. 


IC 


Again, suppo.so <f> (x) = ; 

tlierefore 6 (x+h) ^ 

0 “v X “F th 

therniurc . 

h [b x) {b + x + h) 

Thii liiait of tliis wlieii /i= 0 is 

a 


wliioh in ihorcforc the differential coefficient of r-^ with 

b + x 

to X, 


25. We now gK^c the notation wliich. usnally accompanies 
t-lit*. (loliiiition in Art 24. 

Let (a*) — V/, then ^(x + h) — (^) is the difference of the 

t vahu‘H of tlie (fependent variable y corresponding to the 
two valii(*H, X and^r-f-A, of the independent variable. This 
diflei'cniee may be convenienUy denoted by the symbol Ay, 
wht‘r(s A nifiy bo taken m an abbreviation of the word 
difference^ Wo have thns 

Ay ^ <p (x h) — (}:> (x), 

Agrf usably with this notation, h may be denoted by Aar, so that 

4^ — ^ Z 4 

Ax h 

I t may appc‘ar a superfluity of notation to xise both h and 
A.r ti} dmiote t(ie same thing, but in finding the limit of the 
right-hautl side we .sliall sometimes have to perform several 
analytical transformations, and thus a single letter is more 
oouvenient. On the left-hand side Aa; is recommended by 
couHiilerations of syinmetry. ^ 

We Hay th(»n, according to the definition in Art. 24, that 

the limit of , when Ax is diminished indefinitely, is the 

Ax 

differential cotdficiont of y or |» (x) with respect to x. This 
' limit u denoted by the symbol 


DirFEEENTIAL COEFFICIJIN’T OF A HUM. 


26. The symbol ^ we consider as a whole, and w i tin 

not assign a separate meaning to dy and dx. Ah, I}ow«*vi r, 

is a real fraction in wlucljt A?/ and Lx havo dt fiiiitt* 
Ax . . 

meanings, the student will very possilily fhaf 

meanings may be given to djj ami dx which will cnahi«* him 

to regard as a fraction. This suspuaon will prt^hahfy !ic 

strengthened as he proceeds in the mihpM'f and flmis fimf in 

many cases possesses the pi’opertii-s of an al^fltrairal 

fraction. We remark that tiierc ari: iiuii'cil nK'tlioil j «,f 
treating the Differential (Jalculu.s in whi<^li >n<‘attin>'n .'in- 
given to dij and dx, and wo shall rocitr to lin in hricaiti r 

(see Chap. SXVII.), hut at present wo (lofiiii' tin; svinhrd 

as above, and only leave to the rtfador the fn.slv of cvaminiKi' 
whether we are con.si.stent with oiir.si'lvc.s in tlto inti-ro«i’«a 
we proceed to draw and c.xyiross hy nu-an.s of onr dolinitiofis 
and symbols. * 

The following notation i.s also fn-qin-ntly tnod. If t}, (ri 
denote any function of x, then ^'(;r) <Jonot»-.s the difforctiti.d 
coefficient of (p (x) with rc.sp(*ct to a-. 

The operation of finding tluj dilTomntial coolhrient of 
a function is called "difibrentiuting" that fiinotion, 

27. Differential coefficient of a mvi of FuncUiim. 

Let y and « denote two functions of »•, and « th-ir tono, 
Suppose that y, z, u', donoto the vaI«<-H lliosi; fti»,<-|(,.»o^ 
assume when x is changed into x + k. Then 

■a=‘y->rz, 

n -u=^y' -yz^z' -z- 
Am = Ay + As. 

Divide by A or Aa:, then 

Am ^ Ay A.? 

Aa; “ Aa: A« ' 


therefore 
that is 


X.D.C. 
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differential coefficient of a product. 


Now let diminish, without limit, and we have 
du __ dy dz 
dx dx dx ’ 

3 

Hence the differential coefficient of the sum of two functions is 
the sum of the differential coefficients of the functions. 

Similarly, if u^y-z 

du __ dy dz 
dx'~' dfc dx' 

28. The results of Art. 27 may be extended to tlie case 
of any nuinber of functions connected by the signs of addition 
or subtraction. For example, let 

u — w-\-y-\- z, 

then, as before, Aw = Aw; -f A?/ + A.*: ; 

« Aw 

therefor© <» "j\ ^_ 

therefore, proceeding to the limit, 

du dw ^ dv . dz 
dx 


^ Aw; A;/ Aj 
Ao; Aa? Ax* 


dx dx dx ' 


29. Differential coefficient of the product of two Functim. 

Let <p (x) and '\jr(x) denote two functions of x, and let 
u==(j>(x) '^{x). 

Change ac into x + h, and let w + Aw denote the new jfroduct, 
then w -f Aw = ^ (a? 4- h) f' (x -f h), 

therefore Aw = <f) (x -j- h) 'yjr (x -f- li) — (f> (x) ’xjr (x) 

= {4> + ^ — <P {^)} (cc + 7^) + ^ {x) (x 4- A) (i»)} ; 

therefore ^ = + 

Suppose now k diminished indefinitely; then the Hiriit, of 
— — — is the differential coefficient of ■with 


diffkeential coefficient of a peoduct. 
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respect to a?, or ^ (a;) ; the limit of — is the 

differential coefficient of with respect to x, or ir'(x); 

the limit of ir(x + h) is 

therefore ^ ^ ^ ‘ 

Hence the differential coefficient of the product of two functions 
is found hy multiplying each factor by the differential coefficient 
of the other factor and adding the resulting products, 

Hivide each side of the last result hy w or ^ {x) rjr (x ) ; thus 

1 du _ {x) yl/(x) 

udx <f> (x) ^f \x) * 

SO. An equation similar to that just obtained holds for the 
product of any number of functions. For example, let 


u = wyz, 

w, y, z being all functions of x. 


Assume 

v=zwy, 

therefore 

u=^vz; 

then, by Art. 29, 

1 du 1 ^ 1 

u dx V dx z dx * 

m 

also 

1 dv dig ^Idy ^ 

V dx w dx y dx* 

therefore 

1 du dw ^ \ dy dz 

udx w dx ydxzdx* 

therefore 

dw , dy , dz 


Proceeding in this manner wc have as a rule : The differm-' 
Hal coefficient of the product of any number of functions is 
found by multiplying the differential coefficient of each factor 
hy all the other factors cmd adding the products thtts formed. ^ 

C2 
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DIFFERENTIAL COEFFICIENT OF A QUOTIENT. 


til. Differential coeffiaient of a quotient 

Let ^{po) and '^{x) denote two functions of oc, and let 

Suppose X changed into x 4- //-, and let^ w 4- denote the 
new value of tlic quotient. Then 


tlKa’efore 


Y[x-i- /i) 

A ^4* (^) (x -h h) 


= + /')-< ) !> (a:)] ^p' (x) - {-f (a; + 7t) - ■f (.■«)} ^ (x) 

(x-j- h) yjr (x) ^ 

, ■« /fc fh 

therctorc - 7 — 

A^ \x 4- At) 'v//' (x) 

Let h dirniiuBh without limit, then 

(cc) (/) (a:) 

Itcnco we have this rule : To jind the differential coefficient 
of a rpwtierit ; multiply the denominator by the differential 
coefficient of the numerator and the numerator by the differential 
coefficient of the denominator; subtract the second product from 
the first and divide the result by the square of the denominator, 

32. The result of Art. 31 may also be obtained thus : 

tlicreforo (x) == w-v/r (x) ; 

therefore, by Art. 29, 

^ (^) <j> {x) 

dx Y 


Hince 


therefore 


r therefore 


differentiation- of a constant. 
33 . Differentiation of a constant. 


If 


1 

,=c where c is a constant, then 


0 , 


equal to a constant is The sanut Ihnifl as 


j»\,r 


t'hat II IS equal lu u. ^ - 

J^tnUvlry; hence Ay = 0.therolare 


^IL: 

Ax 


whatever be the value of Ax ; tlien^fi^re 


djf 

dx 


= 0 . 


Hence, making ^(^) = a constant c in Art. 'ih, w« l.-n. 
dx 

This may of course be obtained directly thus ; 


Let 

u = C'fl'ff), 

then 

u + £^u = cyjr{x. + h}\ 

-^(x + Zi) 

therefore 

— .=c- " 1 

AiC " 

therefore 

flit ,r, .. 

So by putting (p {x) 

r=cin Art. 31, w« ohtniii 


V _ ct'H 

^ dm 

which likewise may bo found indepottdi*iif ly* 

34. We have now defined a diffcjrrudiid 
have shewn how the diiferontial 0r)efliet«*iil a I 

function can be found as 8CK,m m mt kip'iw dillrrr.f,»ud 
coefficients of th^ component fund;ic.»tii. ^ 
to the rules for determining the diffiirruifiitl uriv 

known algebraical expression, we shall giv#’ itoiiir 
illustrations which will assist in foriiiing a ♦>! Hi# 

meaning of a differential coefficient and iiffi.ifd hmtn 
to the applications which can \m iiuaki uf tli*i ilwtriti'- <4^ 
Emits. 
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GEOMETRICAL ILLUSTRATION. 


»35. Suppose “WO have given the equation y = ^(a3), and 
that wo attribute to the independent variable x all possible 
values between — oo and + oo and notice the corresponding 
values of y. Geometry give^ us the means of representing 
distinctly this succession of values. We can take x for an 
abscissa measured from a 
fixed origin along a certain 
:ixis, and y for the corre- 
sponding ordinate measured 
along an axis at right angles 
to the first. The values of 
y corresponding to those of 
X in the equation y — ^{x) 
will belong to a curve 
AMNj the form of which 
will indicate the series of 
values we are considering. It is necessary to have always 
present in our mind not merely any particular value of x 
and tlio corresponding value of y, hut the whole series of 
corresponding values of these two variables. 



3G. Among the properties which the function ^ {x), or the 
line which represents it, possesses, the most remarkable, that 
in fact which is the object of the differential calculus and the 
consideration of which is perpetually occurring in all applica- 
tions of this calculus, is the degree of rapidity with which the 
function mries when the variable hegiyis to vary from any 
(imgned value. The degree of rapidity of increase of the 
function when the variable is made to increase may differ not 
only in different functions but also in the same function 
according to the value attributed to the variable from which 
the incremse is supposed to commence. Suppose we give to x 
a particular value denoted by OP, to which corresponds a 
determinate value of y or {x) represented by MP. Let x, 
starting from the value assigned, increase by » quantity which 
wo denote by Ax, and which is represented by PQ, The 
function y will vary in consequence by a certain quantity 
which we denote by Ay, so that 

y -1- Ay = <^ (ir + Ax), 

Ay-ip(x + Ax) — ^ (x). 


dierefore 


TANGENT TO A fCUVE, 


m 

The new value of the ordinate w t h iA, 

by FQ, and NE represents Ay. Tlia fraetiMn J- pr- 

the ratio of the increase of tlw funeften tu (1.-; in- iv,- :* 
the variable, and is equal to tlto tnp'oa..»u;fro-a! Un- 
of the angle iWI£S formed by the sfcunt MS \%tih th • 
of X. 


37 . It is evident that this fraetidn in a naftir il up ‘ i <^ir- ^ 
the degree of rapidity with wliicdi^ fht^ y 

when the independent variable x iiirr**;i^ps ; tb*- . 

this fraction is, the greater will Ik‘ the mI ttr*‘ Inur 

tion y corresponding to tlic given luereaHif Sx *4 

But it is important to observe that tlie valn*^ *4 ^ v. .. 

depend not only on the value given in j\ Imf ^ ^ 

magnitude of the increment iSx, except in tie- ♦ 3 . r m % 
the curve becomes a straight line* 


If then we left this increment arbitrary, if h*‘^ nr^ 

possible to assign to the fraeH<ai ^ any at* I 

it is thus necessary to axlopt Knnm rpev^iitiMn Ii 
remove this uncertainty. 


38. Suppose that after giving fn Ax a e*-rt;dii r?iliir„ 1 - 
which will correspond a certain viibie for 4?/iirel 
direction for the secant J/iV, we make ite? f4 A'* 

gradually diminish and become uliiinafidy 1 

of Ay will also gradually diminiHh mirl 
zero. The point # will move itlmig the eiir%e inward ■> Jf. 
we shall find in every example we ejnmidrt% Umt tie* 

MN will approach towards mmm limiting wmlmn M f. 1 krt 
is in fact equivalent to the mnnrthm ma*ie m Ati. "I. ib.%! 
by examining ewry o.ise in cletail miihl hh^w f%m 

function has a dififerential coefikieni The 

which the secant assumes when M ceiridcka wiih M r. 

the tangent to the curve at the point ats«l llitw i;« ibr. 

trigonometrical tangent of the inelitiaiioii In itin nf 4 
01 the tangent line to the ciarv^c*. 
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KXAMPLE OF A DIFFERENTIAL COEFFICIENT. 


A'?/ 

39. The limit of the fraction when Aa? is diminished 

indefinitely, may be considered as affording a precise measure 
of the rapidity with which 'the function increases when the 
independent variable increases, for there remains no longer 

anything arbitrary in the expression. The limit ^ does not 

depend on the value assigned to Lx nor upon the form of 
the curve at any finite distance from the point whose co-or- 
dinates are a?* and y; it depends only on the direction of the 
curve at this point, that is to say, on the inclination of the 
tangent line to the axis of. x. 


40. As an example of the preceding, we will determine 
the differential coefficient of and point out its 

geometrical application. 

Let = 

then y -f Ay = 7i)*} ; 

therefore Ay = V (a* — (rr + 7i)®} — ~ 

a?l(co+hy 

— {^xh + h^) 

“ 4- hf] + 


therefore 


Ax 


^x-hh 


The limit of this when 7i is made indefinitely small is 


X 


therefore 


dy ^ X 

dx 


It will be seen that we have in the above example used au 
algebraical artifice, namely, that of multiplying both ^^mem- 

tor and denominator of a fraction by ^J[d—[x-{‘'h) )+v(<^ 

4n order to obtain in a form the limit of which can he 
/1.x 


TANGENT TO A CIRCLE. 
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easily seen. In treating any example witliout tlie aid of 
general rules, we should frequently find our success depen- 
dent upon our readiness in effecting such transformations; but 
the next two Chapters will explain methods of making the 
problem of ascertaining any differential coefficient depend 
upon the knowledge of those of a few standard functions. 


41. From analytical geometry we know that the equation 
y = “■ represents a circle, and it is also known from 

the principles of that subject that the tangent at the point 
(a:, y) of a circle is inclined to the axis of x at an angle 

whose trigonometrical tangent is — 77-5 , Also in the 

case of a circle the straight line which we have defined as the 
tangent is the same straight line as that which fulfils the con- 
dition of '' touching the circle,” given in Euclid^ Book ill. 


42. In the Chapters on the geometrical application of the 
Differential Calculus we shall recur to th$ subject of tangents. 
We have given the above example hero that the student may 
at this early period acquire the conviction that important uses 
may be made of a differential coefficient. 

43. The.following is another geometrical application. The 
area OAMP, see the diagram to Art. 35, must be some func- 
tion of a;, since it is a definite quantity when we assign a 
definite value to £c, and varies when x varies. Denote this 
function by u, and PQ by Arc ; then 

^ -h Aw = area OANQ, 

therefore Aw = area MNQP) 

therefore Aw lies between MP, PQ and NQ .PQ, 

that is, between yAx and (y -f- Ay) Ax ; 

therefore ^ lies between y and y -H Ay. 

Hence, diminishing Ax, and therefore Ay, without limit, we 
have 


( 2(5 ) 


CHAPTER III. 


BIFFEKEKTIA.L COEFFICIENTS OF SIMPLE FUNCTIONS. 


44. Differential coefficient of where n is a positive 
intcffer. 

Lot p = x\ tlicrcfore 

7/ + Ay ={x + Ilf, 

therefore Ay == (* + Iff' — ^ 

= nx--^h + 


tliereforo 


= nx"-^ + x”-% + . . . + Jr\ 

Aa: 1.2 


Bimimsh 7i witPouIr limit, and we have 

^J=nx-\ 

dx 

45. The same result may also he obtained by means of 
Art. 30. For let 

u-VilD — yn, 

■where the n quantities y^, ... y„, irre all functions of x] 
■wo have then 

u Sc yfdxc '^yffdx y^ dx ‘ 

If no'w y^~x, we have » 

Ay, = Aa:, 

- ffffi- = 1 


therefore 


therefore 


^ = 1. 

dx 


DIFFERENTIAL COEFFICIENT OF A POWER. 27 

Put then 2 / 2 ’ ••• 2 /n> equal to cc; thus u becomes rjj” 
and we obtain 

1 du __n 
u dx xi 

therefore ^ 

dx 


46. If n be not a positive integer, we may by assuming 
the truth of the Binomial Theorem for fractional exponents 

» dcx^ 

proceed as in Art. 44 to determine . But in that case we 

shall require to assume that if we have a series containing 
an infinite number of terms and each term becomes ulti- 
mately indefinitely small, the sum of the terms becomes so 
too.” To avoid this assumption we adopt another mode. 

47. Differential coefficient of the exponent n being un- 
restricted. 

Let y — therefore 

therefore Ay _ (» + h)- - 

h 


= X 



Now whatever be the value of n, positive or negative, whole 
or fractional, it may be supposed where jp, < 7 , r, are 

positive integers. 


Let 

therefore 

and 


x-^h 

X 




mll = x{z— 1 ), 

Air 2 — 1 * 


As h diminishes indefinitely z approaches the limit 1 , and we 

7 ^ " 1 

have to find in that case the limit of 


z-l ‘ 



28 DIFFERENTIAL COEFFICIENT OF A POWEE. 

, r 

1 


Suppose then 


- or — — 

r- 1 Z— 1 


1 __ 1 




•1 - (2;^-!) 


__ -f + . .. + 1 - -I- ...4-1) 

+ . . . + 1) 

This last result is obtained by dividing both numerator and 
denominator of the preceding fraction by v — 1. Let now v 
approach the limit 1, then the limit of the last fraction is 

P-7 


therefore 


ax r 


48. Differential coefficient o f x\ Second met! ml 
Let y==cc”, therefore 

y + Ay = (a; + /i-)", 

A?/ _{x + hY ~ 


therefore 


h 


Ax 


h 




■1 . 


Assume -=^z and (1 + — 1 == u, then z and v are quantities 


X 


which diminish indefinitely with h. Thus 

^ 

= a? 

Ao; s 

From the above assumptions 

(1+;2)" = H-U, 
log«(l + u) = n log,(l + z). 


therefore 


BIFFEEENTIAl, COEFFICIENT OF AN EXPONENTIAL. 29 


From Art. 19 the expressions 

log^(l + -g) log.(l + i;) 

Z V 

m 

both tend to the limit unity. Hence we may assume 
Iog,(l + ^) ^ 

V 

M±i) = H-S, 

z 

where each of the quantities y and B has zero for its limit. 
Hence 

V _ 1 + S loge(l + V) 

I +7‘l0ge(l 

= n — — from above ; 

i + 7 

therefore the limit of - is n, and 


= nx , 
ax 


49. Differential coefficient of a"". 

Let y = therefore 

7/ + Ay = 

therefore = a® - r - . 

Ax h 

Now, by Art. 20, the limit of — , when h is indefinitely 
diminished is log^ft; therefore 

Next let y * a*® ; then 


so DIITERENTIAL COEFFICIENT OF A LOGARITHM, 
hence by the rule just proved 


(a')" log, a' 

r 

= c lo«-, a. 


Hence if ;y = e^y 


and if 




50. Differential coefficient of log^ x. 

Let y = logaX, tlierefore 

^ + Ay = log„(a? + /0, 

therefore , I^y = log^ (x + Ji) — log« x 

T x-{-7i 

-log. — ; 


therefore 


Ax h 


Assume h = xz^ therefore 

Ay_ 1 log„(l + 2 ) ^ 

Ax X z 

By Art. 19 the limit of - - when 2 ; diminishes 

indefinitely is log^^, therefore 

di/ 1 , 

-f = - log„ e 
dx X ^ 


x'log^a^ 


Hence if y = lorn x 


dx x' 


SINE, COSINE. TANGENT. 


SI 


51. Differential coefficient o/sin x. 

Let y = sin x, therefore 

y — sin [x + 

therefore = sin {x + It) — sin x 

= 2 cos (x -f- sin ^ , by Trigonometry, 


therefore 


Ay f , 


^ 9 

Now when h is indefinitely diminished, the limit of 1 

h 

is unity by Art. 9, therefore o 

dy 

= cos X, 
ax 

52. Differential coefficient of cos x. 

Let y = cos x, therefore 

y 4- A^^ = cos + ii)^ 

therefore A?/ =; cos {x + it) — cos-^ 

- . / }i\ , h 

= ~2sm Lr-f-- sm~, 


therefore 




. h 
7 t \ ^^2 


therefore 


53. Differential coefficient o/tan x. 

Let y ^ tan x, therefore 

I 

: y 4" Ay = tan {x 4- h), 


COTANGENT. SECANT. 
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therefore 


therefore 

therefore 


Ay == tan (a? -h ^ 

sin (x K) ^ sin x 
~ cos \x + /i) cos X 

siti(« + ^-*) . 

~ cos {x + Kf^x cos (33 + h) cos® 

Ay __ sin h i 

Aa; ™ h cos (x + h) cos x 

dx cos" X 


54. Differential coefficient of cot x. 

■ By proceeding as ia the last Example, we find that if 

y == cot Xy 
^ 1 

* ^ sin" X * 


55. Differential coefficient pf sec a?. 

Let y = secaj, therefore 

y + Ay = sec (a; + A), 

therefore Ay = sec (a; 4- A) — sec a; 

1 1 _ e g — cos (a? + A ) 

cos (a; 4” A) cos a? cos x cos (a? 4"^) 


therefore 


, f h\ . h 

cos a;:cos (a? 4- A) ^ 


SID a3 4- 


S1D~ 


Ay 

Ax cos X cos (x 4- A) h 


, - dy sin x 

therefore ~ •“ 2 ” * 

cos r— 


H€8Efc«C« W8TITUTE 
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56. DijffereTiticd coefficient of cosec cc. it mriable 

Let 2/ = cosec ir; proceed as in tlie last example':^^* 
find 

di/ _ cos X ...»(4). 

djc sin^ (a * 


57. Since tana;, cot x, sec a;, and cosec ^ are all frac 
forms, we may deduce the differential coefficient of ei 
these functions by Art. 31 from those of sin x and i 
'Thiis, let 


y = tana; = 


sin o) 
cos a;' 


o). 


therefore 


d sin X . d cos x 
cosa: — T sincc—T^j — 

f Art. 31. 

dx cos 03 


‘Vy 


cos o; 4- sin** ^ 


, Arts. 5i and 52, 


1 

cos^«‘ 

Similarly we may proceed with cot x, secx, and cosec a;. 

Since versoj==l coso;, the dilferential coefficient of versa; 
by Arts. 27 and 33 

, = — differential coefficient of cos a; 

= sin it?. 


T. 1>. C. 
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CHAPTER lY. 


JDIFI7 ERENTIAL COEFFICIENTS OF THE INVERSE TRIGONOME- 
^ TRICAL FUNCTIONS AND OF COMPLEX FUNCTIONS. 


j558. Let ^ = <;f> {x), so that 3/ is a known function of a: ; it 
fol tlows from this that x must be soone function of y, although 
e may not be able to express that function in any simple 
fr jrm. The best mode for the reader to convince himself of 
V his will be to recur to algebraical geometry and suppose x 
/ and y to be the co-ordinates of a point in a curve the equation 
/ to which is y — 4>{x). For every value of x there will be 
.generally one or more values of y, positive or negative, as 
the case may be. So for Uny value of y there will be 
generally one or more definite values of Xy which, as they 
really exist, may be made the subjects of our investigations, 
even although our present powers of mathematical expres- 
sion may not always furnish us with simple modes of repre- 
senting them. 

59. A simple example will be given in the equation 

y = 1 (1). 

Solve this equation with respect to x, and we have 

x=l±y^ ( 2 ). 

Here (2) shews that if any value be assigned to y we must 
have for x one of two definite values. 

Now in (1), X being the independent variable and y the 
dependent variable, we have by Arts. 28, 33, and 44, 


dy _ 




(B). 


s 

I 

I 

] 

f 

t 

1 

] 

I 

t 

a 

a 

\ 
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In equation (2) we may treat y as the independent variable 
and X as the dependent variable, and we find, by Art, 47, 



JFrom (2) a? — 1 = + 

therefore — — = + y~K 

Hence, from (4), ^ ^ (5) . 

^ dy 2 (x-l) ^ ^ 

Comparing (5) with (3), we see that 
dx dy~^ 

The theorem which holds in this simple case we shall no\y 
prove to be universally true, 

60. To prove ^ x — = 1. 

ax ay 

Let y = </>V) (1), 

since from this it follows that x must be some function of y, 
suppose a; = '^/r(y) (o). 

Let X in (1) be changed into a; + Aa?, in consequence of which 

y becomes y + A^/, then 

y + Ay = ^(ir-l- Acc) (3). 

How in (2) it may happen that x has more than one value 
for any assigned value of y, but if the value of y in (2) be 
the same as that in (1), then among the values which x can 
have, one must be the value we supposed assigned to x in (1). 
Hence we may suppose x and y in (2) to have the same 
values as the same symbols respectively had in (.1). In. equa- 
tion (2) change y into y-fAy, where y has the same value 
as in (1) and (3), and Ay the same value as in (3). Then 
among the values which the dependent variable is suscepti- 
ble of in (2), one must be x + Ax, the symbols having the same 
values as in (3). 

D2 




36 DIFFEEENTIAL COEFFICIENT 

Hence ^ H- A:» = t//' (y + Ay) (4). 

From (1) and (3) 

^ (r\ 

Ax Ax 

From (2) and (4) 

^ f (y + Ay )--^(,v) 

Ay~' Ay 

In (5) and (6) the same symbols have the same values, and 

siace ia that case ^ x = 1, 'we have 
Ax Ay 

j> {x +, Ax)- 4> (x) t (y + A y ) - (y) _ , 

Aa; Ay 

Now diminish Ax and Ay without limit, and we have 
^'{x)xf{y) = \-, 
or, as it may be written, 

dy dx 

61. The demonstration given in the last Article may 
appear laborious. In reviewing it, the student will perceive 
that this arises from the necessity of proving that the x, y, 
Aa;, and Ay, which occur in (5), have the same numerical 
values as the quantities denoted hy the same symbols respec- 
tively in (6). This point is sometimes assumed, and it is 

* . Au Ax 

considered sufficient to say “ since ~ x — = 1 always, we 

du dx 

have, by proceeding to the limit, = b” but it would 

appear necessary at least that the assumption should be 
noticed. * 

62. Suppose z = (j) (x), 

y=t(A 

so that y ia a fpnctioa of z, aad z a function of x. It follows 
that if we substitute for z its value in if- (a), we make y an 
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explicit function of and consequently y must have a dif- 
ferential coefficient with respect to x. For example, if 
and y — we have by substitution y — x^. !Now this is 
a fimction of x of -which -we knij^w the differential coefficient, 

by Art. 44. Hence “ = 6a;®. But if 2 ? = cos x and y = a®, we 

find y = a function of x which we have not yet seen 
how to differentiate. Hence the necessity and use of the rule 
demonstrated in the next Article. 


63. Differential coeficient of a function of a function. 


Det z=(p(x) (1), 

^ = ( 2 ), 


so that y is a function of x; required the differential coeffi- 
cient of y with respect to x. 

Let X be changed into cc-f-Acc, in consequence of which 
z becomes z h- A^, and suppose in consequence of this change 
in z, that y becomes y -f- Ay ; thus 

2 ;+* A2! = ^(^-h A^) (3), 

y4-Ay = i/r( 0 -f- A^r) ( 4 ). 

How suppose that by putting for ^ its value in (2), we obtain 

(5), 

■where F (a:) denotes some function of x. From the mode 
in which equation (5) is obtained it follows that we may 
suppose X and y to have respectively the same values in (5) 
as in (1) and (2), and also that 


y + Ay = F(ii? + Act) (6), 

where Aa?^ and Ay are the same (quantities as have already 
occurred in (3) and (4). 

From these equations we deduce 


Ay _^F{x + A^) ~ F (pc) , ,,, , 

Tx 


Ay _ '\}r(z + A g ) - ^ {z) 
A 2 ? 


from (2) and (4), 


Ag __ </> (a; + Arc) — ^ {pc) 
Arc A”^''” 


from (1) and (3), 
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where the same symbols denote throughout the same qtif 
titles. Hence, since 

_ Ay Az 
Ax 'A£ ^ Ax ' 

we have 

F{x + Asc) — (a;) 4- A,-;;) — y^r (z) (j> (x + Aa;) — (f> (f 

Ax ” Az Ax 

Now let Aa;, Az, and Ay, diminish without limit, and ' 
obtain F' (x) = yjr' (z) cj^' (x ) ; 

or, as it may be written, 

X dy ^dy dz 

dx dz dx' 

Hence the differential coefBcient of y with respect to zc 
equal to the product of the differential coefficient of y wi 
respect to z, and of the differential coefficient of z with resp< 
to X, 


64. We may make a remark on the demonstration of t 
last Article similar to that in Art. 61. It is often consider 

sufficient to say that “ ^ ^ properties 


fractions, and therefore, by taking the limit, ^ = ^ 


65. Differential coefficient of sin^’a;. 
Let y =sm’^a:, therefore 


therefore 

therefore 


sin y = a:, 

= cosy, Art. 51, 
1 


dx 
dy 
dy 

dx cosy 


, Art. 60 


Since siny = a;, cosy = ± \/(l ; fbe proper sign to 

taken will of course depend on the value of y; we may tliei 
fore put 

% _ 1 

dx V(1 ’ 

^remembering that the radical must have a negative sign 
cos y be negative. 
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66. Differential coefficient of cos"^a7. 
Let y = therefore 


therefore 

therefore 


cosy = 3?,^ 

^ — sin y. Art. 52, 

Art. CO, 

ax sin y 

1 


V(1 - ai') ‘ 

See the preceding Article. 

67. Differential coefficient of taii"^a; and cot“'^. 
Let y=:taDL“^£c, therefore 

X = tan y, 


therefore 

therefore 


^=-4-, Art. 53,. 

ay cos y 


dx 


= cos®y, Art. 60, 


1 

~ 1 + tan^y 

1 

Similarly, if y = cot“^ir. 


68. Differential coefficient of sec and cosec'^x. 
Let y = soQ~^x, therefore 

X = sec y, 


therefore 


ay cosy 

cos^y , , 

-^ = -r— Art. 60. 
aa; sin y 


therefore 
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But sec y = .T, therefore cos 2/ = ^ > sin y = il ^ 

see Art 65, thus 

dy _ ^ } __ 
dx 1 ) ‘ 

Similarly, if y = cosec’"’ a:, 

% „ 1 

dx x^[x^—l)' 


69. In the manner given in the preceding Articles the 
difihrontial coefficients of the inverse trigonometrical functions 
an? usually determined. They may however be found without 
using Art 60. 


For example, suppose 

y = tair’^r, 


therefore 


therefore 


therefore 


y 4- Ay = tan*”’ {x 4* h), 

Ay — tarf’ {x 4- h) ~ tan”’x 

= Trigonometry, 

Ay 1 . h 

— = , tan — 

h 1 4- i/’ (x 4- Ii) 


1 

i 4* 4* xJi 


tan” 


1 -4 X (x 4- h) 


k 


1 4* ir (oj 4- A) 


Now let h diminish without limit, then 


tan”* 

the limit of 


1, Art. 21, 


3 4“ ^ (aJ 4* A) 


Ay _ 1 

dx i +»’*■ 


therefore 


OF THE mVEB.SE TEIGONWETRrCAr, FVSCrtuS:^ 


II 


70. Again, suppose y = sirr^^r, 
therefore y + Ay = sin”' {x ■+ k), 
therefore Ay = sin ' (x 4* It) ^ sin \r 

= sin”' [(a? 4* /^) V(^ ““ \ ^ 

by Tri;i^»fi*..|jiriiy, 

Ay _ sin”' [(x + Ji)^(l - - x I --f 4^ h | ^ 

Lx h 

put (a;4A)\/(f — (•4?4-/^)^] -2 iht 

, Ay sin”' .IT sin”'-? 

then = — 


therefore 


Ax h 


'4' 


Now - = C'^ + ^O -f-r-f h ■'] 

h k ^ 

_ (a? + 4)'^(I — 0?^ - ^ fl — I A;^J 

A[(a? 4- 4) V(1 — x’') 4- or Vi^ 1 f 1 

2x-hh 

“ (x4 A) V(i ~x") +xv^{r*-’(x t A/. ■ 

thus the limit of f , when h—% k * or 

and the limit of ~ 


- is 1, Art, 1*1; thcn forr 

HU 

dy _ I 

71. Differential coefficient of 
Let y = vers“'x, therefore 


therefore 




vers y=^x, 
1 — cos y s X, 


therefore ^=:sihy, 


^ J 

& siny 


‘■-r/ 




therefore 
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72. Biffei'ential coefficient of z^. 

Let y = wliere v and z are both functions of x. 

Take the logarithms of both members of the equation 
hence 

Now since tliose two functions of x are always equal, their 
differential coefficients with respect to x must be so. 

A 1 ^ 

And — , 

ax ay 

_ 1 ^ 

y dx* 

Also the differential coefficient of v 


“«a/.£>?siy4?, Art. 63. 


dco' 
Art. 50. 



dv , 


dx 


dv .. 


. 

therefore 

11 

and 

dx 


log.» + 


v—^—, 

V dz 
z hx' 

V dz 
z dx* 

V dz 
z 


Art. 20,; 


Art. 63 : 




;)• 


73. If we compare Arts. 29.. .31 with Art. 72 we may 
deduce a general rule for the differential coefficient of a 
composite function. Differentiate in order each component 
function, treating all the others as if they were constant; 
then add the results thus obtained. 

It is advisable to call the attention of the student explicitly 
to throe different cases which beginners are apt to confound. 

(1) If y = wliero z is a function of x and a is a constant, 
then by Arts. 47 and 63 

dx dx' 

(2) If y = a* where 0 is a function of x and a is a constant, 
then by Arts. 49 and 63 

dy . , dz 

2, as- 




I)--. 


■ 






d,*!) 
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(3) If y =: where both z and v are functions of then 
bj Art. 72 


dy __ „ (dv 


dx 


dx 


lO] 


, V dz\ 

*■".+; iij- 


74. Differential coefficient of a?”. Third method. For 
the other methods see Arts. 47 and 48. 

The differential coefficient of x”^ is sometimes found thus : 

First prove as in Art. 44 or 45 that if n be a positive 
integer, the differential coefficient of is 

If then n be fractional and positive, suppose it = - where 
p and q are positive integers. 


Let 

therefore 




r 




Hence taking the differential coefficients of both sides 


therefore 


% _ ^P * 

dx 


W 


2 




The rule is thus established so long as n is positive. 

If n be negative suppose it = — m, so that m is positive. 
JjQi y — therefore 

y 

therefore 1 = yx"*". 

Differentiate botib. sides, and we have 

dx 


0 Arts. 29 and 33, 


dx X 


■ nx 


therefore 
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Hence tlie rule for differentiating x"" is universally esta- 
Llislicd. 

75, We shall now give, some examples of the precedin^y 
rules for finding differeiitial coefficients. 

(1) Let 2 /= sin a.r. 

Put ax = z ; therefore y = sin z. 


r 

ami 

Art. C3. 

ax dz ax 


Put 

= cos^, Art. 51, 


and 

= a, Art. 33, 
ax 


therefore 

dtf 

r= a cos z — a cos ax. 
ax 


(2) Let »/ = sin(logJ:). 

By log X without auy biiKO specified, we mean log,x. 


Put 

log X =/, 

therefore 

y = sin a:, 

and 

$ Art. 63. 

ax dz dx 

But 

= cos z, Art. 51, 

4i = l, Art. 50. 

dx X 

therefore 

dy COB z cos (log a*) 

dx X X 

0) 3/ = 

Put 

log (sin x). 

sin Zj 

therefore 

and 

y = logz, 

Art 63, 

dx dz dx 


1 cos X , 

= - cos a; = '""T — == cot x. 
z sma; 
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y = \og 


a 4 - l)x 
a — bx* 


Put 


a + hx ^ 
a — bx 


therefore 


dz _ h [a — bx) -4 - h (a -4“ bx) 
dx'^ {a- bxy 

__ 2ah 


Art. :il. 


therefore 


di/ _ 1 2ah _ 2ith 
dx z (a-- bxY a* — 6V:'** ' 


This example may also be sol veil by jiuttiug 


therefore 


y = log {a + lx) - log Ui - hx), 
dx a + hx"^ d'- hx ’ tV --6 ® ‘ 


(5) ?/ = cos'— j- 

i 3 j 


Put 

therefore 

and 


4-,V 
y = 

dy _ dtj dz 
dx dz dx ’ 


Now 


dz ^(1— ~z*) ' ■'*'*'*• 



— jr* 

2<4;'-» |i., ' 




af~'^ 
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. dy 3(0;*/ 

therefore ^ = - • - V 

-3(a!V4) .'t 

X V{(a:* - 1) (o:* - 4)*j xsjQc' 

4 — 3*2?’^ /* 

In differentiating 3 — we made use <1* 

finding the differential coefficient of a fraction ^ ^ 
tlie expression in the form 

£__3 

x' 

that is, 4a;"® — 3a;"^ 

we obtain for the differential coefficient 
~12a;""+3a;"^ Art. 47, 

or ^ as above. 


It maybe observed that cases of this kind fr^ ‘ ^ 
in which we may adopt more than one methoci 
will find it very useful in rendering him 
rules, to obtain his results, if possible, by differ** ^ 


( 6 ) 


__ \l\ax (x — 3a)} 
^ tsj{x — 4^a) 


It is often convenient to take the logarithms of 
an equation before differentiating. Thus, 
we have 

log y = i- {log a + log a; + log {x — 3a) — log 

Take the differential coefficient of each mgmbc^f' 
tion, therefore 


;i 1 r I 

[x x — Za X’-ia) 

cc* — 8aa; 4* 12a^ 

2a; {x ~ 3a) {x — 4a) ’ 


y dx 2 
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^7 


thcn'cfure 


(h( _ hja . (,r^ — Ba,r 4- 1 
(Ix 2 [♦r (x -* oa)l (x — 4aj^ 


(7) y = tau-^. 

Put - = tlierefuro y-t-iir's, 

a 


tlu;ri‘fcirc 


d i/ _ 1 

^x i + z^ dx 

_ 1 1 _ a 

X* a a* + X* ‘ 


1+“- 


a 


(K) 

Lot 1 /- 

= tau" 

Put 

Zxa^- 

-a? , 

a {(d - 

■ Ite”) ’ 

and 



,Ni)W 

dz _ 

.'! («’ • 

dx 




3ri!®x — X® 
ce (a*® — ^ix‘5 * 

= j ; tluR*(‘f<)rci 2 ! 

(Ilf dff dz _ 1 (b 
(Ic dz dx ^ \ -)r dx 


a(<r‘-«3xy 

$ {(d 4* 4-' 

” * 

Anti lij reduction %vo dud that 

c/x a® 4“ * 

111 fact we liiivc! fmiri Triganometry 
J :ki®x-x® 

tim * ■-. t 

m (« - Ux"" j 

d Set 

aijil UicTcrorc tl»c value of ® ouglit to be 


'fheroforo 


Art. .31, 


48 different:)^ coefficients. 

It is obvious that other self-verifying examples ms 
constructed on the model of this example. 


, -1 / e“'cosa; N 

w rfTsriJ 


therefore 


^ cos X 
1-f sin a; 

y = tan~^; 2 ;, 

dy _ 1 dz 

dx dx" 


]^Q^v — = (Hg''sin^)~e^cos^(6”cos^+g^i 

dx (T+'e^sin^p 

— . ^ •— sin rr — jp^ ) 

{1 sin xy ^ 

and -il^= ..(l + e°^sina;)° _ 

1-j- 1 + 2^^ sin 

the.refore ^ — sin x ~ e^) 

dx l’^2e''smx^e^ * 

(10) y = sin aj tan"^ x (flog x, 

^ = cos a? tan*^ x a" log x + 

1 ~f" a? 

-P sin a; tan"‘a; a* log a log a: -f ^ a; ^ 

X 

iG. The differential coefficients of the simple functior 
here collected for the sake of reference. 


3/ = logo a;. 


1 

dx X log j a ' 

J=«'’log,m 


3 ^==a* 
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. X 

qj = SlXl - . 

^ a 

dy 1 X 

^ - cos - . 

ax a a 

00 

y = cos - . 
a 

dy ^ 1.x 

-~ = — sm - . 
dx a a 

X 

y — tan - . 

dy 1 ^x 

=z~ sec - . 
dx a a 

7/=r cot - . 

dy 1 .X 

= — cosec^ - . 
dx a a 

X 

y = sec - . 
a 

. X 

j 1 sm - 
dy _1 a 

dx a 

cos - 
a 

00 

y = cosec - . 

^ a 

/7 , cos ~ 

ay 1 a 

dx a . ^x* 

sin^ - 
a 

• —1 X 

V = sm - . 

^ a 

dij _ 1 

dx /\J{a^ — a?) 

y = COS^ - . 
a 

dy _ 1 

dx~^ V (a* — * 

4 . 

y = tan - . 

^ a 

dy _ a 
dx a® + 0 ?® * 

y = COt - . 

^ a 

dy _ a 

dx Or -j-'cc* 

y = sec^ - . 

am 

dy _ a 

dx XhJ(y? 

y = cosec - . 

a 

dy a 

dx x^J{p?--€i^ 

' ^ = vers ^ -- . 

^ a 

dy_ 1 

dx V (^<350? — * 

T. D. 0. 
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EXAMPLES. 


y = c V^* 

"dy _ 0 
dx 2 sjx* 

a’-x 

y — . 

dy a 

dx od " 

1 4* a; 

dy _\ — 2x — x‘ 


dx (1 4 a?Y 

y = a; log x. 

| = l + loga.. 

y = log cotan x. 

dx sin 2a; * 

X r 

dy _ (d 

y~>^{a^-xY 

j«»5> 

1 

1 


7. y = 


'(l-a:’')®’ 
8 . y = e"(l-*’). 


^ = e*(l- 3 a;'-a;’). 


9. y = (« - 3) e“ +,4xe’‘ ?, 


dx 


= (2 a; ~ 5) 6'^ + 4 (cc + 1 ) + 1 . 


10. y = (2a; ~ 5) + 4 (a; + 1) e® + 1. 

= e* + a: + 2 }._^ 




12. y = 


dx Vw. 


nx 


1 +log- 


(l + xr 


dx 
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13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 

24. 

25. 



y= 


e"- 

^+e^' 


y =log(e* + 0- 


cZy _ 4 

dx'~'JfT7y' 

dy 

dx^ d" o '" ' 


y=^od ((X + ic)® (5 

= {2a& — (6a — 55) ic — 9ar^} a? (a -f a;)^ (5 — 


y ==■ (a + a?)”* Q) H- £c)^. 

= (a + (5 + a;)"-* {w (5 +- a?) + (a + a:}}. 


. _ 1 1 
^ “ (a + a:r(i + «)'*• 

tan^ a? , 

j = — 5 tmx-i- X. 


dx 

dy ^ 
dx 


vri (I •]r x) n [a x) 
ta.ii^ X. 


_ 1 
^ X-\-\J{l —CcY 


ij = {a^ -f- tan“^ ^ . 


dy a; — v^(l — g;^) 

<^7 V(l*-i«'){lH-2a;/v/(l * 

= 2a? tan“^ - + a. 
aa? a 


1 / = log {log (d + Ja:*)}. 
S = l0Ktea(?4f). 


(Zy _ hx + 2c 

dx ~ 2a;“ V («»'•* + 6a:-hc),‘ 

^y_ nhx’"~'- 

rfa: (a + bx”) log (a + bx") ' 

cfo cos 0? * 


sin a:. • 


^ = {2 (a +-iK?) sin a? +• cos a?}. 


/ /(a4a;) 


dy _ ^|a{^fx — ^Ja) 

d'X ^ fjx \J[o, a?) (\/ (St -f- \JxY' 



dy _ 1 

(?a7 V(1 — oj^J (1 —a?) ’ 





E2 
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/{l-o^\ dy -2x{2-x-) 

+ dx (1 - + a!’‘)l ’ 

X . dy e*(l-a:)-l 

dx~~ if -If ' 

,(a;-2)e“+a: + 2 
2/ = «" • 

- ,,. V(l + =g) + V(l-a;) dy _ 1 

d ^J{l + x) — ^[l-x)' dx X'dil — x^) 

dy_,^^ ■ ,^ _ V(l-a;^) -£ 


dy _ ny 

dx — x ‘) ' 


30. 

y = \ 

31. 

y=^\ 

32. 

y = 

33. 

y = 


d •[1 + ^(1-*'“) 


dy ( a: + 

dx |l + V(l-a^)j (1-x^)^ 




f^ = _£Liog.a. 
dx {cd-x^f 


35. 2 , = taTial I' = _ log.a . a“. 

^ dx ° 

36. 2/=iog{v(i+xo+v(i-*% 

y=(2a4 + a=^)V(a^+a;^). 3x^ 


yz=zx-{- log COS 


dx 4:^/x^J(a^ + x^) 

dy _ 2 ' 

"dx l + tano;’ 
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+ — dx x^l r^{l — x^})' 


oq ^ ^ ^ 

n /(1 + ^") “ n/(] 

40. y = rr siii”^a:. 

41. y = tan ic tan”^ x. 

42. y = sin nx (sin a;)”. 

43 . (sinwx)”* ^ 

' (cos mxj”'* 


y = COS TX, 


dy • -1 , 

S-““ *+v(r:5)- 

c^y 2 X -1 tan x 

-y- = sec X tan x -f- :; ^ 

dx 1 •\-x 


= n (sin d?)”''^sin (?i4- 1 ) x. 

dy __ m% (sin nx)'^"^ cos {mx — nx) 
dx (cos 

^/=— e~^^^(2a^xcoso''x 4- r smr.a?). 


a; — sin x 


(sin xY 
sin 


in cc |l — 3 Ct — siiT^x) cos x 

[ 

•(sin.T)'‘ 


4G. 

y=log 

47. 

II 

48. 

y = x‘°. 

49. 

y = aj®*"' 

50. 

y = ^- 

51. 

K 

II 


a + 5 tan ^ 

ji 

"" " ■ ■' ^ 

a — b tan ~ I 


dy a6 

dx 2 ^ 72 * 2 ^ 

a** cos’" - — 6 sin® -7 


-£_ = x’‘{l + logx). 

1 

dy _ a;” (1 — log x) 
dx 

dx \ X V(1 ~ 

d.x 

^^ = e*'a;”(l + loga;). 
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52. 


53. 


54. 


55. 

56. 

57. 

58. 

59. 

60. 
61. 
62. 

63. 

64. 


65. 


' . 66 . 
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e* ' 


y = a> 


y = sm 


. 4- 1 


^=yaf |i + log^c+(loga:y 

d.v „.=>„a,i + a;loga; 

■7’ Jb C/ . 

aa; X 

^ 2(l-a;°) 
do? 1 4* Bo:?'' + ‘ 


V2 


(ie V(1 “ — a;®) ’ 


y 


^ . dy — {sec V(l — 

— taiiV(l — *)• j — 9 


da? 2 V(1 — 
dy_ 1 


y tan _ ^ 2 ^ • 

y = tan“^ (n tan £c). j ^ 


y = sec*” 


cZa? cos^a?4-^^^sin'^a?‘ 
a . 


^{d^-xy r ■ cZa? J{a^-x^) 

y = {x^-a)iwryy^{ax). ^|=tan-'y/^^. 


y-ta. - + l„s;(_j. 

y == 

, _i 2a5 


dy^ _ 
dx'" 


^1 = 17(1 4 cosec i»). 

(Zy _ 2 
dx 1 + a?* * 


acc 




_ . w.a- dy_ CT (5 - caj”) ^ 

y — sin ^■“^{5'‘+(26c-d’)a;’‘+cV}'6+ca;* ' 

,,,„._, dy aisin'^a; 

y = V(l-a0sm ai-ai. 

_ xsivT^x , dy _ sin-^ai 

dai-(i_,.^r. 
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y iji'4 cxr? 


or. f=ts.n {x+^{l-x)]. 2x~ 

_ - ^ tana dy __ tan a 1 

C . 2 / ^ _ ^ 2 ^ • 2x (i^ — x^ * kJ [ a^ — a?- sec’** a) 


X taxxx dy __ tan a 1 


- -1 J(<^ — o?\ dy sos/ii^ — cd) 


//I— cosicX 

70. 3^ = tau y(^— 

. -.1 5 4- a COSO? 
f/ — sm ^ ^ j ^ • 

, -1 f V'(^^ ~ sin (c] 

72. ;^=tauN-^-- ^ 

^-hacosix? ^ 


^2^ = 1 

2 ‘ 

dy 

dx a-\-i cos X * 

dy^ 4{( d-V) 

I ' £?;x; ^ a •+ J cos ^ ‘ 



dy 

2nx^ ^ 

+ 1 * 

* 

4- r 

1 

dy__ 

2 

2x^ ~ 1 ’ 

dx 

i I 

: 

1 


7o. = tan ^ 

^ X 

rr/^ i ^ ’i' I 


dj] __ 1 

dx “"2(14- (d^) ‘ 

a? sj2 dy _ 4a/2 


76. 3^=log -a;V2 + <»*‘^^^ l-a?*' 


77. It « - 1 1»& - 73 *»■’ -V ■ 


wkere 
sliew that 


^(1 + 4 3;^) 

cfo 1 
dx 0??/ (1 4- ^) ' 
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. m + 1 . nx 

Sin — — X sin — 

2 2 

78. Given sinfl? + sm2^4‘ ... = - , 

. X 

sin- 

deduce, by taking tbe differential coefficients of both sides, 
the sum of 


cosa? + 2 cos2aj+ ... -Vn cosnx. 


Hesult 


71 -f- 1 . X . 272. -f- 1 1 

__sia-sin— ^n;--|sin 


/ . 7h \ 

(^sm— o^J 


sm 


X 


79. Having given (see Plane Trigonometry^ Chap. XXIII.) 

. /TT \ . /27r \ , fm — l \ sinma; 

sm a? sm — [-x) sm ( h . .. sm 'tt-^x] = , 

\m J \m j \ m J 2 ^ ^ 

where m is a positive integer, shew that 

cot cc + cot f— + ir I -f ... -i- cot — -TT -h xj = m cot mx. 

\m j \ m J 

80. From the preceding result deduce that 


cosec X + cosec' 


T— + a;) 4- ... + cosec^ (— — - tt + ii?") 
\m j \ n" J 


= m cosec mx. 
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CHAPTER V. 


SUCCESSIVE DIFFERENXIATIOHr. 


77. In the preceding Chapters we have shewn how from 
any given function of a variable another function may bo 
deduced, called the differential coefficient of the first. This 
second function, by the same rules, has its differential co- 
efficient, which is called the second diffeo-mtial co'efficient of the 
original function. 


Thus, if y = n:", we have — 


The differential co- 


efficient of •ux””' with re.spect to x is n{n — 1) x”““, which i.s 
therefore the second differential coefficient of tj or x" with 
respect to x. The second difijjrentia] coefficient of y with 

respect to x is denoted by which is to be considered as 


an abbreviation for ■ 


d 


dij 

dx 

dx 


What we said 


that it is to be looked upon as a whole symlol, not admittinq 
j.. ■‘■■ninto a numerator d'^y and a denominator dod. 


^ will be generally a function of x it will have its 

differential coefficient with respect to x. This is called the 
third differential coefficient of y with re.spect to x and is 

. cry 

denoted by , as an abbreviation for 


This process and notation may be carried on to any extent. 
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SUCCESSIVE DIFFERENTIATION. 


The successive differential coefficients of a function are 
often conveniently denoted by accents on the function. 
Thus, if </) (x) be any function of oj, then <f>' (a?), {x), <p"'{x), 

(jy^(x), denote the first, second, thir^ fourth, 

differential coefficients of <p{x) with respect to x. 


79. 

therefo: 

78. In some cases the differential coefficient of a 

function admits of a simple algebraical ejcpression. Tor 
example, suppose 

1- 

and 

y = sin x; 



Simi 

therefore ^ = cos ^ = sin » 



If 

ib, =“*[*■*■ 5 ) 






\ 


d^y , f SttX 

and generally ^ = sin ^ . 


V 

and 

where [ 

80. . 

So also, if y = sin ax, 


r 

Supp 

d"-y ^ . / rm\ 

^„ = asin^a*+-). 


1 

where y 

In like manner, if 




y = cos X, ^ 

d'^y ( tittX 

^„ = cos^*+— ); 


f 

Diffe: 
a?, W6 h 

and if y = cos ax, ^ = a“ cos Taa; + . 


\ 
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79. Suppose 


therefore 

g.«-a.g.)-. 

and 


Similarly, if 

y — fi"*, = a”e“". 

If 

y = log X, 


II 

11 


1 

II 


^-2x”’ 

and 

(Vv 

cZx” x’‘ 


where [ n 1 staruk for 1 . 2.3 ... (u — 1). 


80. Differential coefficient of the product of two functions. 
Suppose u^yzy 

where y and z are functions of x ; we have 
dn _ 

dx ^ dx'^lix^' 


DifiFerentiating^both sides of the equation with respect to 
Xf wc have 

* 4- ^ a . 

dxdx dx dx^ djd 


d% 


+ 2 ^ 2 '! + 

dx dx 


d*y 


e. 
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LEIBNITZ’S THEOEEM. 


Similarly 

d^u dyd^z 

5? “ ^ dx^ dx dx‘- ^ dx dx‘ dx" dx dx^ dx dx^ 

~'^ dad''^^ dx dad'^^ da? dx^ da? ■ 

So far, then, as we have proceeded, the numerical coeffi- 
cients foliow the same law as those of the Binomial Theorem. 
’We may prove hy the method of Znduction that such will 
always be the case. Bor assume 

d”u d’‘z , dy dr^z n (w- 1) d^y d'^'^z 

da?dx’^-^^- 

ii {n — 1) .•■ {n —T + 1)* d'y d? z 
+ W dx' dx’‘-' 


n{n — l ) ... {n — r) dT'^y d’'7~^z 

+ — inti 


Differentiate both sides with respect to 


d’'*^u_ d’^'^z , ‘d^§'± 

d^~^ dx'’*^ dx dx"^'*'' dx dx" 


d?y d”'~'z 
To? dx"^^ 


n(n-l)...{n-r + l) [d'y d"^ ^ ^ 

+ Ida;’' da?-"*^ dx"*^ dx"'' 

TO (n — 1) ... (to — r) [d'*^y d"~'z ^ d'*^ d" ’~* g[ 

+ [7+1 d^ dx"^ dx"-'-'^) 

dx 


Rearranging the terms, we have 
dJ^^u 


'j 3 . dy d^z , 


(to+1)m'... (to + I-to) d’^y d^ 

ir±i 


( 3 ). 


SUCCESSIVE DIFFERENTIATION. 
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Now the series (3) follows the same law as (1). Hence 
if for any value of n the formula in (1) is true, it is true 
also for the next greater value of n. But we have proved 
that it holds when ^=3; therefore it holds w’-hen 2z=4, 
therefore when and so on; that is, it is universally true. 

This theorem is called after the name of its discoverer, 
Leibnitz. 


81. If cos bx ; we have by Arts. 78 and 80, 




a” cos bx+nba”'"^ cos ^bx + ^ j a" ‘‘^b^cos^bxj- 
4 - + 5” cos ^ 


27r' 


7 

5»+ yjj. 

We may also find another form for this differential 
coefficient as follows: 

die 


assume 

so that 
thus 


dx ” bx--b sin hx ) ; 

a = r cos 
b = r sin 

r={a^+V)K 

die 


cos {bx -f <p), 

where r and <j) are constant, quantities. 
dhe 

Similarly ^ {a cos {J)x + ~ J sin {bx + (p)} 

9 = cos {bx + 2(f)), 

a4^' generally 

I cosbx „ 

= r cos {hx 4* nej)) , 


82. The following is an important example of Art. 80. 
iLet u = e^y ; 

thjen, remembering that <fe^, we have 




y 4* m 


dx^ 

n-i dy n{n-l) .^dS/ 


dx 


d^y 


1.2 


dx' 




: f 
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If now tbe expression 

/ , 


(»-!)■ 


be expanded by the Binomial Theorem, and the symbols 
replaced by 

dij d^y d^y , 

£■ E- 

the result will be the same as the series in parentheses in (1). 
Hence, we may write 






as a convenient abbreviated method of stating the equation (1). 

83. The following theorem is sometimes of use in the 
higher branches of mathematics. 

If n be any positive integer 

d^'u _ d^uv 
^ d:d dod' 


^ dx''~^ V dx) 1 . 2 dx^'’^ 


'dx^ 






( 1)/1 


This theorem may be readily established by Indnctic ^ 
For it is obviously true when n= 1, and if we assume it h 
be true for a specific value of n we can shew that it will 
true when n is changed into n+l. Assume that (1) is trii V 
and differentiate both sides ; thus 1 


dy^ dfu __ d”''^\v f dv\ n{n--l) / 

dx dx"" ^dod\dx)^ 1.2 


d^v 4 


dod * 

+ (-=>*|(.£) WU- 



Also since the 
we have from (I^ 

^ ^=: 
dx ix" 


' Now suppose 1 
so that the first 
term of (2), the a 
and so on. The 


This shews th 
of n it is also tr 
since it is true 


L Ify = ten 
2. Lety»sii 


then 


(M 

3. Ify=i8'k 

4. Ifysji/'Io 

6 . 
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Also since tlie theorem is supposed to hold for the value n 
we have from (1), bj changing v into 


dv d' 
dx dx' 


'""u dy [ dv\ / d?v\ niji'—l) / d?v\ 

“ dod" V "do^ ^ \ dxy 1.2 \ dxy 


. + (~ Ifu 




(3). 


Now suppose the right-hand members of (2) and (3) written 
so that the first term of (3) is immediately under "bhe second 
term of (2), the second term of (3) under the third term of (2), 
and so on. Then by subtracting we have 




dx'" 


. , f dv\ (n4-l)n / d^v\ 

s==-(.“3?j 






This shews that if the theorem is true for a specific value 
of n it is also true when 72 is changed into n -i- 1. Therefore 
since it is true when 7i = 1 it is universally true. 


EXAMPLES, 


1. If 7/ = tan a? 4- sec 


<Z*?/ 


cos a; 


2. Let y = sin^a; = 


do^ (1 — sin ’ 
3 sin a? — sin 3a? 


dy 3 . 

then = 7 sin 

dxd" 4 


3. If 1 / = ^ log X, 

4. Ify = fl3Moga7, 


/ , 7^7^^ 3^" . , rm\ 

(*+Tj-T““r + Tj 


— ^ = ll, 

<faj® X ' 
dx} X ‘ 


5. Ify.(^+.-)to-5, 
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6. If y = e^co&x, 

7. If2/=V^(^a)’ 




dy_ 


Za^ 


M. 

dx 


8. If y = {* + - 1)}”, ~ ^ ^■ 


9. If 2/=a5’‘"Moga;, 

10. 

11. IfM„ = (e" + e"*)”, 

12 . 'ily = d'J\ 

# 

13. If 2/ = -^, 

^ 1 - a; 

14 If = sec 2x, 


' da? 

gv^ l«-i 

(fo“ a; 

dic” (l + a;)“^‘' 
d^u, 
dx 


y = TfU^ — (71 — 1) 


d‘‘y ^ 2 ^/x-l ^ 
dx^ 2x\/x 
d*tj 24 
dx*~ (I -xy 

»+S-V- 


15. Ifj/"(l+a^)-(l-!t+.«0’. + 

aoj + S f 5 + ac b- 

lb. ^ (oj+or 

17. If 3 / = £c" sin ic, 
dx‘ 


•ac 


?/ , f . n , f n in— 1) .. f ^ 27r'\ 

^ = [% jsin ^ + j- a; sm ^ j + ^ sinU + ^ J 

(*+t) + -'. 




18. If ^ = tarL''^-, 
a a 


* then 


% 

ci^ 


2 = cos® - , 
■® a 


a® H-a;' 


•. 

!■ 

t 
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nee 


ew that 


d^\f 2 V ' y 

djo a a a dx 

I . dy 

= — sm~ /- 
a Oj dx 


1 (2y , 7r\ o 2/ 

= „COS -^+-7 COS“ 

Ch \ a 2 / a 

dhj 2 f?)y , ^ 'ttA 3 ?/ 

cos -•^- + 2.-- cos"'^, 
dx^ or \a 2/ a 


1 general!}^ that |-f + (^ “ 1) Ti f 

Now taii-“^^ = »-tan-^'^ 


a 2 


^ ~ 0 suiDpose ; 


cos + (w — 1) = sin = sin (?i7r - 710) 

7! cTr 

= (— 1)”"^ sin 72^ ; ancf cos”" - ; 


(a^ 4 - 




I 71— 1 


refore = a (- 1)’'-^ - ^ sin 7z6^. 




Since 


Ct IM/U “ 

a _ 

a 

d” / 

dx 

' cS- + a-" ’ 

da;” Vtt“ ■ 

lence, shew that 



{ 1 ^ 

_(-in 

da;” 

W + xV 

f 


1 


«+i 

■v. 2\'2 


3re 


tan 0 = -. 

X 


X n. a 


& 
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The differential coefficient of ^ with respect to x 

“T* a? 

is sometimes obtained thus : 



1 

1 

f ...1. . 

. 1 ] . 


oT + x^ 

therefore 

~ 2a 

1) V-aVl-i) 

x+ a V(-" 1)J ' 


dr f 1 ^ 

(-1)" 

‘A r 1 

1 1 


dx'' va" + x^j 

' 2a V(" 

-l)L{a;-aV(-l)}’ 

{«+aV(- !)}'“■" 


Now assume x==r cos 6, a = r sin 6, so that 


r" ^ a? and tan 0 = - . 

X 

Then + a a/(- 1)^ 6^ + V(“- 1) sia 6^'^ 

= |cos {ji -f" 1) ^ d” \/( — 1) sin [yt -{- 1) 0^ 
by De Moivre’s Theorem. 

Hence 

1 ■ 1 _2 V(-l) sin(n+l)(9 

{x-a^{-l)Y^^ {^ + a V'(- !)}"■'' ’ 

and we. obtain the same result as before for the proposed of' 
differential coefficient. 


20. 


-/ n ^ ' // ' 11 ' ' ■ " “t ^ 


Art. 80. 


c/ic” cZ.r''' do;’'' 

Hence, by means of the preceding Example, shew that 

(— l)”[; 2 _cos {n+1) 0 


dr 

dx' 


‘ ( ==. 
\d" + xy 


{oT-i x^) ^ 


We may also proceed in the second manner indicated for 
the preceding Example, starting with 


X' 


+ ■ 


d +0^^ 2 (:c + aV(— 1) x-a\/{—l)) 


J 


P 






I 


I . 

I 

'I , 
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1 ^ 

21. Find the 4*“ differential coefficient of — - and of e~^. 


e ^-1 


Results 

e’= + lle"* + lle’*+e“ 




and e *“{l6x'’^-144a!"”4-300a;'®-l‘20a;"'’}. 


22. = {a;V + 2nxc’‘-^ +n{n- 1) c”'^} a", 

where c = locr a. Art. 80. 


23. If 2/ = sin (m sin shew that 

Apply Leibnitz’s theorem, Art. 80, and deduce . 

f 1 x’‘) — (2n + ll a; + ft.® — irt‘) — 


24. li y = a cos (log x) + b sin (log x), shew that 




and that x‘ ■ p (27i + 1) m + (m® + 1) ^ = 0- 


CHAPTER TL 


expansion of FtmCTIONS IN SERIES. 

- , T 3 - TTiporem, ive arc furnislied with a 

84. In the +„ powers of h, which is eqtii- 

eries proceeding aocor „ P ^ Other series have also 
ralent to the express! . A Trigonometry, such as 

u-esented J of and of log (1 + x) in powers 

•he expansion of e P • , ^ book, we have, however, 

)f X. In the E5®'?'^.„ip,ln-e of any expansions, except the Bi- 
mi assumed pJsitivlmtec/ral exponent; hut 

irptwerTo" t 

’4rrriS;rit?So» 

o (IctnonHtrsitio'n. of tlio tliGoroin. 
85. Before ^ve offer ^ ^ metliod which it was usual to 
in question, we ^-gbrential Calculus not based on 

adopt m treatises on treatises cominenccd with an 

the doctrine the proposition that /(* + /t) 

uusatisfactory demon. series proceeding according 

„„ld geaerdly ^ it ™„Wd.h» 

to ascending •' t ^f the different powers of h, and 

sr— s5rr«i™ a. t« 

Articles. 

Jifix+h) be any ^ it with respect to £r, consider- 

* ing oc constant. 
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EXPANSIOi^ OF FXmCTIOXS IN SERIES. 

For put x + 7i — z, 

la the first case 

df{cc-\-k) _ df{jz) . dz 

dx dz ' ~dx 

f \ . dz 

^f\z), since ^ = 1. 

In the second case, 

df{x ^dj ( 2 ?) dz 
dll dz * dh 

=f'{z), since 1 = 1. 

87. To expand f{x-\-h) in a series of ascending powers 
of h. 

Assume (Art. 85) that 

y (a; + A) = Aq + AJi + AJi^ + "i” 

where A^, A^, do not contain h. 

Then « 

df{ocA-l) ^ ^io ^ ;^3 ^3 (2), 

ax dx dx dx dx 

and -f 2AJi -}- ZAfd + (3). 

By ilrt. 86, the series (2) and (3) must be equal. Hence, 
e(|uating tlie cocflticients of like powers of A, we have 



. 1 dA^ _ 1 d^A^ 

^ 2 dx 1.2 dsc^ ’ 

A 1 

® 3 dx 1.2.3 dx^ ’ 


And by putting A = 0 in (1), we Ind 

A=/(^)- 
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taylok’s tiieorkm. 


Hence, substituting the vahies of in -^0 bavo 

/(a: + A) =./(») +/{/’ (aj) + J^/ 1 . 2 .' 3-^ (*) + ••• (4:)> 


the general term being 

7/ iV'fix) 

1« eZi" ' 

This result is called Taylor’s Theorem. 


88. There are numerous olijections to the method of tho 
preceding Articles, and especially the u.sc of rm infinite serieis, 
without ascertaining that it is convergent, is inadmissible; we 
proceed then to a rigorous investigation. 


89. Let y = F(x), and suppose Ax ami Ay to represent 
the simultaneous increments of x and y ; then the fractiorr 


, since it has for its limit the differential coefficient F' (pc), 

will ultimately when Ax is tahm mmdl mough have the same 
sign as this limit, and tlnn’cifuro will l>e positive if tlie dif- 
ferential coefiScient bo poHitive^^and n(»gative if the differential 
coefficient be negative. In tlie fornnir ctmo, the quantities 
Ay and Aa? being of tho same sign, the function ?/ will increase 
or diminish according as x increases or diminishes. In the 
latter case, Ay and Ax being of contrary mirns^ y will increase 
if X diminishes and will diminish if x inareiiHcs. 


The above supposes that there really m a finite limit to 

which ^ tends : in other words we assume that F’ (x) is not 
Ax ^ ^ ' 

infinite. The limitation that tho functions with which we are 
concerned are not to become infinite is one which ought to her 
understood in most theorems in mathematicB, even if it is not 
formally enunciated. In tho present subject however it is 
usual to state this limitation expressly at the more important 
stages of the investigations. 

It may be observed that wc may sometimes obtain useful 
information respecting the sign of a fiinetioxt by examining 
the differential coefficient of the functiorr.. For example, 

suppose y = (iT - 1) e* + 1, then ^ = a?/ ; as ^ is positive 


tayloe’s theorem. 
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for all positive values of iP, it follows by the present Article 
that ty is always increasing- so long as a; is positive; but 
y — O wliea a; = 0 ; tlicrefore y is positive for dll positive values 
of a*. 

Similarly we can shew that — log(H-aj) is positive for 
all positive values of ;r, 

5K). A function of a variable is said to be contmuom be~ 
twoea certain values of the variable when it fulfils the follow- 
ing coriditionB : tlie function must liavc a single finite value 
for every viihic of tlie variable, and the function must cliange 
l/radimllf/ as the variable passes from one value to the other, 
BO that corresponding to an iiulefinitely small change in the 
variable tliero must be an indefinitely small change in the 
function. 

f)l. Snppo.se a function which vanishes when x = a 
and when x^b, and is continuous between those values. 
Suppose also that <]E>' (rr) is continuous Ixifween those values. 
Then cj)' (x) will vanish for some value of iu between a and L 

Tor (x) cannot Ixi always positive l>ctween those values, 
for llicti (j) (x) would l>c constantly increasing as the variable 
incr<?aHrd from the lowtu’ value to the higher (Art. B9), which 
m incfmsisbuit with the Boppesition that vanishes at the 
two Hpecified values. Similarly <f>' (x) cannot be always nega- 
tive. Hence </>fx) ninst change from positive to negative or 
from negative to positive between the jasaigned values ; and 
sincij it is coiitinuous it cannot become infinite arid must 
therefore^ pa.SB through the value zero. 

If a (hinote some constant quantity, such expressions as 
f' - *• Hray occur in our investigatians, the meaning 

to bo aitacli(3cl to thorn bciing that f{x) in to bo differerrtiated 
oiicct twice, ...with respect to x, and in the result x changed 
into a, 

W© can now demonstrate Taylor^s Theorem. The proof 
wliidi wo givc3 in the next Article is due to Mr Homersham 
CJox ; it waa publiBhcd by him in the 6th volunio of the 
CarrihndfjB and DiMin Mathmmtioal Journal^ and subse- 
quently in his Mmml of the Differ eritial Ualculus. 
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92. Su]>poH0 and iin ilitlVui'if ial ii|: 

the (n4" to 1 h* (‘ontiuii<aiH liotwr^en tin* vahir'K li lutd h 
the vuriahle Tlio exjiro.^hiou 


/(a a-) ' (>/) 

vaiii.shi'.s when x~h if II ~ 


' ? I 




/ ^ • • 


p „ 1 




Snppo.se .11 to havi? ihln value tthirli 'tt'i* is itii- 

pi'tidoni of .r. 

The expri'Hsioti (I) als*i vard^hoa wlan x ■■ ft 
lTi*nrr% hy Art. *.*! Elie ditT*a’*iili:il uf f| ; mi 

roHpeet ti> r inn t vani.'h f*o“ va!si»- of x !ie-l\rr,»:'ii i| aii*.i , 

.snpprme :t\ that vahe% then 


/' (a + x) -/' (») » jf (»/; . 


;/l I 






vanWioH when x — Dut (2) ii!^o wlim x-...i 

lienee there is houe^ value of > lirt u mr*! a*, iMr wJiiii 

the flillereiiiial eoellieieiii f4’ -uJ) viiiii'4ie;i. 

(.kuitliuiifiit thiH prorirSH to « + I tlilTereiif iatiolifi of /| . w 
find tha,t {it -fa:] — // is z*^ro fiir vahio of ,r l^ouve*- 

f# and ki let this value of x hv. fl/#, m'liere (I it# nntw^ J 4 o|i»; 

fnieiioii, therefore 


SubBiitiite thin value of Ji in (ji) itsid w« hiivt? 

/(fl+ZO^/CrO +Z/O} ••• + [',/* «) 


A"'* 

+ . , /■”* 0 } fW'h 

, w 4 i 


We jmiy imw put « fur a in thin »fjii.itj..i), i,ii,r-.* f|« r« h.'U 
boeu no rostrietion in the vnlmi of u, cis'rpi ih.iit. lUl the <{««». 
titles are to bo Jiiute, tlms wu olttuin 
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If thf! function f''*'{x+01i) lin ku(;1i tiiat l)y making ti miffi- 
(luntly great, the term j/"” (•'»; + ^/<) can l>o made as small 
as w(s please, tlien by camming on the B<!ri(‘» 

/(a-) +r +|/"0^ +|/'» + ..., 

to a.s many t<‘nnH tm wo ploane, wo ol>fcain a roHult clifforiiig as 
little an we pkaiHc fruin/(.7; -f //}. Under theno circmnHfcanceH 
then we may anHcrt the truth of Tayloi-’n Tlioorem. 

9.1. Taylor’H Tlieorern in m> calle<l from its diHOovenu' 
Dr Brook Taylor; it wan first publisloMl in 17 1 o. d’he 
theorem contained in cquaJion (•!) of Art. lej in called 
Lafinmgc*^ Theorem, on the limilH of Tajjli)r\s Theorrvi. It 
;^dves tin an (‘XfiroHsion h»r ilie diffrrenett lH'tW(a*n /’(a; 4 A) 
and tiie first h \ 1 Imaiis <»f its <‘xjKtusi<m by Taylor’s Tlieoiaan, 
or as it is calltMl t,ho remaind<*r aftor n 4 1 tenns,” 

fl k To iho o>qn*fv:sion /"’’‘ ’-/* 4 whit*h oeeurs in Art. 92, 
We must assign! tin* I’Mllowiire ineanin|jf. I;et /(/c) bo dib 
foremtiaied n 4 1 tinio:s with rospeet it\ and in the. firm! 
rf?sult cban;o? a* int«» ;e \ Oh'* Wr; do not kmnr anything of 
0\ except ih.’it it Ih'S helwtam 0 ajid I ; it will gfmerally ho 
a functimi of :e and A, ami hence, to fliflenurtiate 
wiilt respect to ;-t\ is imt the same tiling as to dirtereniiuto 
/{r) with re:ipei.*t„ t«» and f.hen to change s into a; 4 

9d. MfichinrlH\i TheotxtH» 

.111 tla.f laiimiioii 

fU + J) -/M -I- yw + |^/"M + - + '-"P*’' 

put Wit hmx tlif'n 

f'h) -/((I) + + ... + 4r,i/»up.). 
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mtiAvms ^ 


Wo raay, if h Udn j; 

C|tiii!ifiiioH /(O), y" oil, fi villain iv*** 

cluiBgc i.i rimti^* in my *4 

f '"‘ ' 1 1 * 31 

A-r) -/j'^ + ••■ ■» 5 , j /"” (A/-). 

Whc'H fli^* ia-^t l»y n l:%rj%* car^ I #« ' 

mado as Kiiiail as w** j4*'’:i.i^% w*’ i'-^r f \r, ai^ iriHniti! hi * ri ^ 

pro€is‘diii!4‘ ari'^rdiii^ t-i p'av«-r> I’iiiH sfa‘i*»s in 

called MaelaiiriirH, haviij^^ |■»n!♦!i:..l4r'f.| by liiiri in 174 ; 

though, as it had t«^“»*ii ^oio-n a r-a- iiri'vioimly hy Ht " 

Hug, it Hoiti*4 iiiU'H h^-arn th'^’ *4 ihi* latlia*. 

JHL A»Hiiituiig that, aiiv fur.',rf uf ,r caii hr* oxpaiidc'*#'! 
ji sitries of paN.iiiii'o ■; '^4 *#*,, t.|i«" Ii4h»wing iucjI. 

han botui givioi |V»r }-»f*»vn4'^^ 

Lot /{^) rL-f rLj-'f e 4 , 

wlicro J^,.*d^4 ti<:4 r.iiitaiii , 1 :, 

DifTonuitiai** mvvr^4rrh, f n 

/'{.r^ 4^ 4 s- iirf^.r**' ^ .f 

/"(^) 7-1, -f 7:iJ,-^-f a- a >1 ^ l)A^'^+ 

/"'{4 %:u, .... 4 « a*. L 2j 

Now KUppOSO ill »ai*'l4 ^4 |||»-;‘-h* or|i|||tii:>|}H, W «3 liavo 


SulMitHte t!n 5 v«lu»'« xf *.j^. Jj„.. liijul wd (»!itaiirt 

/(x)»/C«) + sr/'itt) 4j^V":;M, + .... ^^/-(O) + ... 
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97. The demonstration given of equation (4) in Art. 92, 
which equation involves Taylor’s Theorem, and may even 
speaking loosely he called Taylor^s Theorem, will probably 
disappoint the reader. Though he may be unable to discover 
any flaw in the reasoning, he will complain of the artificial 
and tentative character of the whole, and he will urge tlie 
same objection with respect to Cauchy’s method of proof 
which we shall presently give. Without denying the justice 
of these objections, we may reply that the highly general 
character of the theorem may be some excuse for the com^ 
plexity and indirect nature of the investigation. But with 
respect particularly to the dissatisfaction felt in being com- 
pelled to assent to a number of propositions without knowing 
beforehand the general course which the demonstration might 
be expected to take, we may remind the student that he must 
not while engaged in the elements of a subject expect to be 
able, as it were, to rediscover the theorems for himself Instead 
of asking, '' what suggested this or that step ? ” he must 
frequently be contented with the simpler ^question, is the 
reasoning correct ?” To this of course he has already, perhaps 
unconsciously, been accustomed; for example, if a complicated 
construction occurred in Euclid, he merely confined himself, at 
least for some time, to an examination of the consistency of 
the construction, and the truth of the deductions from it, 
without attempting to retrace the steps by which Euclid 
arrived at his construction. 


98. On account of the importance of Taylor’s Theorem 
we shall add another demonstration ; this demonstration is 
due in substance to Cauchy. 


LetjP(a;) and /(a?) be two functions of x which remain 
continuous, as also their differential coefficients, between the 
values a and a-\-h of the variable x. Suppose also that be- 
tween these same values the derived function/' (ai) does not 

vanish. Then the fraction shall be equal 

F 

to the value of - 2 —-^ > when in the latter x has some value 

/ W 

included between the specified values; that is, 9 denoting 
some proper fraction, we shall have 


76 


CAUCHY’S PROOF OF TAYLOR’s THEOREM. 


Let 


F(a+h)-F(a) _ F’(a+ Oh) 
-f{a) f\a^'~ah) ‘ 

7? ~ ^ (<^) , 

"■/(a + A) ~/(a) " 


then since /'(ic) is continuous and does not vanish befvAroexi 
the values a and a + Aof cc, it retains the same sio-n ; a>ricl 
thus f{x) continually increases or contin-ually decreases : 

Art. 89. Hence f{a + h) -f(a) cannot- be zero, and we 
therefore multiply by it ; so that 

F{a^h)^F{n)^R[f{a + h) ^/(a)} = o. 


Let (j) (x) denote the function 

F(a^h)^F(x)--B [/(a + h) -f[x)} : 

then ^ (cc) is continuous while x lies between a and (X ; 

and so also is the differential coefficient ^\x), tha.'fc 
-F{x) + Bf'{x), Moreover ^(x) vanishes, by hypotla^s^®^ 
when x = (i] and <f>(x) obviously vanishes when x^ct 
Hence, by Art. 91, it follows that ^ [x) must vanish for some 
value of X between a and h] this value may be dexoLoted 
hy a-\-6]ij where 6 is some proper fraction. Thus 

— jP (c& -1- Oil) -f (ci + = 0 5 


and, hy hypothesis, f'{a-\-6h) is not zero, so 'that we ma.y 
divide by it : therefore 

F'{a+9h) 

r{a + 9h)' 

Thus the required result is obtained. 


99. The result of the preceding Article has been obta.ixxo<l 
on the assumption that the functions are continuous and hligffc 
f (x) 4oes not vanish between the values a and a + A of "felxe 
variable x. The result however is true i£ the functions 
continuous and either of the two F' (cr) and /'(cc) does xxot 
vanish. For if does not vanish vve may prove sts in 

the preceding Article that 

f{a^.h)^f{a) f{a+eh) 

F{a-¥h)---F{a)'^ F'{ci+ e/i)^ 
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and from this it follows of course that 

F{a + h)-F{a ) _F' {a + Bh) 
f{a + h)-f{a) f(a + eh)* 

The reader who wishes to see the application of this 
result to the establishment of Ta}dor's Theorem, may pass 
on to Art. 106 at once, and then return to the consideration 
of the omitted Articles, in which we shall give another proof 
of the result, and also some geometrical illustrations. 

100. The enunciation of Art. 98 being supposed, we may 
arrange the proof thus : 

Divide li into a number of equal parts, and let a denote 
one of these parts. Consider the fractions 
jF(a +• a)— jP(a) F{a 4- 2a) —F{a -h g) 3a) 2a) 

/(a+ a) -/(a) ' /(a + 2a) -/(an- a) ^ /(a + 3 a) -'/(a + 2a) ^ 
F(^a + h) + — a) 

“■/(« + A)~/(a + A~*a)'-*^ ^ 

Form a new fraction by adding together all the nume- 
rators in (1) for a new numeraiior, and all the denominators 
in (1) for a new denominator. We thus obtain 
Fia+h )^F{a) 

f{a + h)^f{a) ; 

Since the denominators which occur in (1) have by hypo- 
thesis "all the same sign, we know from algebra that the 
fraction (2) lies in value between the greatest and least of 
those in (1). Now 

F{a 4- g) F{a) 

+ a) — a . 

/(a + a) -flu) ~ /(a + «)-/(a) ’ 

a 

.if then we put this fraction equal to + /3, we know 

that yS diminishes without limit when a does so. 

Similarly, 

F(^ci "f- 2ot) — FQz 4" ot) F^ + ct) 

f\a + 2a) — / (a + a) f (a + «) 
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F{(i + Zol) —F\a-\- 2a) __ jF' (a -f 2a) ^ 
j hj) — f [(I +• I2(x) y (a + 2a) ^ 


F (a -f — F (cx- + 7i/ ~ a) F' {a -^Ti — d) 

/ (a + /^) -/ (a + A - a) ~ /' (* +T~a) 
where 7, all diminish without limit ■when a dr,*;# 

Since the fraction ia (2) always lies hetween the 
and least of the series 


, p ^ J'(cx + 2a) 


F7a-f A — a) 

fXa^Vh^) 


it must lie between the greatest and least limits 1*^1 
which these tend; that is, it must lie between the great«^^ i 

least values which can assume between a, and ^ ^ 

/ ^ 

F'ia) 

But as passing from its greatest to its 

passes through all intermediate values, there must It- m 
proper traction 6 , such that 


J(a^- A)-F(a) [a+ej i) 
f[a-\-h) -f{a) /' {cc+e?^ ■ 


101. Suppose /(ir) a: therefore /'(a’) = l. 

The conditions required to be satisfied by f{x) I 
enunciation of Art. 98 are satisfied. And as /(«#%« 
and /(a) = 0, ' 

we have I(a-{-h) — F{a) = kF' (a + 6 h), 

This simple case of Art. 08 might of course be 
the same manner as the general proposition was estoW^^ 

102. The result of Art. 101 may be applied l« ^ 
that an expression independent of oc is the only one 0! mM 
the differential coefficient with respect to cc is alvm^ M 
For suppose F(^) a function, .suchtlxat jF'( 4?) is.aJwap * 
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then, from tie last equation in Art. 101 it follows, whatever 
be tie value of (l and (t-hh F{a-\- h) — F [a) = 0, 

tierefore F{a-^li)=F (a). 

Hence the function F{oi) has always the same value whatever 
be the value of tie variable; that is, it is constant with 
respect to ic, or in other words does not depend on x. 

Trom this it follows, that two functions which have the 
same differential coefficient with respect to any variable can 
only differ by a constant. Tor the differential coefficient 
of the difference of these functions being always zero, it 
follows from what we have just proved that this difference 
is a constant. 

103. The result of Art. 101 admits of the following simple 
geonaetrical verification. 

We have already shewn, Art. 43, tha.t if u represent the 
area contained between the 
axes of X and the ordi- 
nate y, and any curve, then 

d% 

Let u=^F{x),Si-n.d therefore 
y=F'{x) is the equation to the curve; let OJ/ = a, flOT—// ; 

then area 0APM=F{a)j 

area OjLQ]F=F((x + Ji), 

therefore area PQNM F (a + 7i) — 

IN^ow it is obvious that a point It naust exist between P and Q, 
such that, drawing the ordinate FL, 

the rectangle PP.ilOr— the area FQNM. 

But RL=rCai^9hl 

where 6 is some proper fraction j therefore 

W (a-^eh) = P(ci h] - P(c). 
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104j. Tke following is another geometrical illustration of 
Art. 101. 

If 2 / = F{x) be the equation to a curve, then F' (x) is the 
trigonometrical tangent of the 
angle between the axis of x 
and the tangent to the curve 
at the point [x, y). See Art. 38. 

Let OM = a, MN = A, 

thea 

h 

is the tangent of the inclination of the chord PQ to the axis 
of X, Hence Art. 101 amounts to asserting that at some 
point R between P and Q the tangent RT to the curve is 
parallel to PQ. 

We call this an illustration. When, however, the student 
has sufficiently considered the nature of the tangent to a 
curve, it may amount to a proof of the proposition in 
question, 

105. The following is air illustration of the general pro- 
position in Art. 98. 

Let there be two curves APQ and apg. Let F{x) denote 
the area contained between 
the first curve, the axes of x 
and and an ordinate to 
the abscissa x ; then y=^F{pe) 
is the equation to this curve. 

Let f{x) denote a similar area 
with respect to the second 
curve ; then y = f {x) is the 
equation to this curve. 

Let OM^a, MN^h, 

Then F {a-\- h) — F {a) — area PMNQ, 

/(a + A) --/ (a) = areapi/iVg. 

Hence the equation 

F{a^h)-~F{a) __F(a^eh) 
f(a^h)-f{a) fifl + eh) 
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amounts to the assertion that there must exist some point R 
between P and Q, such that 

area PMJSfQ _ SL 
axesbpMNq rL ' 

106. Suppose now that F{x) and /(a;) and all their dif- 
ferential coefficients up to the {n + 1)^^ inclusive, are con- 
tinuous between the values a and a 4- A of the variable x ; 
moreover suppose that one of the two F\x) and f' {x) does 
not vanish between the same values, also one of the two 
F‘' (x) and f" (x), and so on up to (x) and {x). 
Then, by Art. 99, 

F{a + Ji)--F(a)_F'(a + e^h) 

/(a + h)^f(a) 

F' (a + e,h) - F' (a) F" (a + 
f{a + e,h) ^fia) ^r(a + e,h) ^ 

F^' (a + e,h) {a) F'" OJi) 

f'(a+e,h)-r{a) ria^eji)^ 


F^ (a + eji) - F^ (a) ^ (a -f Oh) _ 
r(a^eji)--r{a) r^\a + dk) ’ 
where 6^, 0, are all proper fractions. 

Let us now suppose that .F' (a;), F’* {x), ... F"' (x)y f'(x), 
f" (x), .../“ (x) all vanish when x = a] then from the above 
equations 

F{a^-h)-F{a) ^ F^^^ {a + Bh) 
f {a 4 h) —f (a) J {a 4- Bh) 

107. If we take f{x) = ix — we find that the requi- 
site conditions are all satisfied; that is, /(a?) and its diffe- 
rential coefficients are continuous, and the differential coeffi- 
cients do not vanish between the values a and a + A of the 
variable; also all the differential coefficients up to the 
inclusive vanish when x — a. And 

/(«)=0, /(a + A) = 7r\ 

Suppose then that F{x) and all its differential coefficients 
are continuous between the values a and a 4 A of the varia- 


T,D.a 


G 
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ble, and that all the differential coefficients up to the in- 
clusive vanish when x = a; we have by Art. 106, 


i^(a + A)r-i^(a) = 







Suppose a = 0 and F (a) = 0, then 


108. A'pi^lication to Taylor's Theorem. 

Let (j^{x-h h) be a function which is to be expanded in 
a series of ascending positive integral powers of h. Let 

^{x + h)-<i>ix)- h4>' (x) - A' f ' {x)-... -j| ix) = Fih). 

Then F {h) and its differential coefficients with respect to h, 
up to the inclusive, vanish when A = 0. Also I 

Hence, by the last equation of Art. 107, 

^ ^ r' 

and therefore 

cj> (x + 7i) = <f> {x)+h<l/ (x) 4-i 4>' (*) + ••• + !—4‘‘ 

I 

From this Taylor’s Theorem follows whenever the func- 
tion is such that, by sufficiently increasing 7^, the term 

FTI *"(*+“) 

, • 1 

can he made as small as we please. 1 
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109. The following proof of Taylor’s Tlieorcia ^ deserven 
notice, as it depends only on the equation wliicli is proved 
geometrically in Art. 103. Let 


(i-) - {s -ar) {x) - cj>" (£c) - . . . - I < 56 ” (.,•) 

bo called T (as), tken F' {x) = — (x) . 

Ldi 

No^7, by Art. 103, F{x)=^F (z) -t- (cc - .?) F [.s •+ 6 


Also F{z)=0, 

aad F' [g + 6(^x-z)} = - - [s + 6 {.c - z)\-, 

Ijz 

/• N 2 

therefore <j) {z) — ^ (x) — ( 2 ? — a;) (f>' (x) ~ <j)" (^x) 


Put h for z— X, then 

<j>{x+h) = ^ (x) + Jicp! {x) + 1'^ (.r) 4 4- (x) 

gn 7 »+X 


110 . The result of the preceding iLiticle ft'ives us an 
expression for the remainder after n 4- i tenas of the cxpaiisioi.\ 
of 0 differing in form from that we foiiud before. If 

we assume ^ = 1 — <9^, the remainder becoxries 


{i-e,y7r^ 

I n 




111. In the proofs given of Taylor s riieoroni, we have 
supposed all the functitms that occur to be continuous. If 
the function wo wish to expand, or any of its differential 
eoejfficieiits up to the (^4- 1)‘'' inclusive, bo iniinito for values 
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84 FAILURE OF TAYLOE-’S THEOREM. 

of the variable lying between certain values, the demonstration 
given of the theorem 

f{u>+n)=f(x)+hf\x) + + 

is no longer valid. It is usual to speat of the cases where an 
infinite value enters as instances of the failure of Taylor’s 
Theorem.” The phrase is connected with the imperfect mode 
of demonstration given in Arts. 86 and 87, in v/hich it was 
not settled beforehand when the theorem supposed to he 
demonstrated was really true and when it was not. For ex- 
ample, suppose 

f{x)=^/{x-a), 

so that f{x h) = [x — a 7^). 

Then it would be said that f{x -1- h) can always be expanded 
in a series of whole positive powers of h, except when a; = a. 

When aj = a, f {x), /^' (^), ••• all become infinite, and 
/ (x + A) becomes \Jh 

112. It was usual in that system of treating the Differen- 
tial Calculus referred to in "Art. 85, to express, or imply, 
two propositions with respect to the ''failure of Taj^lor’s 
Theorem.” 

(1) If the true expansion of /(a + A) in powers of h 
contain only integral positive powers of A, then none of the 
quantities fip),/' (a), /"(a), ... can be infinite. 

(2) If tliOitrue expansion of /{a-^K) in powers of h 
involve negative or fractional powers of h, then some one of 
the quantities / (a), f {a), f" (a), ... is infinite, as well as 
all which succeed it. 

By the true expansion of is meant the expansion 

obtained by some legitimate algebraical process, applicable to 
the example in question, as the Binomial Theorem for example. 
The proof of the above two propositions was given thus. 

Suppose y 4- -l- A.jhP -f- Ajp 4 - 

to be. the true expansion, ..., not containing h. Then 

to obtain /'(a), /"(a),... we may differentiate /(a 4- /i) 
successively with respect to ^ and put A = 0 in the result. 
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If then a, yS, 7 , be all positive integers, we shall never 

have negative powers of h introduced by successive diflferen- 
tiation of f[a -f Ji). Hence, by putting h ~ 0 , we introduce 
no infinite values. 

But if any one of the exponents a, /9, 7 , ... be negative, 
f{a-\-h) and all its differential coefficients contain negative 
powers of A, and therefore /(a), /' {a)y f' (a), ... are all infinite. 

If none of the exponents be negative, but one or more of 
them be positive fractions, suppose that 7 is the smallest of 
such fractions, and that it lies between the integers n and 
^ + 1 . Then /(a + A) and all its differential coefficients up to 
the inclusive are free from negative powers of A; but 
A) and all the subsequent differential coefficients con- 
tain negative powers of A. Hence/”'^^ (a) is the first differen- 
tial coefficient that becomes infinite, and all the following 
differential coefficients are infinite. 


113, It will be of use hereafter to remark that if for a finite 
value of the variable any function becomes infinite, so also 
'does the differential coefficient of the function. In proof of 
this, it is sufficient to notice the different cases that may arise. 
An Algebraical function can only become infinite, for a finite 
value of the variable, by having the form of a fraction the 
denominator of which vanishes. Now when we differentiate 
a fraction we never remove the denominator, so that the 
differential coefficient also has a vanishing denominator, and 
therefore becomes infinite. Similarly, the second, third, ... 
differential coefficients are also infinite. 


The transcendental functions logcc and which both 
become infinite when a;== 0 ,have their differential coefficients, 

namely - and — also infinite when a? = 0 . 

The trigonometrical functions, such as tana? and sec a:, 
which can become infinite, are fractional forms, and fall under 
the observations already made. 

The proposition is not necessarily true for functions which 
become infinite for an infinite value of the variable, as may be 
seen in the case of log x, which is infinite when x is infinite, 

while its differential coefficient - vanishes. 

X 
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MISCELLANEOUS EXAMPLES. 


, Tf , -ta + hx 

1, j— , 

2. If , 


^ ^ 

dx 


dx 


3. If y = log 


-j- d'^j — aJ (pd^ + 6^) ' 

dy _ 


X l-\- 


2x 


clx \/ /\/ 4" 


ch, 


XG 


4 Tf -- 

^ V(f — ^*0 + ^ * (V (1 “ * 


V(1 — a:”) — X 


T . /sin 


dij y {x cos cc — sin x) , ex 
log-v-. 


Sin a 


//y _L «+^+2:e 

»■ ./(O). 2l„gj‘+ ^ 


f. 1 

= • 2 loir, J 


a^l f<]\ 

hi 


1. l{y^^^{{x-cif{x-c)]. 


^ -^{a- cY y 
dx^ 9 (^x — a) {x — cY' 


8. If cc = acos 04 6sin and y = asin 0 - & cos 0, tlien 
cr\xdy d\T.d^^l/, > , , ^ rn 


9. If cos ’ ■^= log . tlien 








10. Shew that (ar — 2) ^*"4 a; 4 2 is positiv'e for all positive 
values of x. 
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CHAPTER VII,. 


EXAMPLES or EXPA^^SrON OF FUXCTIOXS. 


114. We shall first apply the formulae of the preceding 
Chapter to expand certain functions. 

Required the expansion of (1 m not being assumed 

to be a positive integer. 

If /(4=(i+^r> 

we have /' {x) = m (1 + 

f" (cc) = m (m — 1 ) (l -h 


(x) =m {ni —1) (m — n + 1) (1 + xY’'~'\ 

y (aij =; m {m — 1) ... (9?^ — ^?) (1 + ; 

lionce / (0) = 1, f (0) = /" (0) = m (>n - 1), . . . 


Therefore, by Art. 95, 


, ^ mim^X) A . 771 (??z— 1) ... (m — ?i-f 1) 

(1 +.t)-= 1 + x^^ ... P ^ 


P 


71 + 1 


m {771 — 1) ...(??!— 77 ) (1 P 6xY 


If X be less than 1 the last term can be made as small as 
we please by sufficiently increasing n, and in tliat case the 
infinite series 


1 Pma; P 


m {m - 


L2 


21 x^+,.. 


can, by taking a suflScient number of terms, be brought as 
near as we please to (1 P a?)*”. 


HH 


EXPANSION OF FFXFTir^NS. 


ll.l Li>t fU) 

,1W Arts, *15 ninl wr* hiivi* 


I 4* ir: If)^ ti -F , 


(Ir>ga.)® 4 - ... + , (log a)** 


-f 


!n + l' 


Hcai'c, chaiigiiig « ft) e, ntid rcuiciuhiTiiig that loge= l 
, .'■* , ir^ x" .«-r 

j “ j • /t I « + I 

may la* niailc as .small a-s we please 1 


'Flic term 


i // -f 1 


'aifliciently inerfasiiig m Hma-r \vi- iihtaiti an infinite sen 
fur ('*, mimt-lv, 


r’ 

1 


4 4 ... 


^ I 4'^ ./* ^ 

Put X ^ 1, itrid wp liavo 

^ uS3 I a* 1 4* ' ’*F *4’ 

il O i l 

Tlii.s werifs may Ims mswl iVu- calciilating the approximaf 
%’alm! nf ami we may i^lmw fruiit it that « mii.st ho an m 
mimlii r. SfO Plutn; Trvjommetrij, Chap. X. 
Jt IM fmiinl that, /r = 

1 1 (». L< 't f {x) =s Ki n X. 

By ArtH. 1)5 nml 78, 

wna:MX-i,r+ , v - ■.•••. 

\A. \± 

sc* . /nwN x"" . /« + 1 , \ 

; »t \‘J/ j rt + l \ 2 / 

nil Iiirl f mn a? ^ I — - 4 r-r ~ • 

*■ 1 


, #’* fniT\ . //I 4-1 , ij \ 




Bate 
a in- 
. X. 


EXPANSION OF FrXCTroNS. 

In Arts. 115 and IIG, the stndnnfc will s..- Un.f tl..- h t 
term fan be made a.s small as wh pleaHo, wl.at-v. t 1- U- 
value of ar, if n be taken largo cnuugli. 


117. Let 


fix) = i'>g(i I -'') ; 


nn 

=1, *• 

therefore /' (x) = ai^l /' (0) 1 . 

/"(x) = -^-pnd .r(o; 

ie by : 

series 



therefore, by Art. 95, 


.« J 


, x’ x’ (“ l/‘ , 

log(l4-x) =x- + .j - -+ •' 

■*' (,i ( I /’I ■! ' 

In this scric.s, if we suppo-so x pn'.ilivo ft»«l ii'tt gti nt* t 

l-j-dx) '^*** lliati tiiiifj. 

f « s ., m 

the error we commit, if we stop at tlm tortn 


J': 


not greater than — ^ ; that i.s, the error ran }i«- m “l< =. 
small as we please by incroiising » miniinrntly. 

If we change the sign of . t , we liuve 

x" x“'‘ 

■ 'll “ (« ■»• l^ -i »»* /“' 

which does not give a very convimirnt form t*i i lm r. «rn'ii»lrt 
But by Art. 110, wo may also write 

X* 

“ (I ‘ 


^2 

log(l-x)=-x- '-- • 


log(l-x) =-3;-^- J- 
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KXrAKHlOK OF FUNCTIONS. 


\vh<‘n? 0 k bctivveun 0 and I ; 


Tiinv 


/r ^ ArV 
VI Ox) ‘ 1 


If X bu If.’iH tliun unity, ho ahn m 


X 

- 0X* 

• dx 


n fx — 6x' 

■ (i - fe. 


van bu mtnh as suiall as wu pb^asci by taking n large enough. 

IleiKa*, if;/ be taken large enough, the ixinaimkr can be 
inaiiii as Hinall as wet please. 

118. In the precteiling Kxainph*s» we hare Ixicn <al)le to 
write /hnvn tin* giuieral t.erin of thti .series, anti the remainder 
after n+ 1 lenns. Jhit if/(a*i be a eoinplieatetl fmietion, the 
(vxpressioa ha* /"* (.r) ^vill lie g<‘nt*rally too unwieldy for us to 
t'luploy. It is, Ihta'efiin*, not, unusual to propose such ques- 
tions UH ** expand log (I q- .r), by Mjedaiuau s Tlieorcm, as 


far as Ute term involviiig 


;/* , 


Hent Wf* arc not required to 


aseertain t he fjruvral terffi^ or the reiiiiiuulm\ or to shew when, 
for the ptiriiose of nuim'rieal f’omputation, the remainder may 

i«? negli'cted. Wij proceed tluiH : 

fk^) f:Mog (1 4' a*), 
thereftifr! - b, 

liy Art. m, 

/' (.r) h<‘^ ;i + ./•) + J 

tlu-rffiins /' ('•} J ; 

j " {x) <•’ I i ./■, + j j . 

lln'rtfl'KI'*; / ' CO “ e, 

./■■■' (0 - '■’ I-;4 ;5 i t ^ ‘1 + (, + ,r)»’ 

llicn’rKri; 

•Ifr* 0«‘ . ««” fi'-* 


\ + X (1 f ./•/“ * (t (j +^) 


tli«'*refon» 


r*#** 


lOc* me 

.. 




21/ 

+ 77-7-3 , 


tijt rs'fi>r<; /' (*0 


# 

% 


H I 

expansion of functions. 

a? It.'-'' 

Hence e*log (1 + a?) = «= + |^ + + jj + • • ■ • 

This may bl verified l)y muUii.lying t!‘« exj.aiiKmn lb* ri 
by that for log (1 + ar). 

119. Methods of expansion of mom nr Ions ri-'..iir »<- 
often adopted in special oases of wliadi wo •"‘r.'] ’ , 

oive examples. We do not lay any .sfross ap-ij tl. nt ■ , 
exact investigations, but tliey may sorvt! as oxoroi.s-N * ' . 
ferentiation. 

E.xpand tan"'.c in powers of x. 

Assume tan”’ a; = + A iS; + + . . . -I- - Im-'' 1 * - ■ 

Differentiate both sides with mspoct. to r, 


then 


But 


1 


1 

1 

1 


: 1 - uf + .ri - .ri i - . . 


by simple division, or by tlu! biiioinial lln'onio. 

Equating coefficients of likt? powi-r.s of .<• In 'i, mni 
we have 

J, = ], yf.,== 0 , J. 0 , ... 

and putting a: = 0 in (1), we g<'t . ; (lii ti foi.' 

, .t’ a-” .-ri 

tan = ^ ... 


This example may also I m (‘anily ly lli*- 

method already used in Arln. If. ap|w 

Example 18, page 65, that the ilitlhriiitiid *4 

tan“V witli respect to x is 


—1 

- Hill 

( i+xY 


fn'nr 


n tan 
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KXPANSIOK OF FirXCTIONS. 


in 


Hf^nce w(3 luive 




, / i\n-I • '^TT 

- + -(-1) 


(- I 

{h i- l)(l t- O'j-’/' 




((n + 1) rr 


■ (n + 1) 


Ami If X liUinrM-ifally lt*Hs than t, tlm last term can ho 
made, as siiiull as w(* please. l>y Huffieiently iuereaHing so 
that, the inlinih* series 


;r » 


X :r 

3 ^ 5 


7 


ran l>y faking a .suflieient nnmherof tenas bet hrou'^ht as near 
an we |dease U:> half hr. 


120. EKjmml siihkr in pewern of x. 

A^suijii? mrr^x ^ »f A^x 4“ A,/^ + ... + A,X 4™ (1). 

DifTerentiafe both sides; ihiis 


1 

1 - 

■ ^ A J -F *JA,/i!’ d" ‘bdj,.'/ 

l- ... + w.dX' 

Vd- 

,, ec* + he^‘-t- 

’ ....... 

t’.t.t; 


by the irimanial Tla'erem. 


+ ... (2). 
Gi), 


lienee,, e’ciiiiparing the* eoeflicaentH in (2) and (3), we cle- 
lenniiie and pnilingxssO in (I) we get A^-0. 

Siib’difJit ing in H), we hitve 


hill hr 



;r^ ^ 1.3 :r" 

3 . -f 5 


+ .... 


It hlxtiiltl Iff rfinarkffi tlint tlicro arc two considerations 
wliifli limit the gcmsmlity of this investigation. We take 

’ - as tlifl differential coefficient of «in"‘3t, whereas the 

{ 1 - .r’) 

i,idifal ifnglit atrictiy to Itavtf the donhlc sign : see Art. 6.’i. 
And we toko «in”'x to vanish with x, whereas we know, by 
'IVig'infftnctry, that Hiifot might bo any mnltiple of tt when 
X v.Hiiishcs. 


EXPANSION OF FUKilTtuSB, 


Similar reniarlcs apply to tlic expanfii<ju,^ ifi iL 
Articles. 

121. Expand iti powers of x. 


-yi h5n -ij‘ „ 
6 ?/. 






■ (l-.r*/j 


tlierefore 


/I 5^ « 

(1 


Assume ^ = A^ + A^a; + A./ + A^,^ ■( . . . f . , 

therefore ^=^i + 2yl,«+ ... + «J„./:" ’ f ... 

<y_ „ . . . 

d^~ ■' » ■*■'' " ■" ’ * ■■• 

Substitute these values el',//. '0. in '( . M..-,, 

the coefficients of like powers of on both nnA w. 

obtain ' 


(«+l)(n + ar' 

Equation (6) will enable us to (hjlcrinitu- A I ( 

soon as we know and yl,. »' • v 

But A, is the value of ?/ or c**'" when : «t lu. i 


A, is the valu(; of or 


therefore J„=l, am] A^-- 
Hence, hy (C), 


JA - 


<». and 

, wh« n .r - n 




1.2 « iy ' 
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EXPANSION OF FUNCTIONS. 



A A _(«"+!)« 

*“ 2.3 [F“ ' 

and so on ; 

therefore =i + ax + ^ + a-’’ + ^ 

L" Li 

(g^+S") 

Li 

Since = 1 + a Hur’a: + ~ (aiir’a;)^ + ,. . . 

we have, by CM|uating the coefficients of a in this 
in the restilt just found, 

. ,1 a;" 1.3 a " 

Bin X — a; + - . ■+ — . — u . . 

3 '2A 5 ^ 

as already fuund. 

Also equating the coefficients of a®, we have 

^ 3.4 3.4.5. G 3.4.5. 6..7.J 

And eqtialing the coefficients of ns® we have 

(sin- xf = +1 J 3* (l + .i) 0.^ + 3® . 5® d + : 


122* Expand sin (m sin’^j?) in powers of x. 
l^uttin^ ;y for tlie function, wo may shew that 

(1 - ;<0 3 

Proceeding m in Art, 121, wo fmd that 

(n -f 1) (^^.4* 2) =s (a® — rrf) ; and t'. 

. f * --t ^ m m(l®— w®) a , w(l®— 
sin (m « j X 4 ar 4 — 

Similarly cos (m 
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123. Expand' ia powers of x. 

We shall first shew that no odd power of a: except the first 
can occur in the expansion. Denote the furrction by 4>{x). 

CC 

Then ^ = 7 -^ 1 " 7^1 


e"-i' 


X, 


This shews that no odd power of x except the first can occur 
in (j> (x) ; for every odd power of x which occurs in ^ (x) must 
also occur in (p{x) — ^ (— x). 

We have <j> (x) {d’-l)=x; therefore cTcp (x) = x + cf> [x). 
Differentiate successively with respect to x ; thus 

d° {4’ {^) + 4 (*)} = 1 + <^ (»), 

e* [ 4 " {x) + 2^' (x) + 4 {x)} = 4 " (*), 

e” {4'" (x) + ^4" ix) + Z4' (x) + ^ (x)} = 4 '" (x), 

6 * [41"' (x) + i4'" (x) + 64 " (x) + 4:4' (x) + 4 ix)}= 4"" (x) , 
and so on. 

Put X = 0 in these equations ; thus 
^(0) = 1, 

2f(0)+<#>(0)=0, 

s4" ( 9 ) + ^4' (^) 4 i^) 

4.4'" ( 0 ) + 6 f ' ( 0 ) 4 4:4' ( 0 ) + ^ “ 0 . 

and so on. 

Hence we find in succession 

4 '(.^)-~\’ ^"(®) *“ ^ = 0 , 4 '"( 0 ) = - g-j , . .. 


It is usual to denote tho expansion thus : 

the coefficients B„... are called the numlers of 




EXAMPLES. 

1. If e®'(3 -a:) —X- 3 be expaaded by Macletu-rim’s 

Theorem, the first term is . 

' / r • 


2. Expand log (1 + e') in powers of «. 

Result. W 2+2 
® 2 

3. Expand in powers of oe. 

Result. 


e sec X 


V 2 ; “ 2 ‘ 2.2 2-^ 

6. V(l+4»+-12a;®) = l- + 2a3+4a!'' + 

7. 


coscc 


3a (3+ 2a;®) A* 
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12. log(l-a:+^^)=-^ + |*H-^V^-|'... 

13. l.g|» + V(«' + «>))-l.g« + ?-i 3^+^ i- 

14. log (1 +sini3;) =ic— — + ^ 


X 


15. = l + + ~ 


7x^ 


2 () 24 

16. Tor what values of x does Taylor’s Theorem fail, if 

^ 1> aud which is the first differential 

coefficient that becomes infinite % 

17. Shew that 

A® . 

tan”^ -I- A) — tan'^o? 4- h sliced — sin^^ sin 20 

M 

4- \ sin®0 sin 30 — ^ sin^0 sin 40 4- . . . 
o 4 

where 0 = ~ — tan-^o;. See Example 18 of Chapter v. 

18. By putting A = --cc in Example 17, shew that 

TT ^ ^ ^ cos^0 sin 20 . cos^0 sin 30 

— 6’ = sin0 cos 0 4- X 1 ^ 

2 2 o 

cos^0sin40 
4 1- ... 


19. By putting A = — a? in Example 17, shew that 

X 


TT sin0 . sin 20 . sin 30 sin 40 


2 cos 0 ^ 2 cos''0 ^ 3 cos^ 0 4 cos^0 

20. By putting A = — V(i Example 17, shew that 

-(tt— 0) =:sin04-^sin20 + ~sin30 + 7sin404“ ... 

2 2 o 4 




T. D. C. 


H 
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CITAITER Vm. 

SUCCESSIVE DIt'FEUEKTIATIC.V. till'FKltEKTIATU»K tjf A 
FUNCTION' OF TWO VAIU.Uil.fH 

124 Wk have, in Art. 77, iK liincl the m:m</ diffi rciitiHl 
rocflScient of a function to bi; the clitVcrcritiii! rw-tlit icnt of tliti 
differential coefficient of that function. Tli<» tliftl-rcntml 
coefficient of the second tlifforciitial cocfficii nt law bwii called 
the third differential coefficient, nmi so i»n. \V»* nr« now 
about to give another view of tln'ia! «Mcce-.<.ivu differential 
coefficicDtH. 

12.'>. Let y 

y + Ay «/(x + k), 
therefore Ay =»_/(« + A) — 

In the riglff-liand nioinbi-r of the last eijualioii diaiiga a ibUj 
x + /i and subtract tho original value; wt< thus obUiut 

/(«?+ 2/t) —/(x + h) — (os + h) 

or /(j: + 2//) - 2/ (« + h) +/ (jr). 

This result, agreoaldy to otir jireviotts nofntion, inay llCf 

daauted by A^A^), which wc alihrtfvkte into Umm 

AV »/{* + 2A) -^^(pe + A) +/ {x). 

Similarly A (A*y) or A’y will bo oqual to 

/(a? + 3A) - y(x + fth) + /(x + /,) 

“!/'(•*+ 2A) — 3/’(* + k) +/ (*)|, 

tlmt is, A'y »/(a + 8A) -8/(x + 2/»} + 8/(x 4 h) - /(x). 


SUCCESSIVE DIFEEREJSTTIATIOK. 
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126. By pursuing the method of the last Article we find 
expressions for ... We shall not for our purpose 

'equire the general expression for A”//. It will, however, be 
easy for the reader to shew, by an inductive proof, that 

-h "" (^-1) h] + /{^+ (?^-2) . 

A) T/(^’)- 


127 . To shew that the limit of is . 

We have, hy Art. 125, 

=f(p^ + 2A) h) +/(a*). 

But, by Art. 92, 


^( 0 = + 2h) =/H + 2hf {x) + ® /" C-^) + J^f" + m, 
/(cc + A) =fix)+lf{x)^^f"{x) +^-/"'(x+ ejv). 


{2hY 


^ and being proper fractions. Hence 

AV = Ay" {X) + J [if"' (x^r 2eh) (x + eM 


Divide both sides by that is (Aa:)^ and then let h bo 
li minished indefinitely. Hence we obtain 


the limit of ^i=/"W; 

bat is, tlio limit of is 

(Aa;)-* dx^ 


128. The result of the last Article may be genei-alized by 
lie inductive method of proof. Assume 

= A"/" (x) + (^) (1)> 

-^here (x) is a function of x and A, which remains finite 
'hen h is made 0. From (1) we have 

= hy^{x + A) + h^^^f (x + A) - {Ay {x) + (x ) } 

= A"{/“(a: + A) -/"(*)} +A"'^‘{>|r (x + A) (x)}. 

H2 


100 DIFFERENTIATION OF A Fi;N(niON OF TWO VAUUW.KS. 


Now, by Art. 92, 




therciforo 


y- 


^Ir (x + Ji) (x) 4- /<f-' -r f 

, J^n+I X"*' I 


(x) + li /"^^(x -f 010 t' >,«• i- fy.y; 

= /i’*Y“*'(x) + /t"*’'^,{x) 2). 

Equation (2) sliinvH ns that, Un* truth *»f (!>, W(> 

can deduce i'or A”"// a vahuj of th« iim that w.< 

itssumed for A”//, lint Art. 127 ilivcs )ur A^>/ .an 
of the a.ssume(i form ; hema! A’// has th«* f«»i!ii, ami mt 

also has A*//, and goncrally A"//. 

i’rom e(iuation {1), by dividing both by A* and thi n 
ditninishing A inihdinitvly, we have 

tht! limit of s-/’ u-j ; 

A"y . d"// 

that is, the limit of . is ’ 

{iidy 




. 129 . Hitherto wo have only of mm 

independent variable; tlmt H hmo in iliii eriiiit*^ 

tion p » f {x), although cjiiantitic*'ii hy 'nyirslails 

as a, ... might txanir iri/(a?), yot tlioy worn not 
of any change. Suppose now we Imvii lliii 
«“x’ + x</ + y’. 

and let y denote some eoiMiiiit «jiiaiitily and ^ ii viiriiilili?^ 

we have* 

du . , 

From the same equation, if » las a constant qiiantily anil y 
a variable, we obtma 

du 


dy 


> 2y + X. 


Of course we cannot Rimultaneoiisly eonsiilcr x hotlj con- 
stant and variaMe ; but there will be no ineonsistcnry If mi 
one occasion mid for one purpose wo consider m cjonstanl. 
and on another occasion and for another ptirpow wu c«»r«ld«-r 
it variiahle. 
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130. If X and y denote quantities such that either of 
them may he considered to change without affecting the other, 
they are called independent variahles, and any quantity the 
value of which depends on the values of x and ?/, is called a 
‘'function of the independent variables x and yf 

du d'^u d?u j . .1 . Trv , 

dx" successive differential co- 

efficients of w, taken on the supposition that x alone varies ; 

‘--j denote the successive differential co- 
dy dy^ _ 

efficients of u, taken on the supposition that y alone varies- 

131. If be a function of the independent variables x 

and y, then ^ will also be generally a function of x and y. 

Hence we may have occasion for its differential coeflScient 
with respect to x or y. The former is denoted by 


as already stated ; the latter is denoted by 

, du 

fs 

iy - 

dydx' 
d^u d^u 

Again, both dylx generally functions 

of both X and y. These may require to be differentiated with 
respect to x or y. Hence we use such symbols as 


which is abbreviated into 


dJ^u 


dJ'u 

dy db?^ dxdydx 


, and 


d^u 


dy^dx ’ 

the meaning of which may be gathered from the preceding 

d^XL 

remarks. For example, implies the performance 

of three operations : we are to differentiate u with respect 
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to Xf BUppoHing ?/ oinHljiiii; tlu^ function is 

difibrontiated with ivHppct 0> ?/, Kiip{>iiHii'ig x constant^ f 
last result in to Iks diObrcutiatoI wiin ronpect to x, 
y eouHtant- 

132 . In consiilfTiii^ tin* l■‘fluaiion y (.r), where wc 

one independent variable, tin* stuilent cjould bo refenre*oi 
smalytical getsrn<?fr}Mjf two iliuuuiHiorts for illustnxtions of 1 1^^** 
nature of a dependcuii variidde and td n, differential 
cieiit See Artn. In like riiiinriiu*, if he is 

with the elements of nnalytiml i^iKunetry of three. climcnBi^ 
he will be aHninted in tbo present (Jhitjit:i*r of the 
Calculus. For instnnee, llte ecpiation 
z ax + % ■'¥ t* 

represents a planoj x and // are two tmlepenrleM vatiablc?^.." 
which z is a function. Ilore 


dx 


« (tf 


ih _ 
f/y 


and all the higher diireretiiial ceidli«.^ic*i:itH, 


dh. d^z 
d^^ 


vanish* 

Again, z^J{r^ - ^ (X)» 

is the equation to a sphere.. If wii pirms from a poinf 
the sphere, wlmse co-ordinateii are x ami t/, to a point 
co-ordinates are x F Am and y, we viiry ix without 'varying 
If in tliis case tin.! value of ilie tiiinl co-ordinate be ss-h 
we have 


jr 4 (*r 4 /kx)^| (SJ). 

AskZ 

From ( 1 ) and ( 2 ) wc* cim of cotirsto lind 


th 


Acs' 


ajid its liymc • t . 


which we denote by "" , will Ik; 

^ dx ^(r — aB» — 

The proctw is the wwne »w If wo had given 

where a is a oonstiwt ; from which we clcclttee 

d» —» 

and finally put r* — y for o'. 
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On the other hand, if we pass from the point {x, y) to 
a point having x and y -f At/ for its co-ordinates, we have, 
as before. 


2 ; -1- As; = J[r‘ — [y ■ 


.(3). 


jN'ow, in (2) and (3) we have used Az; but we do not 
mean that the value attached to the symbol is the same in both 
cases. If there were any risk of error by confounding them, 
we could use A'z in (3), or something similar. But in fact 

we only use (3) to assist us in forming a conception of ; 

and since we look on ~ and as whole symbols not admit- 

ting of decomposition, the question can never occur, Is the 

dz in ^ the same as the dz in ~ 
ax ay 

133. When u is a function of two independent variables, 


the diflferential coefficients 


di(> du d\ 


dbu 


are 


dx^ dy\dx^^ dxdy^ ** 
often called partial differential coefficients.’' Each of these 
differential coefficients is obtained by one or more operations, 
every operation being conducted on the supposition that only 
one of the possible variables x and y is actually variable. 


Let us suppose for example that u = tan ^ 

y 


du 

dx 

dod 

and so on. 


2xy 

“F+7)’' 

du 


du 

dy' 

dy^" 


then 


2xy 


By differentiating ^ with respect to y we obtain 

dx 

dy 
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and by differentiating ^ with respect to x we obtain 
^du 

dx (per 

Thus we see that in this example 
^dit ^du 
^dx dj} 
dy dx 

or, as we may write it, 
d^u 


dy dx dxdy ' 


(1). 


( 2 ). 


We shall prove in the next Article that this result 
universally true. Of the two modes of wiiting the resixlt^ 
given in (1) and (2) the second is the more commodious, btiti 
it has the disadvantage of making the theorem which 
have to prove appear obvious to the student, because it sug*— 
gests to him that he is merely comparing two fractions. Boat; 
as we have already remarked, a symbol for a differential 
coefficient is defined as a whole, and is not to be decomposed 
into a numerator and a denominator. See Arts. 26 and 77. 


134. If Vile any function of the independent variables 
and y, 

^du 

dx._^ dy ' 
dy ^ dx' 

Let n=j)(pc,y) \ change x into a? + then by Art. 92, 


j>{x^-Ji,y) = 4,{x,y)Jf7i^ + ~4!’{x + 6k,^‘, 
we may therefore write 

^{x-\-'h,y)-^{x,y) = Ji^ + Ti^v ( 1 ), 

where v is a certain function of a? and y, which remains finite 
when ^ = 0. In (1) write y-^ h for y; then the left-hand 
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member becomes (pQjc + h, y ■+ Jt) — ^ y + 7c) ; by Art. 92 
ddti 

~ becomes + 7c where /3 remains finite when 

dx dx dij 

/k = 0 ; and v becomes v -f 7coi, where a is a quantity which re- 
mains finite when 7c = 0, for it tends to ^ as its limit Thus 

ydio 

(7u ^ dr 

<l>{x+h, 2/ + Jc) - <f) (x, 1/ + Ic) = ^ 4 - 

+ h^v+hVcoi .....( 2 ), 

SuMract (1) from (2) ; thus 

<j> (x + h, y + k) —4> {x+ h, t/) — ^{x, y + 7c) + (f, {x, y) 

^du 

d-j- 

^Jik^ + 7tVcoL-^kk% 
dy 

Divide by TJc^ and then suppose 1i and 7c to diminish inde- 
finitely ; therefore 


d 


dx 


dy 


= the limit when A and Ic vanish of 


<^(a; + A, y + A)-<A(a; + A, y) + 

_ . 

In a similar way, by first changing y into y + 7c, and after-- 

^du 


dfi . 

wards x into oj 4- A, we can prove that is also equal to 
the above limit. 


Hence 


.du 

d-j- d j- 

dx __ dy 
dy dx 


135. The object of the preceding Article is to prove that 
dPu dPu 

dfdx ~ l[^y ^ shewing that each of these 

quantities is equal to the limit of a certain expression. It is 
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comparatively Unimportant wha,t that expression is, but it is 
of some interest to notice the analogy of the result to those 
in Arts. 127 and 128. 

Proofs of the proposition in the preceding Article have 
sometimes been given which appear simpler than that here 
adopted, but they are deficient in strictness. In paiiiicular 
an assumption has sometimes been made which deserves to 
be noticed. The following is substantially a proof that has 
.du 

been given. To obtain involves, according to the defi- 
nition of the symbol, the following operations. (1) In the 
function u we put x-^h for x, subtract the original value 
from the new value, and then divide by h, (2) We find the 
limit of the result when A = 0. (3) We now' put y-^k for y, 

subtract the original value from the new value, and then 
divide by k, (4) We find the limit of the result when 0. 
All this is immediately derived from first principles; the 
next step however is the assumption that we may perform 
the third of the above operations before the second instead of 
after it. With this assumption the required result is readily 
obtained ; for from the first operation we get 

^{x + h,y)-j){x,y) _ 

h 

then from the third we get 

(a? + A, y + 7c) ~ 4- A, y) ^ (a?, y -f A) + [x, y) 

hk ^ 


aiid according to our assumption, the limit of this is 


And by a similar assumption it is found that 
equal to the same limit. 


Tdu 

dbc 


^du 

li. 

dy 

is also 


One more remark must be made to guard against a possible 
error, Lntheproof of Art.134 we have usedvfor^(f>"(x+0/h y) ; 
in this expression all that is Icno’wn of 0 is that it is a 
proper fraction, and it must not be assumed to be a function 
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of X only. Thus when y is changed into 3 / + i the value of 
0 will generally change. This does not affect the preceding 
proof, hecause it was not necessary there actually to find the 

value of ^ j assumption that 6 does not change 

when y changes has rendered^ some proofs unsound which 
have been given of the proposition in Art. 134. 


136. The important principle proved in Art. 134 is 
enunciated thus : “ The order of independent differentiations 
is indifferent;” or it is referred to as the principle of the 
■ ' convertibility of independent differentiations.” It may be 
extended to any number of differentiations; so that if a 
function of two independent mriohleSy x and ;/, is to he dif- 
ferentiated m times with respect to x, and n times with respect 
to y% the result will he the same in whatever order the dif- 
ferentiations be performed. In proof of this we have only 
to apply the theorem of Art. 134 repeatedly in the manner 
shewn in the following example. 

_ . d?u d^u 

To prove tliat 5 ^ = ^- 

^ d“u 

d^u • dydx , j 

d 

by Art. 134, 


d?u 


dy dx dy 


, by definition. 


d^v . « __ da 

dydx' ^ ^ dy* 


d\ 

dxdy 

d^u 

dx dy^ ' 


, by Art. 134, 
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1S7. If u be a function of the three independent variables, 
ic, Zy we have in a similar manner 

dy dz dz dy ’ 

___ dhi 

dx dz dz dx ’ 

d^xi __ dhh 
dx dy dy dx* 

du ^ d^u __ d^u 
dx dy dz dx dz dy dz dx dy ’ 

and so on. 


EXAMPLES. 


1. If u 


x^y 


find 


cPu 

dxdy 


and 


du 

dy dz ’ 


2. Verify in the following cases the equation 

dxdy dydx' 

^fc = £c siny + 2 / sin a?, 

^ = cc log y, 

z6 = logtan^, 

X 

V - 

hy-^ax* 

tf = yIog(l-fa;y). 
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3. If tt = 4- + Cxy^y' 

•where a -f a' = /3 -L /S' = 7 + 7 ' = . . . = 


shew that 


du du 

*E+3 's;=“ 


In this example u is called a homogeneous function of n 
dimensions. 

4. If u be a homogeneous function of n dimensions, 
shew that 

d\ d\i . ^.du dhi . dhi , ^.du 
^ dx^ dxdy ^ dx^ ^ dx ~dy ^ d\f dy ‘ 

5. If it be a homogeneous function of n dimeuKsions, 
shew that 




H- 


dx^ 


dhi .d^u f 

^+ 3 , («-!)». 


6 . Verify the theorems in Examples 3 and 4 in the folio w- 
ig cases : 

u = {x^-yY, 
xy 

u = — — , 
x + y 

7 . If = x^z* + V + x^yV, shew that 


d*u 


■ = Qeyz^ + Syz. 


dx^ dy dz 

8 . If u = shew that 

3^.(1 + 

9. If w = + £C v'(a’‘ — y). shew that 

I //2 / f i f ^ _ O/ 

di dy + ^ - f) [^) - _a,.) _y) • 
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10. IfM = t!Ul ‘ ,,, K ' 

v\l + y ) 

d*u _ I fl*u _ ir>xj/ 

dxd>/~ {I (lx? df (l+w’+ys^r 

n. If = X s'(«- - f) sf{<? - z‘) 4 ;/ V(«* - z‘) V(«= - x’) 

+ 5 \l{a* — x“) VC't* — y) — 

.show tliat 

- - *■) £ 


d(<d ~ f/!‘ - sHu' 




12. 


If te * l«>g 'f- // 4- — 3*r//^), nhinv t l»afc 


1 (Tu ! du dm dm 
V^iixdijdz lldxdifds 

dm ^ dm ^ dm ^ .1 

dx dg ih ^ s* 


iPu , (Pm (Ph iPm 



4-2 


(Pu 
dz dx 


fl 

dPu ^ (Pm (Pm _ 360 

d^ df dz^’^ ddP if dz dx^d^^dz^ ^4-^4*^/' 

tPm fPu (Pm S 

u? ■*■ ;?? "j? “ “ (F+ F+ 

4. 4. B». 

7011^b^ dxd^'^dx ZeTyS* (x+y 


CHAPTER IX. 


LAGRANGE S THEOREM AND LAPLACE'S THEOREM. 


138. Suppose y = ^ + (l), 

where z and x are independent, and it is required to expand 
f{y) according to ascending powers of x. Put u for /( 3 /), 
then, by Maclaurin’s theorem, we have 

da. a? (Pu. . x^ d?u.. 

“ “ ^ 172 [3 * 

- du^ d^u. 1 X XT 1 r dto d^u 

where ... denote the values of ... 

when X is put = 0 after differentiation. We proceed to trans- 
form these differential coefficients of ic with respect to x into 
a more convenient form in order to ascertain their values 
when x = 0. We shall first shew that 


dx 1 dz) dz\ dx 


(U 


supposing that v is any function of the independent quantities 
X and . 2 ^, and F{v) any function of v. 

To establish (2) we need only observe that the left-hand 
member is 

and the right-hand member is 

T^r/ / \ d>V do TP f \ dj^v 

and these two expressions are equal by Art. 134. 

From (1) we have 
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therefore 

Also 

therefore 

Hence 

Also 

therefore 

Hence 


Again 


dy _ ^ (y) 


doo 1 — x^' [y) ’ 

% 

dz 




dy __ 
dz 1 


x<^' {jj) ' 

du _^dudy j cZw __ du dy 
dx dy dx dz ^ dy dz^ 


(«- 


du 

dx' 


dx 

d 


dz ' 
du^ 


?u d { , . . du\ 

2z] 




d 


dy 




d 


du 




dz 

d_ 

dz 

d^u d^ 


mi’f] 


by (3). 


idu\ 


UJ u> W/ — — 

.(ZmI 


' M 




dx^ 

idu 


:} ^ by (2), 


OTi>by(3). 
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Suppose, according to this law, that 

cZ” f . in C?m' 

Tz, 


by Art. 134, 


= ^{^1”^}, by (2), 


-|n+i 


which shews us that the expression for follows the same 

dj^xib 

law as that for . Hence, since the law has been proved 

d'^oi rJSi 

to hold for ^ and it holds universally. 

In we are to make = 0 after the differentiation has 

dtru 

been performed ; but when we transform , by the above 

formula, into an expression involving only differential co- 
efficients taken with respect to z, we may put a? = 0 before the 
differentiation, since x is to be considered as a constant in 
differentiating with respect to z. When ^ = 0, 

therefore 


T. B.C. 


I 
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and thus 


I 


/(j) -/w + (*)/' w +12 s {5®i’/'(») 

+ +|^{?^*/’w}+- 

This result is called Lagrange’s Theorem. 

1S9. Suppose y — F[z + {y) } ; 

required the expansion of /(y) in powers of cc. 

Let t stand for z + x<f>(y) ; then 

= + x6' (v'i 

dx dt dx dt ^ ’ 


therefore 


= 

dx 




dt 




iy dF dt dF( , .dy\ 


therefore 


Hence 


dz 


dt 


. dF' 

l-x<f>{y)-^- 


dx ^ dz 


From this, in the same way as in Art. 138, we dodLiice 
that 

dx’'~ dz”-^Y^’^ <^z)' ■ 

where u = /(t/)- 

K we make a: = 0 in the equation 
y=-F[zJrX(f>{jf)], 
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we deduce 


and finally. 


y = F{z), 
^{y)=<l>[F{z)], 
dv, df{F{z)] 
dz dz ‘ 




+ . 


.+ 


dr 


[n dz"^ ^ 

This is called Laplace’s Theorem. 


\^dz\^ 




140. Lagrange’s Theorem may of course be deduced from 
Laplace’s, by putting F (z) — z. But Laplace’s theorem may 


also be deduced from Lagrange’s, thus : 

In the equation y — F{z {y)\ (1), 

put ^+#(^)=y, 

then 

thus y'^z-^ xcj) [F{y)] (2), 


and /(?/) becomes /{J’Cy')}. 

Thus we are required to expand f{F{y')] in powers of jr, 
by means of equation (2). But this is precisely what La- 
grange’s Theorem effects, the complex functions f{F{y)] and 
(j) {F(y)} taking the place of the simple functions f(y') and 

^ {!/')■ 

141. It must be remembered, that in quoting Maclaurin’s 
Theorem, which serves as the foundation for those of Lagrange 
and Laplace, we ought strictly to have used it in the form 
given in Art. 95, with an expression for the remainder 
after n-^1 terms. That expression for the remainder however, 
becomes so complicated in this case, that we have not referred 
to it. The investigation of Lagrange’s and Laplace’s Theo- 
rems must be confessed to be imperfect, since the tests of the 
convergence of these series, which alone can justify our use of 
them as arithmetical equivalents for the functions they profess 
to represent, are of too difficult a character for an elementary 
work. The advanced student may consult Moigno’s Leqms 

I 2 
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burmann’s theorem. 

-Diff^rentiel, ISme Legon, and Liouville’s Journal 
de ^ccth^mcLtigues, tom. XL p. 159 and 313. 

142. If ^ = a + (x), we liave by Lagrange’s Theorem 

r («) -/■ (a) + s {♦ (*)/' («)| + ^ {?(^-/ (») ■ 

wliero in tlie coefiS.cients of the different powers of y, we axe 
to make cc = a after the differentiations have been performed. 

Lot 2 / or ^-ZLSl — ^ (x) so that a; = a is a root of 'dr (x) = 0 ; 

then 


f{ps) =y (a) +-«/r(a;) 


'/ {x){x-a) 

. t (*) J 


12 dx 


y'(x)(x-ay 

L {v^(*)r 


where, in the coefi&cients ofthe different powers of ^lr(cc) after 
tlie dilEferentiations, x is to be made = a. This series for /(x) 
in powers of '\jr (x) is called Burmann’s Theorem. 


143. Let '\p'~^(x) denote the inverse function of (x), so that 
if = -x/r (cc) we have — x, and therefore W} = w* 

If we write yfr~^x for x in Burmann’s Theorem, we have 


/!+■- (»)! - /(«)+“ PHr^] +||;[' 


■/'( x) (x- ar 

If (*)r 


d^ r /'(x)(x-ayi 

i^dx^ ^ J 


No change is made in the quantities in the square brackets, 
for they do not contain x when the operations indicated are 
completely performed. 

If (z&) = u, we have 



CC® d r(cc — a)®" 


\^dx L{'^(®)K 

^x‘ a)’"| 


■^|_3 ® L{'«;«'(a5)}“J 

+ ... 
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and if a = 0, so that i//- (a:) vanishes with x, 


x^ _^V_ 

da? [_{■ 




+... 


EXAMPLES. 

1. Given z-\- xe^y expand y in powers of x. 

Here (j> (y) = e*', 

fiy) = y ) 

therefore (^)} = ^ ^“ = 

Thus y = z+ xe‘ + ^2e‘’’ + ^ 3V‘ + ... + i^ n””*6”’'+ ... 

I ■" I O I ^ 

'if 1 

2r Given y = z + x — , expand y in powers of x. 

Here 

f^)=y> 

therefore ~ ”/ (a) j- = ^ 

Hence = + 

3. Given £»y-~log 2 / = 0, expand y in powers of x. From 
the given equation 

V 

therefore 


<P(y)=^> 


say 


yx = xe% 
'if = 



118 


EXAMPLES OF 


If then we put 2? =* 0 in the resitlt of the first Example, we 
deduce 


y X ix? 3 + • . . + 


92,-1 


... ; 


restore yx for y and divide by x ; then 


X' 


2r=l+a, + ^3 + ... + ^^n- + 


l!L 


4. If expand in ascending powers 

of X. 

X 


Since 

we have 
therefore 

and 


^ i + V(i-cc')’ 

y^J{\-cif)=x-y, 

(1 — 0?) = — 2xy H- ?/ 

X 1/ 

y-s+f-”- 


We must then put y = z + ^x, 

V 

so that <f>{y) = ^-, and/ {y) = 


( 1 ). 


Thus /= «”+ a. I ... +|- + -(2). 
and after the differentiations are performed, we must put 

X « 

- for 

The quadratic equation (1) which we have employed gives 

cc 

two values for y, namely v"; — 773 ^ ; the series which we 

l±v{l“'^^) 

have obtained in (2) apphes to the value with the upper sign. 

^ ^ if power of 


For 


1 + V(1 — x^) a?® x^ 

^■“2 ”“'8 


this be expanded in ascending po'^ers of x the first term is 
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obviously (-1 : -whereas the first term of the expansion with 


, that is \ -j . 






thus 

(ti + 3) f ( c \ 




, 71 (7^ + 4) (9^ + 5) 

“*■ 172:3 y 


Let £c® = 4^ ; thus we obtaiu 

W (w + 4) (w + 5) . 

1.2.3 ■■■ 

Change the sign of ; thus we obtain the expansion in 


powers of t of 




, that is of 




a.t i, of 

Hence ^ 

w(w-4) (n-5 )^ , 

1.2,3 ^ 

Hitherto we have put no restriction on the value of n; 
but let us now suppose that is a positive integer. 

If we expand (1 + V(1 and {1— V(l~4^)}” by the 

Binomial Theorem, we see that the sum of the two expressions 

* . 77 / 

will be a rational function of t which will be of the degree ~ 

^ . ]|[ 

if n be even, and of the degree if 7 ?- be odd. 
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By adding tlie expansions we have found above we obtain 


1 + V(1^4Q]- 


+ 


= 1 — + 


i-v(i-4^) r 
2 


^ (n — 3) ^ n(n — A) (n — S) 


1.2 


1.2.3 


f + ... 


and by what we have just shewn the series on the right hand 

extends to ^ + 1 terms if be even, and to terms if n 

J 2 

be odd, so that the remaining terms in the two expansions 
must disappear ; that is, the terms arising from one expan- 
sion are cancelled by similar terms arising from the other. 

In the same manner as we deduced the expansion of y"" from 

we may deduce the expansion 


the equation y = 
of any other function of y; for example take logj/* Thus 

logy = log^ + a;is + ...+p + 

where after the differentiations are performed we must put 
^ for z. Therefore 

M ' 

, , X fxV 3 //rV ,4.5 5 . 6 . 7 , 

log y = log - + 4- - 2 '~ 3 ' "4 ( 2 / 


and 




X __ 1 — a /(1 — 

1 ^2) ^ 


Let = At, and we shall obtain 



^ 2t 2 2.3 2.3.4 

The expansions which this example has furnished are of 
some importance in mathematics. 

5. If x=y^, expand sin (a 4 ^) in powers of x. 

We have given y = xe^. Suppose then y — zA- xe^, so that 
^ (y) = and/(y) = sin (a 4 y). 

The general term given by Lagrange's Theorem is 

■■^{e cos (« + »)}, 
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which becomes 

£ (_ l)"-i (1 e-” cos {a + a - (« - 1) ^6}, 

where cot^= by a process similar to that in. Art. 81. 

Putting = 0 in this, we have for the required expansion 
sin (a “f y) = sin a + cc cos a + . . . 

(- 1)”"^ (14^^^) " cos {a - — 1) cor^^ 4 ... 

\ji . 

6. Given a—^ + x logy = 0, find sin y in powers of x. 

7. Given y = z + xy^e^, expand in powers of x. 

8. Given y = 0 + x sin y, expand sin y and sin 2y in powers 
of X, 


9. Given y = log (z + x cos y), expand in powers of x. 

10. From the equation a;y^4 2xy^ 4 Sxy^ 4 2y 4 1 = 0 de- 
termine y in ascending powers of x. 


Besult 





1395 , 
4096 ^ 


11. If find the first four terms of the 

expansion of cos logy in powers of x. 

1 X Zx^ 

^ “ 2 *“ 4 V 2 ” Z ' 


Result 


12. If y® 4 ?ny^4 ny = x, shew that one value of y is 
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CHAPTER X. 

LIMITIl^G VALUES OF FUNCTIONS WHICH ASSUME AN 
INDETERMINATE FORM. 


1443. In the statement, the limit of = 1 when 6 

diminishes indefinitely, we have an example of a fraction 
which approaches a finite limit when the numerator and de- 
nominator each tend to the limit zero. The object of this 
Chapter is to find the limit of any fraction of which the 
numerator and denominator ultimately vanish, and also the 
limiting value of some other indeterminate forms. 


145. Form ^ . 

Suppose 

such a fraction that both numerator and denominator vanish 
when x = a\ it is required to find the limit towards which 
the above fraction tends as x approaches the limit a. 


We have proved in Art. 92 that 

<jf) (a + A) — ^ [a) = h<j> [a Oli), 
yfr [a + h) — {a) = {a -h Of), 

If then (f) (a) =0 and y[r (a) = 0, we have, by division, 

<f) (a "h <p (a OK) 
yjr (a + h) (a + oji) * 


Let h diminish indefinitely ; then 

xi. V -j. u jp ^ (^) • 

the limit when x= a of -fVr is • v^ 7 ~v • 
Y W T W 
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146. Suppose that not only 

<!> {a) = 0, and \Jr (a) = 0, 
but also <f>' (a) —0, <p" (a) =0, (a) •■= 0, 

and 'yfr' (a) = 0, 'yjr” (a) = 0, . . (aj = 0. 

By Art. 92, 

i»+i 

(f>{a+h)-<l>(a) -h<p'{a) ... - — ^»(a) = |— ^’•«(a + 0A), 

tn Tn+l 

^lr{a+h)-f{a)- hf (a) ... - yjr^a) = (a + 9Ji) . 

Hence, by division, we have 

</) (g + h) _ (a 4- 6h) 

'xjr {a H- h) “ (a + * 

Diminish h indefinitely, and we have 

the limit when a; = g of is . 


147. In Art. 145, if 

y}r' (a) =0, 

and (g) = some finite quantity. 


fa?) 

we have the limit when a? = a of ^ > j is infinity ; 

if ^'(a) = 0, 

and (g) = some finite quantity, 

we have the limit when a? = g of is zero. 

Y W 


And in the same manner, we may shew that if the first 
of the differential coefficients <f>'(a), ••• which does not 

vanish, is of a bwer order than the first which does not vanish 


of the series (a), ir"(a ), the limit of when 
is infinity ; if of a higher order the limit is zero. 


00 = a, 



I24i 


INBETEBMII^ATE PORMS. 


These results may also be obtained without the use of 
Taylor’s Theorem. 

If <p (a) = 0 and '^^r (a) = 0, we have 

^ (a ~\-h) — <j> (a) 

^ (a + h) _ < j)(a‘hh) — ^ (a ) h 

y]r(a + h)''^icb + h) ir (a-hh)-^'xlp(a) ' 

h 


Now diminish h indefinitely, and we have 

the limit when x= a of ^ is yrr^ . 

Y(x) -x/r (a) 

If <j} (a) = 0 and '^Ir' (a) = 0, we have in the same way 

the limit when x = a ot - - r, ^ is - t t , ) ( . 

'yfr {x) (a) 

_ _ , ^d>{x) , <f>”Ccc) 

Hence, the limit when cc = a of - \ is - y - vy - ^ • 

' 'Y [x) '\lr (a) 

This process may be extended, giving the same result as 

in Art. 146. 


148. Form 

CO 

Let <f> {x) and -x/r (x) be functions which both become infinite 
when £c = a; it is required to. find the limit of the fraction 

•\fr {x) " ^ 

{x) 'yjr (x) 

'xjr (x) 1 ’ 

<#>(*) 


and the fraction on the right-hand side takes the form 


when x==a; hence, by the previous rules its limit is 


Hence 


if,' {a) l'>/r(a)j <j>'{a)’ 

mr 

^(®) _ ^'(®) ^ 

(a) '\|r" (a) 


therefore 


C lO 
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149. From the last Article it would appear that the limit 

of a fractioR which tends to the form may be found by 

considering the ratio of the differential coefficient of the 
numerator to the differential coefficient of the denominator. 
But, by Art. 113, when for a finite value of the variable a 
function becomes infinite, so does its differential coefficient. 
Hence, if 

takes the form ~ , 

Y [a) CO 

takes the same form, 

^ (a) 

and thus the result of Art. 148 would appear to be of no 
practical value. It may^ however, happen that the limit of 

the fraction is more easy to settle than, that of 


{oc) 

For example 


(aj) * 


logx 


when a; = 0, takes the form ■ — . 


1 


Here 


(fi (x) _ X _ 
{x) 


£ 


•iT, 


the limit of which is 0. 


. log X 


Hence, the limit of — ^ , when a? = 0, is 0. 


150. The demonstration in Art. 148, which is that usually 

6(x) 

given, is satisfactory only in the case in which really 

has a finite limit. For we divided both sides of an equation 
by this limit which tacitly assumes that the limit is not zero 
or infinite. 

But the demonstration may he completed thus : 
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Suppose the limit of is really zero ; then the 

of 2 ^ (?) jg really finite, namely, unity. Hence, 

been proved that 

,, ,. ., . -ifr (x) + (ji (x) , . (a) + (f)' (cO 

the hunt of ^ ^ ; . T-V A when a;= a is ■ ■ ^ » 

Afr {x) A|r (a) 

that is 1 + the limit of -7-^= 1 + f , H ; 

tlierefore the limit of . 

f (a?) ir (a) 

If the limit of he really infiiiity, thea the limits 

^lr{x) 

is really zero, and therefore, as just shewn, the liirriti of 

9 (^) 

will he zero. Hence, the limit of yr/-) will he infi.ii'i’ty* 

^(x) . . . 

Comhining then this Article with Art. 148, we can a^ssext 
that if {x) and ^jr (a?) both become infinite when cc = -the 

limit of - T /~v will be the same as the limit of . 

'y{r(xj Y {x) 

151. The two Articles 148 and 150 may he replaced, "by 
the following mode of exhibiting the proposition. 

Suppose ^ (a) = CO , and (a) = oo . 

Then t4~: = 0 and — -r = 0 ; 

4>(a) ir(a) 

1 ^}r' {a 4- 6K) 

_ (A,. 100); 

^ (a •+ A) {(}> (a 4- 6h)Y 

4> {a + ffh) 

■thcrofoTD + _«^(a + ^^) ^lr(a+ eh) 

■ijr {a +h) 
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(h 

^ ® of 

second factor on the right-hand side of the equation is unity. 
Hence 

the limit of = the limit of . 

tends to 0 or oo as a; approaches a, it will in 

general finish hy approaching the limit in such a manner that 
the second factor will in the first case be less than unity, 

and in the second case gi-eater. Hence, becomes zero 


’ ylr'^x) 


or infinity at the same time that does. 

Y[x) 

152. In the preceding rules for finding the limit of a 

function which takes the form ^ or ^ when x — a, we have 

made no supposition as to the magnitude of a. Hence the 
rules are often applied to the case in which a is infinite. But 
for a direct demonstration of this case we may proceed thus. 

Suppose the limit of required, when a; =oc ; it being 

known that then either ^ (a;) = 0 and (x) = 0, or {x) = oo 
and ^{r{x) = CO . 

Put x=-, then 

y 




Now as y tends to zero, we have, hy preceding rules, 


the limit of 


= the limit of’ 







the limit of 


= the limit of . 
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153. For example, required the value of 
1 

- '■ T"" when = 0. 
cot X 

Differentiating both numerator and denominator, we find 
the required limit is the same as that of 

__ 

— ^ — or of , that is, unity. 


— sm X 


The same result may be obtained by writing the proposed 
fraction in the form ^ ; thus 

I - . , 

X __tanic I sin a? 

cot X X cos XX* 


1 sm X 

The limit of is 1, and the limit of is 1 ; therefore the 

cos X X 

limit of the proposed fraction is 1. 

As another example we may find the limit of — when x is 
infinite, n being positive. 

The limit of ^ == the limit of 


= the limit of y — - 


Proceeding thus, we shall, if be a positive integer, arrive at 
I n 

the jEraction — , the limit of which is 0. If be a fraction, . 

we shall arrive at a fraction having in the denominator ai 
some negative ppwer of cc in the numerator, which also ha# 
for its limit. 

. • cc* • 

Hence the limit of — , when a? « oo , is zero. r 
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154. A remark should be made for the pui'pose of pre- 
venting a misconception of some of the results of this Chapter. 
Suppose <p{x) and '\fr(x) both to vanish when a, and that 
(a) = 0 while is finite. We say then,, that when x= a, 

the limit of = the limit of , 
ir(x) 


meaning that each side of the equation vanishes. 
follow necessarily, that . , 


^{x) . (f>{x) 
ylr[x) ‘ y}r(x) 


has unity for its limit. 


It does not 


For example, let <j> (x) = x^, yfr (x) = sin x, 

then ^'{x) = 2x, ^lr{x) = conx. 

When X approaches the limit^zero, we can infer that, since 
approaches zero, so also does^^. But it is obviously 
not true that the limit of 


sin£c 


cos X 

the limit is in fact 


2x j^x^cosx. 

or 01 ;r- — : IS unity ; 


2 x sin X 


155. It should be observed that there are examples which 
may he solved by means of the Differential Calculus, hut 
which can also be solved, and sometimes more simply, by 
common algebraical transformations. For instance, 

{x — 

when 05 = a takes the form ~ . Put 05 = a + A, and the fraction 
becomes 

A^(2cH-A)^ (2a + A.)^’ 

and the limit, -when A=0, is 0. 

T. D, 0. 
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Again, suppose we liave to find the limit of 

1) 

as X approaclies imity ; put a:= 1 + //, and the fracti.)!! heeoi: 

1 + v7£ 

\/ 4- 2/i) 

31iiltiply both numerator and denominator by 

\/(A -f 1) -f 1 — 

and we get 

Vi or - 

and the limit of this, when A = 0, is 4s . 


156. There are cases in which not only <f> (x) and ^ 
vanish, but all their differential coefficients, and wliere, 

sequently, we are not able to ascertain the limit of 

ir(j 

For suppose where n stands , a and n bei 

positive numbers, and a greater than unity: we have 




i log a, a 


ttft ^ 1 friloga ti 4- 1 

<f> ix) = nloga.a^i -^^ — ^ 


and so 


Put - = 2 :, and let t stand for s’*: 

X 


then 


, log a. 2 ;’*'*’^ 


^ ^ - (n 4~ 1) ^ 
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also the value a? = 0 corresponds to ^ = oo . But it is easy to 
see that every expression of the form 

oJ’ ' 

where a, my n, are positive numbers, and a greater than unity, 
is zero when z is infinite. For if we apply to this example 
the rule for finding the value of a fraction which assumes the 

form -^-and differentiate r times successively, r being the 

integer next above m, we have 

z. 

the limit of -r = the limit of -r-r < , 
o} Y\^) 


where k is some constant, and (z) a function of z which is 
infinite when z is infinite. Consequently, all the differential 
coefficients of ^ {co) vanish when a? == 0. 

If then we have 

^ (a:) = 

^ (x) = 


where v stands for — , and 6 is a positive number greatei 




than unity, and v also positive, the differential coefficients of 


all orders of the two terms of the fraction 


(a?) 


will vanish 


when 0 ? = 0, and the limit cannot be found by this method. 
In the case of = oi, the fraction becomes 




this, when a; = 0, will be 0 or oo , according as a is greater or 
less than J. 



157. The fraction 

1 

e"* 

X 

takes the form ^ when x = 0. Put a? = - and we have the 
0 y c 

limit of which, when y is infinite, is 0, by Art. 153 ; 
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t 

1 * 

— , or »' X / is of coiim! iiifiiiiti* wiiuij m ^ il 

X X 

Hence, — is 0 or oo whim x uppmurhm lliii lifnii ^ 

according as we suppose x negative or p*.»sitive. 


158. Form 0 x eo , 

Suppose 4^(x) and ^(x) two ftirirfinns of x, iiiir*li iliiti 
(f>(a)—(), and i^(a)»9o; it is rerjitireil li'i fiinl llm litriil, of 

^ {x) ^{x) as X approaches a. 


4* (*^} ^ C*^) ^ *^* 1 ' " *'" * # 

and as the fraction on the right-liiiiid sidci takes tin? form 
when x^a, its limiting vidiiii miiy he fiutipl hy r«il« 

already given. 

For example, let ^{x)m lijg f 2 ^ L mnl {£) » Ian . 

Htsro <f> (®) 'h (^) tJikes the fwrm Ox dc hvn x *> n. 


Then 






. TTX 

tan - a ■ 

2 a , vx 

(mt 

»« 


The limit of this when * a, i« fwutiti by tutikitig * « a in 
_ * ^ 

a 

<jr I ’ 


2 ?a* 

Ji 


mn’ 


which giv@i 


! 

w' 
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Again, aj”* (log a;)* 

where m and n are positive, takes the form 0 x oo . when a;=0 

Here takes the form - 

1 0 

(l0g£c)’‘ 

when cc = 0 ; its limit is the same as that of 


which does not assist us. 

If we assume then (log ic)*" becomes 

the value of this, when y is oo , is 0. See Art. 153. 

The result in this case should be carefully noticed, as it is 
frequently wanted in naathematical investigations. 

159. Forms O*’, oo 1”. 

Let <;f) {pc) and (x) be two functions of x, such that when 
x=^ a, the expression 

assumes one of the forms 0®, oo 1*”; it ds required to find the 
limiting value of this expression. 

Since <f> (x) = 

we have {<f> 

Now '\/r (a;) log ^ in each of the proposed cases takes 
the form 0 x oo , and its limiting value can be found by 
Art. 158, and thus the value of becomes known. 

For example, x^^, when x = 0, takes the form 0® ; 

and a? log a; = 0, when x = 0, (Art. 158) ; 
therefore, = 1, when x = 0. 
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Again, ( - ) takes the form oo ® when x = 0; also 


'IN sin a? 

I --- 

P^J 


Now, 

when a? = 0, we have 


T sin a? , 
sm X log X = — ^ , X log X ; 


sma? 

X 


= 1 , 


therefore 

therefore 


a? log a? = 0, (Art. 158), 
sin X log a? = 0, when a? — 0, 

^2 \ sin^e 


f - 1 = 1, when a? — 0. 

/ a7\^^ ^ 

Again, ( ^ ^ ^ takes the form 1", when x — c 

The above expression 


= when x = a, (Art. 158). 


160. Form 00 — 00 . 


Let ^ (a?) and '\jr (x) be two functions of x which become 
infinite when a? = a, then 

<j>{x)-^-f {x) 

assumes the form oo ^ ob ; it is required to find the value of 
the expression. 


Put 

then 


ey 

6-W 


iNDETERlVnNATE EORMS. 


135 


Thus takes the form ^ when x = a, and its value may be 

investigated by Art. 145. 

Or we may proceed thus. 


2/ -cp [00) ^1 


tliea 2 / is infinite unless the limit of is unity ; if the 


limit of is unity. 


Since 


1 

1 

^{x) 

it takes the form ^ . 

Tor example, suppose y == tan a? - sec a? ; 

TT 

then y takes the form oo — oo when = 2 * 


Also 


y = tan x{\ — 


sec X 
tana?, 


1 — cosec X ^ 
cot X ^ 


this takes the form and its limiting value is 


cosec a? cot rc 
-- cosec^ X 

F[x) 


or 0. 


161. The limit of when ^ 17 = 00 , supposing F{x) to 

^ F'ix) 

be then infinite, will be the same as that of — j — , or F {oS), 

See Art. 151. 

But, F{x + h)-F{xl ^ jT' (a; + 6h). 

If X be made to increase indefinitely the limit of the 
second member of the equation is F\x), 
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Hence the limit ■when a; = oo of 


-^(03) 


X 


= the limit when x= 00 of ^ ~ (^) 

A 


If for simplicity we make A = 1, -we have 

^ - = the limit of {i^(a 3 + 1) 


the limit of — ^ = • 


162. The limit of {F(a:)}* when a; is inOnite, is the same 

log.F(A-) ^ 

as that of e ^ . 

But, by Art. 161, supposing I"(x) to become infinite with x, 
the limit of is the same as the limit of 


or of 


logi?’(a: + ])-log.F’(a:), 

Iog Z(^^l) 

® I'(s) ; 


1 

Hence the limit when 03 = oo of {F {x)Y 

= the limit of ^> 1 ^. 

F{x) , 

Suppose, for example, that we require the limit when x is 


infinite of |j^| . 

By the theorem just proved the required limit 

= the limit of ^ t 

|g? + l 

= the limit of ^ 

= the limit of 
?= e by Jat. 16. 

; 163. k few remarks may Be made on indeterminate frac- 
tions involving more than one variable. 
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A function of two variaUes may take the form - , either 


when one of the variables remains undetermined and the 
other has a particular value, or when both receive particular 
values. 

As an example of the first case, suppose 


y — a) + (a; —ay ’ 


if we make x = a we have ^ — whatever y may be. But 

by removing the factor x — a from the numerator and deno- 
minator of z, we have 

c(x-^ a) 

z — — . 

y + x — a 


Hence, when x= a, we have 

2ca 
z = — . 


y 


This case is very simple, and whenever it occurs the ap- 
plication of the preceding rules will give the limiting value 
towards which z approaches as x approaches its hmit. 

As an example of the second case, suppose 

c (x — a) 
z = — -J , 

y-o 

This fraction takes the form 2 when x = a and y = 5, and 

is really indeterminate. For suppose y — & = m (a; — n), then 

c 

Z = -' . 

m 

Hence the value of z is indeterminate, for x and y being 
independent m may have any value we please. 

164. It may happen that the values which such a function 
assumes, although infinite in number, are confined within 
certain limits. For example, suppose 

- c {x-a){3i-h) 

{x-af+ijf-hf' 
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Assume 

therefore 


y—h = m{x — a); 
cm _ c 

— 

m 


Here the greatest value of ; 2 ? is when m — 1, and 5 : 

C d 

lies between ~ and — - . 

A M 

165. We give two more examples. 

1st. Let 


— ~ + c (y — ^)” . 

^ (a; — a)^ + c ( 2 / — i)® ’ 


this takes the form - when x = a and y = l. 


X — a’=h and y — 6 = /c ; 

hr + chr 


z =■ 


Put 

therefore ^-h^+ck^' 

If now we assume k = AV, we have 

Ti^ + cA''k’^^ 

® ’ 

and, according to the different hypotheses we make respectiing 
ot, w, p, we shall obtain for z finite, infinite, or isero 
values. 

[x-y) dr ~ a?” + (g - oc) 

{x-y){a-y){a-x) 

If cc = a, and a, this takes tlie form ^ . Put a + ^ ^nd 
a + Tciox X and y respectively ; we shall have 

_ (A — fc) a^4- A; (g + — A (a + hy 


2nd. Let z — - 


{h — k) h h 

If we expand (a 4- hy and (a -f hy, and make some 
reductions, we obtain 


«(«-!) (n-2) 


1.2 


■ oT^ + - 


1 . 2 . a 


a“"® {h + k) + ... 
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Hence, putting h and h each zero, we have 
_w(n-l) 


This result may also he found by examining the limit 
towards which 2 ? tends as x approaches y, and then the limit 
towards which this result tends as y approaches a. 

The next Article must be omitted until the student has 
read Chapter xi. 


166. Generally, if z = 


f y) 


and both numerator and 


F{x,y)\ 

denominator of z vanish for certain values of x and y, the 
value of z is really indeterminate, and in fact depends upon 
the arbitrary relation we choose to establish between x and y. 
Suppose that {jc=a,y=bi are the values which make z assume 

the form and assume that y — ^ (x), where yx) is any 

function the value of which is 5 when x = a. 


Thus the numerator and denominator of z become func- 
tions of X only ; and by previous rules for ascertaining the 

value of a fraction which takes the form ~ , we have 


(S +(!)'<''« 

X being put = a and y = J after the differentiations are per- 
formed. 'This value is indeterminate, smoe'\fr\x) is a function 
which is quite arbitrary. 


But if 

\dxj 

and 

© 

or if 

(f) 

and 

(f) 


then the value of z becomes determinate. 
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The value of % is also dotormiiiato if 

(S ^ 

7dF\’’7m- 

'.dr/ ) 


Cdxj 


If 


='’■ CD'"' Cj) "■ 

then proceeding to a second differcMtiation wb hiivo 


(<pf^ 

W) 

| + 2i 



v/x’/ 

+ i'| 



■which is generally iiidutenninate, since f (x) is nri arl.llniry 
function. 

Example 1. Suppose 

a»|, 

* aj + 2y-3 ' 

1, wlii*n ^ » I, 

w I, 


\(ix/ X 
I 


(I) 


y 

■ 1. 


/(U' 




» '2 I 


therefore 


1 + {*) 


which is really indeterminate, and may asmime any valni! 
between + oo and — oo . 

Example 2. Supp^ 


Here z takes the form g when st - I and y - 1. 


Also then 


WITH MOEE THAN ONE VAEIABLE. 

(dl 
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\dx) 


0 and 


= 0. 


Hence z has a determinate value, namely, — ^ • 

(X'^-yY 


Example 3 . Suppose ' z = 


+ 


Here, when ^ = 0 and 3/ = 0, we have 

(i)=«. (D-. (£)=«. (?)=»■ ^ 

_ _ 1 + 2Vr' (a;) + W {x)Y __ fl + 

l + “l + {t' («=)}“ 

= \:j:^say. 

Here the value of z is indeterminate ; but it will be found 
that it is confined between the limits 0 and 2, as may be 

shewn by writing the fraction just given in the form 1 + : 


1 + 


remembering that : « 


is never greater than unity. 


167 . In solving examples on this Chapter there are 
various considerations which will abbreviate the labour of the 
operations, as will be seen in the following case. 

ErndtherJaeof % + log d -»+ . »! ) 


sec a; — cos a; 


when a; = 0. 


0 


The proposed expression takes the form ~ when x= 0 . If 

we proceed in the ordinary way, we shall find after reduction 
that the diflferential coefficient of the numerator is 

2a? + 4a?® 

1 + a?"’ + ’ • 

and that the differential coefficient of the denominator is 


sin^e? 


• 4- sin 0 ?. 


cos a? 
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Thus we obtain agaia the form and we may continue in 

the ordinary way the process of evaluation. We may how- 
ever obtain the result more easily by arranging the fraction 
we have now to evaluate thus : 

2 (1 -f 2^^) cos^ X X 

(1 + cos^aj) sin a?* 

Here the first factor is not indeterminate when cc = 0 ; its 

value is then unity. The second factor takes the form 

and its limiting value is known to be unity. Thus unity is 
the required limiting value of the original expression. 

Or the original expression may be evaluated in the follow- 
ing manner. It may be put in the form 

cos X log (1 -h 4- 
sin^ X 

Now cosa;= 1 when a? = 0 ; we need not then pay any atten- 
tion to this factor, but consider that we have to evaluate 

log j[l -I- x^ + x*) 
sin^x 

when ^ = 0 ; and we may proceed in the usual way to dif- 
ferentiate the numerator and denominator. Or if we are 
allowed to use the results of the expansions of functions we 
have 
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Find the limits of the foEowing functions : 


log a; 
x-i’ 

when a; = 1. 

Result 1. 

2 - — 

X —1 

when a? = 1. 

Besvlt - . 
n 

3.. 

sma? 

a? = 0. 

Result 2. 

4. : , 

a? = 0. 

Result 2. 

^ X- sin"^ X 
(sin a?)* ’ 

a? = 0. 

Result — 7 . . 

D 

. cf-y‘ 

X 

a? = 0. 

Result log^ 

^ tan a? — a? 

* X — sin a; ' 

a: = 0. 

Result 2. 

a? — sin a? 
a;“ ' 

a; = 0. 

Result ^ . 

6 

^ sin 3a? 

J. . s . ^ ’ 

a? ~ - sm 2a? 

A 

X = 0. 

Result — . 

l-sB + loga; 

a?= 1. 

Result — ]. 

11 ^ * 
log a; logo:’ 

03== L 

Result — 1. 

„ e® — 2 cos a: + 6”” 

X sina? 

a? = 0. 

Result 2, 

sin 2a? + 2 sin® a? — 

2 sin a? 

— , a? = 0. 

. Result A. 


cos X — cos X 
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14 

a; tan — r sec a?, 

II 

Result — 1. 

15. 

(05 — 2) 6® + .-a? + 2 

a; = 0. 

Result - . 

0 

16. 

X* + 3o?® — 7x^ — 2705— 18 

05 = 3. 

Result 10. 

x*-Zx^-7a^ + 27x-m’ 



05= — 3. 

Result Yq • 

17. 

X V (3a; — 2a;‘) — x 

07= 1. 

Result ^ . 

Z\) 

1-x^ 

18. 

7 

1 

05= 1. 

Result — ” . 

(a;^ — 1)^ — a; + 1 ’ 

19. 

a,f_i+(a;-l)t 

V(a;^-1) ’ 

05= 1. 

Result 0. 

20. 

m sin 07 — sin mx 

05= 0. 

Result Y • 

X (cos 05 — cos mx) ' 

21. 


05 = 0. 

_ _ 2 

Result — . . 
m 

1 — cos mx * 

22. 

sin (a + 05 ) — sin (a — x) 

35= 0. 

Result — cot cc- 

cos (a + a;) — cos (a — a?) ’ 

23. 

tan nx — n tan x 
n sin 05 — sin nx * 

05 = 0. 

Result 2. 

24. 

fs/(p?‘ — 05^) + a — X 

, 05 = a. 




25. 

aJx — hja’\-tsj[x — a) 

05= a. 


V(a^-a’‘) 

-r jLl>t/6v^66 / //^ V • 

V(2a) 

26. 

/p +C0S 2a; — sinajX ^ 
\a; sin 2aj + 05 COS 05/ 

flT’- 205^ 
\2 sin 2o5/ ' 

05 = ^. i • 

Jh 4b 

27. 

2*sm^, 

05 = 00 . 

* Result a. 
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00 

- 1) a;, 

a? = 00 . 

Result log a. 

29. 

e-)‘ 

X 00 • 

Result e\ 

30. 

sin nx — rf sin onx (1) 
tan nx ~ tan mx ’ (2) 

x = 0. 

m = n. 

(1) Result 1. 


(2) Result 

{n cos nx 

; — sin nx) cos“ nx. 

31. 

(-?.)■ 

a? = 00 . 

Result 1. 

32. 

1 

^tan x^j" 

41? = 0. 

Result 1. 

33. 

i_ 

^tan x\j^^ 

a?= 0. 

Result 

34. 

1 

/tan xV^ 

[ irj > 

X — 0. 

Result 00 . 

35. 

n 

(cos mx)^, 

a?= 0. 

Result 1. 

36. 

n 

(cos mx)^'^, 

a? = 0. 

nnfi 

Result 

37. 

n 

(cos mxY'^, 

a? = 0. 

Result 0. 

38. 

x^ (cot xY + sin X 

a?= 0. 

Result 2. 

X ’ 

39. 

(e«_e-‘')^-2a!'(e* + 0 

a? = 0. 

Result — 


40. 

1 — V(i — *) 

a? = 0. 

Result 1. 


41. 

(sina?)^'®’. 

II 

Result 1. 

42. 

a/ 2 — smar— cOaSo? 

II 


log sin 2a? * 

XieSULC — r — r* . 
2V2 


T. B. C. 


L 
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examples of inbeteemustate foems. 


43. 

Ctt Jfa — x" 

.X = a. 

Result 

'If 

44. 

N . 'TTO? 

(1 - a?) tan ^ 

a?— 1. 

Result ^ • 

'IT 

45. 


a? ^ 1. 

Result i . 
e 

46. 

a^’“. 

a? = 0. 

Result 0. 


Tra; 
sec — 

a? == 1. 

Result qo . 

4)/. 

log (1 --xf 


" 1 - 2a? 4- J + 2 Js/{ax 4 Ja? + 


48. {Ad^^- ...+Mx-\-NY, x=co. Besult 1 - 

a? =» 0. 

Result \ w{a + h)- 

Result — 1 - 


50. 

/f 1- +i_l_l. 

Y |cc (a?— ij ^ 4aj^j 2a? ’ 

a?== 0. 


cos xd — cos 


51. 


a? = a. 

52. 

e* + log( ^ ) 

a? =0. 


Result 




Result 


^sina; — e“{sin. a + \/2 (a; — a) cos (a — ^w)} ^ ^ 

e*-e“(a:+l-a) ' 
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Result 2 cos a. 
i, + V + -+?/p a; = 00. Besult a,a^...a„. 


. (a; 4 sin a; - 4 sm ^-a?)* 

• ‘ (3 4 cos a? — 4 cos ^x)^ \ 


£C 


Result 


12 » 

81 
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flog 

(logg;)^ + (1 — 
sia^ {oc — Vj ^ 


Result ]. 


Result 1. 


Sliew that when x is iniinite — is infinite or zero 

]jX ^ 

according as m is greater or less than n; a and 5 being* 
both greater than unity. 

3he^v that 'vvhen x is infinite 


X — log ( I -b 


X/ 2 


[f u/{xc) = taa- ^^^+log ^ {} + ~)} , she^ 

hat u = — and ^ = — when ic = 0 ; and that w 0 
c ax 2c' 


md -r == 0 'when a; = oo . 

OCX 


CHAPTER XI 


DIFFERENTIAL COEFFICIENT OF A FUNCTION OF FUNCTIONS 
AND OF IMPLICIT FUNCTIONS. 


1G8. Suppose u a function of y and and y and z them- 

du/ 

selves functions of x, it is required to find ^ . This of course 

might he obtained by substituting in u for y and z their values 
in terms of a:, by which substitution u becomes an explicit 

function of x, and ^ can be found by previous methods. 


But it is often convenient to have a rule which gives ^ 

without requiring the substitution for y and z. To this rule 
we proceed. 


169. Suj)pose u = (j>(^f z), 

where y and z are both functions of x. Let x become x + A^, 
and in consequence let y, z, and u, become respectively y -h Ay, 
z + A^, and u + Aw. Then 

Aw = (/)( 2 / + Ay, z) 

= ^(y + Ay, z^I^z)-^{:y,z^Lz)^-^[y,z-^Lz)-i^{xj,£)\ 


therefore 


A w ___ <j!> (y + Ay. z 4- A^;) — <5^> (y, + As;) 
Ao? " Ay 


Ay 

b.x 


^4- Ag)>-<it)(y, z) ^ 
As; Ax * 


Now let Ax and consequently Ay, Az, and Au, diminish 
without limit ; then 


DIFFERENTIAL COEFFICIENT. 
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the limit of ^ is 

Aa? dx 

the limit of is ^ , 

Ax dx 

the limit of ^ is . 

Ax dx 

The limit of ^ ^ ^ is the diflferential 

Az 

coefficient of (f> (y, z) or u, with respect to z, taken on the 
supposition that z is the only variable ; and may therefore be 

denoted by ~ . 

The limit of ^ would, if Az 

did not change, he the differential coefficient of (y, sj -h A^) 
with respect to ?/. But as Az diminishes without limit with 
Ay, the limit is the differential coefficient of </>(y, z), with 
respect to y, taken on the supposition that y is the only 
variable. 

We have then finally 

dn __ du dy ^ du dz 
dx dy dx dz dx * 


170. 


du 


In this result denotes, as stated, '"the differential 
dy 

coefficient of u, taken with respect to y, supposing y alone to 
vary!* It is not impossible that the reader may be inclined 
to say, "But y and z being both functions of x, if y varies, 
2 ? must vary too, how then can I make the supposition that 
y alone varies?” His own further reflexion will probably 
remove the difficulty, if such it be. Should he however be 
unable to satisfy himself, it may be suggested to him that 
we do not make the supposition that y alone varies as a 
final supposition. We allow for the variation of both y and 
z, but it is convenient for our purpose to consider these varia- 
tions one at a time. 

It is usual to write , JLUlpLVZ/C^M. VA dy ’ 

the brackets serving to remind us of the suppositions to be 


- 1 , instead of , and - 


150 


111 FFKi'lKNTIAL I HiFFriC’lENT 


miuk in fudm^ tin* vahn-H tIii*HtMlilF<?rc^iOinl crKfftleic^ita 
llenco the abtivo i*(juiitinn >ilii.#ii!ii }#t» written 

^hf dz 

fir. \df/j dj* ' \th) r/x* 

Of conrwi tliehriirkelH mn;f !»?* t>iniUt*il, mnl in(|rr*tl fret|ncntlj 
nm oniittink {m^viOetl wi» erin fvvl r-rrtuiiuif rfimsitiiliering the 
(jonditicHiH wliieh they ar<? t«» vxim*m. Tliu bcfjmmr 

will do wijII ii* mn thtiii,^itltlniii^!i uh Im fiflv%anct?H la the 
Huhject he may he abk in diN|i**ii«^* with t,bi*rn. 


I7L For eicm«idc% 1*4. n ^ 


tlien 


'fla^ 


. 4. 4. - 

nin .r, 

; 

a Hz 4 - y, 


m 

tix 

ds 


(lit 


dx 


m X ; 


therefcirc 4» s) e* -4 4 f } fou x 

32 (lld^ 4 MU x) tf 4 {2 mm M 4 «■*) ccm jc 

» + €* Oiii X + cm x) 4 mil 2 j? ; 

and thin valtie in u( cmrmi |iwimdy wlmt we cibiaiit if wt 
««bititiitii ill m f*ir y iind & ifitdr mliiispi in teriiiii cif a, tliiii 
nhUmmg Mti*e**'4/4ii*x ami tfien ilifiiireiilmte with 

refipect tn x, 

171 Jiii iiii|wiiAiii uf lliti gftnitml }ir«jM»iiitwn m 

obtained by Mipjw»fiiij( i » * *o that ^ I. Wo have tiien 


d» 





OP A FUKCTIOK OF PUNCTIONa 
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Here we cairiiot tliHp<niHo with the lirackets or Horno equi- 
valent notation, (Ionf>tiiig wliat ttmild he the differential 
cf»effidcnt of u witJi renpeet to ir, if if were not a function 
of X, and denoting the af;tual dillerential coetBcient of u 
with rc*K|K5:.*t to x, %vhen j u a function of x. 

173. For example, let u ^ t.air‘ 


then 


therefore 


filiA If 

\fU) ^ i »p xy * 
/da\ X 

\(iy/ i ' 


fin + ?/ 

... . S3 - 

tlx I i- nfy 


,e(i + r) 

1 +X'V!“ ' 


which of cotireo is wliat wc ohtaiii if wc fliffcsrciitiiitc) tnn"' (•*?«*) 
with respect to a*. 


174. SuprioHo « « ^ ((?, y, s) wlioro », y, s, aro each funC" 
lions of X. \Vtj liavo, as iiefore, 

Am m ^ (h + Ai?, y + Ay, 5 + A*) — ^ (n, y, *) 

^ (e + Ac, y + Ay, * + A*) -■ A (e, y + Ay, s + A;} 

+ ^ (», y 4 - Ay, * 4 - Ai) — ^ («, y, * + A*) 

+ ^ (»» y- « +• A*) - ^ («J, y. *) ; 

A« y + -- ^ (t», y 4- Ay, 5 4- A.-) A« 

Aa; A» Am 

f ‘fL*^ + Ay» g "* ^ (<*. y. g 4 - A?) Ay 
Ay As 
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Proceeding to the limit, we obtain 

du fdu\ dv ^ /du\ dy ^ fdu\ dz 

dx \jdv) dx \dy) dx \dz) dx* 

The process may be extended to the case in which u involves 
more than three functions of x. 


175. Examples may occur more complicated in appear- 
ance, but essentially involving' the same principles as those 
of the preceding Articles. Suppose for instance 

u=^4>(v, y, z, x), 

(y, 0, X), 

z = F{x), 

so that u could, by performing the requisite substitutions, be 
made an explicit function of x : it is required to express the 
differential coefficient of u with respect to x, without pre- 
viously making these substitutions. 


dx \dv) dx \dy) dx \dz) ~dx \dx, 


dv 

dx 


fdv\ dz ^ fdv 
dx [dx, 


rdv\ dy ^ /dv 
\dy) dx ^ \dz 

^ (,) + (! 

dx \dvj {\dyj'^ ^ \dzl ^ ^ V 

/du\ xt ( \ j. . /d'ii\ 

^ \dz) ^ \dxl * 


dv 

dx: 


176. The same suppositions being made as in Art. 169, 
it is required to express ^ . We have 


du _ /du\ dy ^ dz 
dx \dy) dx \dz) 35 * 


OF A FUNCTION OF FUNCTIONS. 
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Now 


is itself a function of y and If we denote it 
by V its differential coefficient with respect to x will be 
fdv\ dy rdv\ dz 

\dyj \dz ) dx ’ 

which may be written 

dy d?‘u dz 
dif) dx \dz dy) dx * 

The differential coefficient of ^ with respect to x is 

dx dx 

Proceeding in the same way with the term 

fdiA dz 

\<iz ) dx ^ 

and remembering, (Art. 134), that 
d^u\ __ ^ d\ 


we have 
d^u 
d)d 


dz dy] \dy dzj ’ 
dSb \ dy dz 


% _ ^d u\ fdyV 2 \ 

'f \dy^J \dxj \dy dz) dx dx 


+ 


w 


dx) 


/du\ d^y fdy^ d?z 
\dy] dx^ V 


If ^ = a?, we have = 1, 


dy) dx‘ 
d^z 

db? 


dz) dod' 
= 0; thus 


d^u 

du? 


'd?u\ 


•f2 


/ (f \ dy ^ 
\dy dx) dx 


(S)-(; 


c/wN d^y 

^) 


177. Hitherto in this Chapter we have given methods 
which, although often convenient, are not absolutely mces- 
scury, as in all cases, by effecting the required substitutions, 
we may obtain an explicit function of x, and differentiate it 
by known rules. But the case we now consider is one in 
which a new inethod is frequently indispensable. 

Let ^ {x, y) == 0 be an equation connecting the variables x 
and y\ it is required to find ^ . If the given equation can 


154 


DIFFERENTIAL .COEFFICIENT 


"be solved so as to give y in terms of cp, say y = ^(.x), then the 
differential coefficient of y with respect to x can be found by 
previous rules. If x can be expressed in terms of y, we can 

determine ^ aud then since ^ x = 1. But as it is 
dy dx dy dx 

often difficult, and sometimes impossible, to solve the given 
equation, it is necessary to investigate a rule for finding 
which does not require this operation. 


Put u for {x, y). From the given equation y is some 
definite function of x ; hence 

fdu\ dy ^ /du\ 

\dy) dx ^ \dx) 

is, by Art. 172, the differentia] coefficient of u with respect to 
X, But v> is always zero, and therefore so also is its differential 
coefficient with respect to x. Hence 

f, = f^\ ^ 

\dy) dx \dx) ’ 


therefore 



178. This important result may also be obtained thus, 
which is in effect combining into one Article portions of the 
preceding pages. Let 

<l> {x, y) = 0. 

Suppose x to become x-\- Lx and y to become y + Ay, so that 
^{x + Lx, y -1- Ay) = 0. 

Hence ^(x + Lx, y -j- Ay) — (/> [x, y) = 0, 

and ^ (oj+AiT, y+ Ay) {x-\-Lx, y) + ^ {x-\-Lx, y) — ^ {x, y)=0. 

Divide by Lx, and we have 

<j> (x+Ax, y+Ay) -<}> {x+Ax, y) ^ ^ <f> {x+Kx, y)-(f> jx, 

Ly Lx'^ Lx 

This equation, being always true, remains so when Lx and 
Ay are diminished indefinitely. 


OF AK IMPLICIT FUNCTION. 
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The limit of ^ , when A:c diminishes, 

is the differential coefficient of ^ (r, ;^) respect to or, 

formed on the sup])ositio7i that x alone varies, and if we put u 

for cj) {x, y), this limit may be denoted by • 

The limit of ^ V ) would, if 

/\x remained constant, he the differential coefficient of 
cj>(x + Ax, y) with respect to y, formed on the supposition that 
y alone varies. But as Ax diminishes without limit when 
Ay does so, the limit is the differential coefficient of u with 
respect to y, formed on the supposition that y alone varies. 

It may be denoted by • 

The limit of is . Hence finally 
Ax ax 

\dyj ax \dx/ 

179. For example, suppose a^if -h — aV = 0. 

Here 


u = ay + 5 V — a^i 

fdu 


therefore 

therefore 


® = 2lfx, 
\dxj 

2 dy y 2 


= 0 , 


dx 


' d‘y 


(!)■ 


Since y==^-f{a^ — x^) from the given equation, we obtain 
a 


directly 


dy _ bx 

dx~~ af{a?'-xy 


.( 2 ). 


When in (1) we substitute the value of y in terms of Xy 
the result agrees with (2). 
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SECOND DIFFEEENTIAL COEFFICIENT 


la this case we can verify our new rule, by comparing its 
results with those previously found. In more complex 
examples, such as 

— y ® = 0, 

find only by the new method ; 


we can 
putting 


ii for ^ — ac^y + hx^y^ — y®, we have 
(s) ~ ~ + ibxy^, 


/du\ 

w 


= — ax^ + 2hx^y — 5y ^ ; 


therefore 


dt/ _ 5x^ ~ Sax^y + 2hxy^ 
dx ~~ — 2bx?y + aoi? 


180. We shall now investigate the second differential 
coefficient of an implicit function. 

From the equation 

u OT (f> {x, y) = 0, 

I'du's 
dy __ \dx/ 
dx fdu\ 


we have deduced 


fdv\ 

w 


(1): 


it is required to find 

We observe that being a function of both x and y, 
its differential coefficient with respect to x must be found by 
Art. 172. If we put v for > the required differential 
coefficient will be 


Similarly, denoting by w, we have for its differential 

coefficient with respect to x, 

/dw\ dy (dw\ 


OF AN" BIPLICIT FUNCTIONT. 
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Hence, from (1), 


dyj dx 


^4. 

dyJ dx 


the latter symbol denoting that u is to be differentiated twice 
with respect to x, on the supposition that x alone varies; also 


(dv\_ 

_ / d^u A 

\dy)' 

\dy dx) 


the latter symbol denoting that u is to be differentiated with 
respect to x, supposing x alone to vary, and the result with 
respect to y, supposing y alone to vary. Similarly 

ldio\ _ / d^u \ 

\dxj \dxdy)’ 


\dyj WJ • 

Hence, substituting in (2), we have 

(—'\i f ^ 1 /" 

)\dydx) dx VtfayJ \q 
■ /£^Y 

\dy) 


_ /'^'i U—\ % > / \\ 


If we substitute in (3) the value of ^ given by (1), we 

fdu\‘_ ( d^u \ (du\ fdu\ (d\\ /duV 
d'y \dod) UW \dx dv) [dxJ [dii) [d;? J W 


^y- 

cbd~ 


...( 4 ). 


SECOND DIEFEKKNTIAI. COEFFICIENT 


l.'xS 

181. This rcHiilt may a!.w Im found from Art. 176, by 
supposing ?« = () always, and tlaTcforn =0; or indoium- 
dontly tlius. 

From " “ 


it follows that - 0 

Denotcj thi.s wkhU for tin- sake of shortm-ss by 


(1). 


Himco 


\dff} (Ix 


n 


...... 


which result, expressod in t» rn»s of u, is 




/(Pu\ 

W) 


\dx thj! dx 

aa is already kriowti, t\m %vill tarijihli f , 

' dx ddf 

(i) is frec|iietilly «*i4lli*d tli#" **fi <li‘rived equa- 
tion/' or ‘Hlai I'liflfereiitial ei|iiiiti«rt i*f flu* tirnt ortlc^rf and 
c»qiaatiiUi (<l) m ealleti *‘tlio iieeotid ilerivf*fi eijiiiition/* or the 
diffbreiitiul er|iiiilio}i of the nerotid onirr i!ie eqiiaticiii u « Cl 
being cidle«l the ‘^priniiiive eqiialiwii/'* 

182. Hhotild the roinh^r in e^rfeellj iltdiieiiig for 

Iilnisiflf the imjairtiini et|Uiitioti (3) tif llie hi#ii Article, he may 
omit thii iiijit two ArtMm, m it m^mm iiimecitssiiry to clirtet 
his attfuitioii to dittictiltir^i lie mddd Imvm felt^ f.»r iid'nliikes lio 
miffht have iiiinh?. If however he liaa fiiiied in htn atteiripti, 
lie limy conijmru hin immm with I ho following. 

la (1), piit p for ^ «« that v tfliiiiiln for 

" (r)^+(£)- 


Hen« 






OF AN IMPLICIT FONCTION. 


ir»!) 


.0. 


Tlais (2) becomes 

(s?) “ (i- 1/») ’’ + C;y) + (,/,,) {(;/j) + © 

“'*£• (Art- ■«). ”"'i -»■ 

this simplification wi* obtain tlio required result. 

A very common mistnke is to omit the brackets in 

C/3’ (S S’ 

a siiperfluoiiH Umih y , or m it hm fK!rha{w 
ff// 


remauifi 


been written hy tlie sluiliait, 


ih/ tU ’ 


1H3. Ill Art 132 %vu nriiceeiled very utricjlly aeeoitJing to 
tlie literal rerjiiirenieritii of tho nilo involved in iM|niiti 0 ii (2) of 


tlie literal rerpiirei 
Art. ISL Wo might liavo reanoned tiuia 


^ Wa Imve merely to iyiiiliolkally the faeb that the 

difforciitial eoeffidotit of 


viy/ dus ^ \(lx) 


with respect to » is zero. 

Now tho diffbrciitial cocSictoint of with respect to * 
and the dilfereatial ceefiftcioBt of ^ with ro»pc»t to « is 
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BIFFERENTUTION OF 


Hence tlie difFerential coefficient of ^ 

\dyj ax 


IS 


J / d^u \ /d^uS, dy\ dy 
( \c2a; dy) ^ \o(y7 d^] dx 


+ 


dv\ d^y 
dy) dx' ‘ 


du 

dx, 


IS 


Also tlie differential coefficient of 

/ dSi Wy _j^ 

\dy dxj dx \dx^. 
Collecting the terms in (1) and (2), we have 


i (S) 


+ 2 


/ d'^u \ ^ 
\dx dy) dx 


fd^u\ fdif^ 
\dy^) \dx) 


+ 


•d). 


(3). 


du\ ddy _ 
dy) dod 


184. It is not necessary to proceed further with the 
successive differential coefficients of implicit functions, as the 
equations become too complicated to he often used. The 
reader may, as an exercise, obtain the following result from 
equation (3) of Art. 181, by either of the methods we have 
used in Arts. 182 and 183 : 


'(ddv\ 

+ 


+ 3 


( d^u \ 
\dx'dy) 


dy 
dyj dx 


+ 3 


d^u \ /'dyV 
dxdif) \dx) 


+ 


/d\\ fdy^^ 

\dy^) \dx) 


, I / d‘^u \ /d^u\ d^y 

’ \\dxdy)-^ \dyy dx 


dx 


1 + 


fdu\ d^if _ 


We may observe that it is often found convenient to use a 
certain abbreviated notation for partial differential coefficients. 
Thus if <i>{x,y) be any function of x and y, any partial differential 
coefficient of the function may be indicated by the letter 
wdth accents above corresponding to the number of differed- 
tiations with respect to x, and with accents below correspond^ 
ing to the number of differentiations with respect to y. For 

example, will indicate indicate 

(x, y)\ 

V dxdy J ’ 


and so on. 






We may also use y for ^ , and y" for , and so on. 
Thus with the present notation the equations (1) and (3) of 
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Art 181, and the equation -which may be obtained from (3) 
will be expressed respectively as follows: 

<5E)'-f^y=0, 

= 0 , 

(p'" + + 3 (^; + (PJ) y" + (P^y" = 0. 


185. Suppose the two equations 
fix, y, z) = Q, 


F {x, y, z) = 0, 

exist simultaneously, in which x is the independent variable 
and y and z dependent variables. From the two given equa- 
tions we may eliminate 0 , and thus find an equation connect- 

ing y and x. Hence ^ may be determined. Again, from 
the two given equations we may eliminate y, and thus find 
an equation connecting z and x, whence ^ may be deter- 
mined. In cases where the elimination is tedious or imprac- 
ticable we may proceed thus. 


Let u denote f {x, y, z) and v denote F [x, y, z). Since y 
and z are functions of x, the differential coefficient of u with 
respect to x is, by Arts. 172 and 174, 


fdu\ 

fdu\ 

dy fd 

'mN dz 


\dy) 




and since u always = 0, we have 


\dxj 


+ 


^4. 


\dyj dx \dz) dx 


Sima«lj, 0 - (I) + (I) t + (g) I 


from which we find 


fdiC\ /dv\ /dv\ fdu\ 


( 1 )- 

( 2 ); 
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iz_ 

dx 




^dxj \dy. 


dy) 


/dv\ (d^ __ /du\ rdx)' 
\dz) \dyj \dz) \dy. 




186. By differentiating equations (1), (2) of the last J^rticle 
with respect to x, we obtain 

4. 9 ( \ ^ 4-2 §1 - (§^ [^y' “ 

\ddd) \dx dy] dx \dx dz) dx \dii^] \da:. 


+ 2 


+ 2 


\dy^] \doc. 

— - ’ \gy) ^ 


(c?y dz) dx dx \dz^ ) \dx) 


+ 

d% 


dod 


+ 


dz 


1 o ^ % 1 o A- _ 

dodj \dx dy) dx \dx dz, 

^ d^v ^ ^ ^ ^ -L. 

dx) 


<Zjd 
2 




') dx \dy^) \dQc) 


\dy dz] dx dx 


+ - 7 - 


dy) dod 


+ 


/dv 




\dz) dec' 
d^'u d^^ 

From these equations we can deduce and -rr-i 

d'of dx^ 


= 0. 


•wiiich 


may also be found by differentiating equations (3) amcl (4=) of 
the preceding Article. 


187. Suppose we have 11 equations connecting n ■ 
ables X, y, z, t. Let the equations be 


1 van- 


I[ {x, y, z, ... 

...i) = 0. 

.say = 0, 

-^2 (^> y> ^> ••• 

...«) = 0, 

say M, = 0, 

Kip,y, «, ••• 

...«) = 0, 

say — 


From these equations all the variables but one ixtay be 
considered functions of that one. If x be the independent 
variable, we have by differentiation, as in Art. 185, 


0 : 


(du^ (du^ dy (du^ dz 


\dx) 






^dz J dx 

fdu^ dz 
\dz} dx 


A.(^ 

'^\dt 


+ +('^-) 


cLt 
tioa 

\dt) dac '' 


■J 


11 




SIMUI/fANKOUS KQUATION«. 
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wliicli n cqiiafiims wtj can tlctcmiine tlio n <|uantitici^ 
(b/ fh dt 


iLr^ dr* 


d.a " 


% Hnpimm (a; //, z) ^0 to ho tfic oidj equation con« 
ng three varia,lilf*n, ho lliat :r ina.y ho oonHidontd an im- 
function of the two infhqiendtuit varialJloH x and 3 /: it 

:uirod to find * / and . 

lix tiij 

is meant the dillhrentia! ccK^fihdont of z with respect 

m{qKi«ingi/cmiHt,i!nt, and hy thij difTeroniial coidTk’ient 

sviili ros}K'‘c:tt If Hiipf'HiHing x ctuiHiant. 11ieorf!ticany 
ay from tin? given oquniion finfl the valin? (#f s in torniH 
and y and thfu tli«* ililh-rontiatiou hy c«»mmon 

; (scio Art. L*H). lint to avehl the fliflieuity of solving 
ivcii ecjiiiiiion wo adopt an*uli(u* iradliotL Hiippomi y 
iiitj that wij have two variables x and and k*i u 
for s), tlpoi Iw Art. ITH 




iln't ‘h 
iU 


® 6 ( 1 ); 

(f/x) dificrorifJal ctmlFicficint of w taken 

/dm\ 


I »ijp|icwiticiti that x alone varies, awl j for the dif» 

iid cfiiiicietti iif 11 liikiift on thii auppositirm that z lilcme 
. Siiailiirly 

c-'^ 

* dz dz 

jation* (!) atidi (2) detormino and . 

tl®» d*s 

may determiae ^ aad by the methtKl of Art, 180, 



161 


DIFFERE^N'TIATION OF IMPLICIT 


or by tliat of Art. 181. If we adopt the latter method, the 
two equations we obtain are 


fd'^vX 

/ d\i, \ 

dz 

/d‘u\ 

fdzV 

/dv\ 

w) + ^ 

\dxdz) 


WJ 


[d^l 

fd^v\ ^ 

f d^u \ 

.dz 

/d"u\ 

/dzV 

/du\ 


\dydzj 

dtj^ 

w) 


[^J 


We can obtain an equation for finding 


dyda 


by differen- 


tiating (1) with -respect to y, or by differentiating (2) with 
respect to cc. We thus deduce 

/ dht N / d’^iv \dz / d% \ dz /dhi\ dz dz 
\cixdy) \dzdx) dy \dzdy) dx \dzy dy dx 

^ \dz) dydx • 

189. Suppose we have two equations connecting four 
variables; for example, 

f{v, x,y, z)^^y say iq = 0, 

X, y, z) = 0 , say = 0 ; 

from these equations v and 2 ; may be considered functions 
of the independent variables x and y. If we eliminate v we 

obtain an equation connecting z, x^ and y, so that ^ and ^ 
may be obtained by the preceding Article; and similarly 
if we eliminate z we may find and . Or we may pro« 
ceed thus : from the equation == 0 we deduce, by Art. 174, 
fdu^\ . fdu^\ dv . fdu,\ dz 
dx 


/du\ ^ ^du^ . 
\dx) ^ \dvj dx^ 


and from the equation we deduce 
\dx/ \dv) dx"^ 

from which ^ and ^ can be found. 
ax dx 


\dz J dx ' 
deduce 
(du\ dz_ 
\dz) dx ~ 
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Similarly, from u^ = 0 and u^ = 0 we deduce 
\dv) dy \d^) dy ’ 


and 


fdu\ 

\dy) 

\dy) 


+ 


(dj^ ^ 

\dv ) dy’^ \ 


dv 

dy 


^dii\ dz 


\dz ) dy 




from wLicli ~ and $ can be found. 
dy dy 

In sucb equations as those in the present Article it is 

. df df dF , , , du. 

■very common to write to denote , 

du^ du^ 
dv ' dy' 

190. If values of x and y which satisfy an equation w = 0 

'du\ 
dxj 


involving x and y, also make 
fdu 


, which = — 
dx 


fdri\ 
\dx} 
(du\ ’ 
\dy) 


and vanish, then 
\dy] 


assumes the indeterminate form 


If we apply the method of Art. 145, we have 

fda\ fdJ^u\ , ( d 

' = the limit of 


the limit of 


/du\ 

W 

/du\ 

\dy) 


-V 


/ d^u \ 
\dx dy) 


\dxdy) dx 


+ 


d?y ' 

~dy“) dx 


the numerator and denominator of the second fraction being 
respectively the differential coefficient of JiP-d of 
wuth respect to x. 

*We have then 


dy 

dx 


\^dxy ^ [dx.dyJ dx 
/ d^u \ ^ f d%\ dy 
\dxdy) \dy^J dx 


( 1 )- 
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evaluatiok of differential coefficients 


In tMs expression we must substitute in { ’ 

, the values of x and ^ under consideration, and thus 
we obtain a quadratic for finding ~ . This quadratic is 



equation (2) agrees with equation (3) of Art. 181, remem- 
bering tbat by hypothesis = 0. 

191. Should the values of x and y we are considering in 


addition to making w = 0, 


= 0 , 


: 0, also m^ike 


(S) - <>• ($) -<’• = "• ““ *’■' 


dx 


given in equation (1) of the preceding Article also takes the 
form ^ . Hence, applying again the rule for finding the 
limit of such a fraction, we have 

/dl^n\ ( d% \^dy ( d^u i 

(Ilf ^ \cLa?) \dx^dy) dx \dxdyw \dx) \dxdyj 


(ix 


/ d^u \ 
\dx^dyJ 




\dxdyV dx \dy^J \dxJ \dy^J dx‘ 
Since (^0 vanish, we obtain from (1) 


\dxdy) 

o m)<^) 

where in all the differential coeiBdcients of u we must sub- 
stitute tbe values of x and y under consideration, giving a 

cubic equation to determine Compare Art. 184. 


WHEN INDETERMINATE IN FORM. 


1G7 


It must be observed that this method is liable to au 
objection. We assume that and vanish 


because in each case one factor vanishes ; if however be 


infinite, it does not follow necessarily that — ^ 


dx^ 


dxdy dod 

^ vanish. See Art. 380. 
dy dx^ 

192. Example. ^ + 3a‘y — — aV=0, or w = 0., 
f du 

Here 


and 


fd'd 
\dy. 




therefore = _ 'ia^y + a^x 

dx Ay^ H- ^cdy — Ad^x 2y^ -f ^ady — 2cdx ’ 

Here ^ = 0, y = 0, satisfy w = 0, and make ^ assume the 


form ~ . 


Differentiate both numerator and denominator, and we have 

2a* ^ + a* 

= the limit of — n i — n— ■— -^ n 
(6/ + 3a*)^-2a* 



2f!+l 

Hence, 

dx\ dx J dx 

therefore 



^ ± yi 

dx 3 


therefore 
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Again, suppose aj/° — l}3?y+ a:*= 0 to be the given equation. 

Then 


therefore 


dy __ 4^00^ — 2bxy 
dx hod — ’ 


This value of ^ takes the form - when x and y vanish. 


Hence, differentiating the numerator and denominator, we 
have 

.§y 

lx 

•f ' ' } 

dy 


, 12x^ — iby — 2l)x “ 7 ^ 

dy dx 

dx 


%x — Q>ay 
when X and y are made = 0. 

Again, we have the form ^ . Hence, differentiating again, 


dy 

dx 


24 a?— 4 & ^ — 25 a? 

aa? (za? 


26 -6a 




. <^ 2 /' 




a; and y being made each = 0. Thus assuming that a? ^ 


and y ^ vanish, we have 


l{“- ««(!)'} 

from which 

II 

O 


'S' 


or 


dx 




193. It may be notice^d that equation (2) of Art. 190 
differs from equation (3) of Art. 181 only in the omission of 


WHEN iXDETKIlMINATK IN FORM. 


im 


the tena 


//#i\ y would Hot oc*i.;iir if ^'7^ wcuh,! 

a til ax dx 


I {Ji: I »■ I t » ,*. »-» **1*. ***»%,» ■■. - vvv;ji.v; 

\iif// ax dx 

d^u 

a couKtant <{iuyitify, for tlitui w<>til(l I>o zero. Hence 

erfuaticui (2) of Art. HH) la; derived by difll;rontia.tin;^ 
the 

/,ln\ A/«\ ,1,/ ^ 


with re>j«‘ei it) x- and f txaliiuj ^ as if it were a corintamt. 

Biiiiilarh% ej|tiati«)ii (2) of Art. 1UI a/o// he (hahuted from 
ca|nalioii (2j f)f Art. IliC) hy diHiu'eiif.iatiii^ with reHj)t*ct to x 

and treating as if it were a consfnnt 

lihh If ill ia|iiatiori (2) of Art. IlMl W)i lutvci 
thcu'i 

/dh/f\ 
dif ^ \dxO 
the \ 

xdxiij// 

m one Vfiliici of T!i«! other valuf* of will, hci infiiute, 
tix dx 

lor we know* from Aloi.l^ra tliai if wo have a ritiadratic 
lajiiiitioll llliil the roefiieieiit of the lilght’^i polVer of tho HU- 
known cjiiiiitlity griidnidly diiTiiiiidif*ii witlioni litriitj ilieti 
orio of the rooHi idrnnltiiiieon^Iy iimnauieH without limit. See 
Alffidwii, t!!iii|tler XXIL 

IJiil Tilo %uiltiif *'*f when ihti viiliie^ C), d makt'^ 

it iwmirriti an iiiileterniiiiale form, iniiy often lie tiiori,$ iiirrtj,ily 

fotiiid tliiii. We only to Keek the limit of m x and y 

diniiiiidi witlioni limit; lliin m obvious frotii the riieiiriing of 

or from Art llfi: it will \m too if wo refdr to tlm 
dx 

georfiotriml illiiitralioii of Art* IIS, 

Kxiiinpkf. y* 4* 3«y •** 4aVf «* ® t\ 
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v2 


Hence, 


/{■i +3a‘ 


■ia‘^-a‘=0. 

X 


If now - have 2 ,nj finite limit, the term will vanish 


when ^ = 0, and we have for finding the ultimate value of 
the equation 


Za? 


or 




3 i -1 = 0; 


therefore 


3/__ 2+V7 

X 3 


1/ • . X 

If - have an infinite value, then - Las a value zerc 

. . y 

putting the given equation in the form 


/+3a^-4a"^-a*(|) =0, 


y' 


we see that - = 0 ultimately would not satisfy it. Hence 
has not an infinite value. 

Again, suppose ay^ — hx^y + cc* = 0 ; 


therefore 




when X vanishes, we have ^ |a — 5 1 = 0 ; 

therefore ^ ultimately, or - = ± . 

Again, suppose -f ax^y -f Ixy'^ — y = 0 ; 


therefore 




: 0 . 
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The finite limiting values of ^ are given by 




therefore 


!=a 


?/ a 

or . 

X 0 


And since the given equation may be put in the form 


X 




we see that ^ ~ ^ ultimately satisfies it ; 
therefore ^ = oo ultimately for another value. 


X 


Hence the limits of ~ are 0, or 


or 00 . 


This method is free from the difficulty which is pointed 
out at the end of Art. 191. 

If we wish to ascertain by the method of the present Article 

the value of ~ at a point for which x = a, y = h, we may put 

a + x for oc and h +y' for y in the equation which connects 

dv* 

X and y. We shall then have to find the value of when 

and y' = 0] and this may be ascertained by the method 
shewn in the preceding Examples! 


EXAMPLES. 


1. If u = > where z and y are functions of a?, 


find 


du 

dx' 


If w = sin“^ where z and y are functions of a:, find ^ . 


2 . 
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3. If 3/e’'«'=a®“, 

4. If 0, 


my 


, 

dx x{\ + ny) ‘ 

dy ^ y’^-xy log y 
dx ‘ 0 (? — xy log X * 


5. If {a + y)^ (6* - f) + (a: + = 0, find g : 

6. If sin (a??/) = «ia:, find 

7. Given Zaxy = 0, shew that ^-= — 

dij d^if 

8. Given 4- "^ax^y = find ^ and ^ , and write down 


the third derived equation. 


9. li y — j> {Xi y, v) and (x, y, w) = 0, find 

d'^ dyfr dcj> dyjr 

du dx dy "dy dx dx 

liesuCt 

du dy dy du du 


dvb 

dx' 


10. If w = ^ (x, y), and w = % (x), find 


du 

dy' 


Result ^ 
dy 


X (*) - ( 




du 


11. If V(secxy), find (1) when x and y are 

independent, (2) when x + y = a. 

12. If + V(secxy) = 0, find 

Result ““ y V(sec xy) tan xy + 2a^jfoc^ log a 
^ X V(sec xy) tan xy + 2a^o(^ log a logx 
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13. If + 2ax^y — ay^ = 0, shew that ^ = 0, or ± ^J2, 

when cc = 0 and y = 0. 

14. If — ay^ + 2axy^ + '^ax^y = 0, shew that ^ 

or 3;, when a? = 0 and y = 0. 

15. If ax^ H- x^y — aif = 0, shew that ^ = 1^ when a; = 0 

and y = 0. 

16. If a:y = y - y®) (Z>+ y)", shew that ^ = ± ';jj^fzrjfy 

when a; = 0 and y=^ — h. 

17. If (y - {a:-l)(x-^') = 2 y + 2x)^ 

find — when co and y vanish, and when a: = 1 , y = 1 . 

Hesults . / and -A± _ 

'\/\oJ 16 

18. If y^ — y^ + 3a?y — 2a;® = 0, find ^ when a; = 0. 

3 

Besult 1, 2, or — - . 

19. rind ™ if w* + a;® + y® = c®, 

log [xy)+-j- = a\ 
log" 4- 2;a; == 6®. 


T> ij. ”” y) . — 1 ) 

ItesuU w- = — / - X + — ) — ttn - 
ax x{x+y) x{xz + l) 

20 1 — n -finrl 1 

If ^2 + j^2 + ^2 1 — Q, find -^ZZT. > X 


dx^ y dxdy^ di/' 
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CHATTEE XII. 


CHANGE OF THE INDEPENDENT VAEIABLE. 


196. In Art. 60 we have shewn that 


II 

(i)» 

dy 


and in Art. 63 we have shewn that 


li 

B i '■'* 

(2) ; 


and we now proceed to some extensions of these formulae. ' 

Given x and y, both functions of a third variable ff, it 
is required to express the successive differential coefficients 
of y with respect to x, in terms of those of y and x with 
respect to z. 

We have 


^ by (2), 

dx dz dx ^ ^ 


dy 

dz 

dx 

dz 


by (!)• 


<^^£*1^ = 4 by (2), 

dx dx dz dx 

dz dz 

d^y dx d^x ^ 
dz dz^ dz & 

"* ****** 7 ) 3 ^!*^^^ * A'n 


Hence 
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f/V </.« >1’^ thf 

,h^ <h “ dz^ ,h 

l,Lr 


m 


5 'y {!)• 


iPi) tlx tP.r. <hf 

. . <p,( ,1 ,i? 11 ~ dz^ dz d. 


WT 


'dx 


itPp d.r d^x riiA /fix . ^ 

Wdz ~ dz^dz)[dz} ~ 

■■'( 

•d.x'^ 
dz } 

^d\r/d^,,dx 
' dd \dz‘ dz ” 

f/V dip 
' dz‘ dz) 

I 

dx dlf d>i\ d.r 
\;i?dz~7iP ih) dz~^ 

fix' 

K'h. 

d\r 

d? 

J 

fePi/ dx d\r dii\ 
U/^'- dz ~ dP dz) 

1 


ds 

dx. 


Biiiiikrly wn iiiiglii 

Thin in eiiilrtl thn tmypmidMni rntfiahh 

fmm X lit sf mum iu tJiii varifiliki i« x^ 

tPi^ dx d\t* dif 

hut in lliii mpmmtm tlio iiiil,i*pfiricli*tti vi%- 

(d 3 i) 

rialiiii is r 

1&7. 8ii|i|xi«cf ill llifi pmcmUng Art.k?k wit put z 


I 




dM 


1, 


dx dm rf% d% 


We lave 
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and thus 


198. The 
directly thus 


therefore 


di/ _ 
dx dx ’ 
dy 


d"y 

led 


df 

dyJ 


ddy 

dJ'' 


dy d]f ^\d]j\ 
/dxY 
\Ty) 


formuljB of Art. 197 may also be obtained 


^ = A: 

dx dx ' 
dy 

dSj _ ^ ^ 
dod dx dx 
ly 

^ d \ dy 
dy dx 

__ d.y^ dy dy^ 



d^x d^x 

d^y __ d dy^ d dy^ dy 
dod dx dy 

\dy) 




CHANGE OF THE INDEPENDENT VAEIABLE. 


177 


d^x /dx\^ /dx'^ 

^ \d^J ~ ^ \di/J w; 



This process is called changing the independent variable 
from X to y, 

199. With respect to the use of the preceding Articles 
•we must observe that, as is the case with some other parts 
of the Differential Calculus, the student is ‘here acquiring 
materials which will be available in some of his following 
subjects. Expressions which present themselves can some- 
times be much simplified by transforming them in the manner 
above indicated ] of this examples will be seen at the end 
of this Chapter. 


200. The following is an important special case. 

Change the independent variable in from x to t, 

where x = d. 


: (n 


therefore 


dt \ dx"") 




dx" dx”^^' 


X 


This result may for the sahe of abbreviation be thus ex- 
pressed, 


(I-) 


.( 1 ). 


T. D. C. 


N 









EXAMPLES OF THE CHANGE 


Put ?^ = 1 ; then 


therefore 


it J dx ddd * 
dt dx dt dx^ 


dx^ \dt 


Put ?^==2 in (1) ; then 


or from (2), 


cb? \dt )\dt V dt W 


Proceeding thus we deduce 

«• 

201. It is often useful in geometrical applications of the 

Differential Calculus to have expressions for ^ and in 

dx du? 

terms of 9, supposing 

a? = r cos 0 1 

y = r sin 0 J 

Since y is by supposition some function of x, it follows 
from (1) that an equation subsists between r and 9, so that 
r may be considered some function of 9, 

dy . ^dr 

iAi M “■'» 35 +’•“«« , , , 

S ■ S -Jr *'»“ ». 

le “»« 35 -<■»“« 


d9 ^dr . ' dx* 

cos r sm0 
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The numerator of this fraction is 


^sin0^ + 2 cos0^ — rsin 6^ ^cos 6 — r sin^^ 

— ^cos ^^2 — 2 sin 0 — r cos 0^ ^sin 0 ^ + r cos 


and the denominator is 


(' 


cos 9 


Hence we obtain ^ = 
dx^ 


dr . 

a-’-™")- 

, , , /*Y (fr 


^cos — rshx 6^ 


202 . Let 0 ^ be a function of the independent variables 
X and y, say u^f [x^ y) ; and suppose x and y functions 
of two new independent variables r, 9, so that 

x = F^ {r, 6), 

2/ = -P’s (r, 0). ^ 

It is required to find the values of -r- and - 7 - in terms of 
^ ax ay 

differential coefficients of u taken with respect to the new 

variables. 

If for X and y we substitute their values in terms of r 
and 6, we make u an explicit function of r and 0, Now. by 
Art. 169, 

du _^dudx ^ du dy 
dr dx dr dy dr ^ 

d6 dx dd dy dd' 

From these equations - f and ^ can be found. 

^ dx dy 

203. If the equations which connect x, y, r, 0, instead of 
those in Art, 202, are given in the form 

r=^F^{x,y\ 

0=F^(x,^), 

N2 
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we may use the fomulse 

du du dr du dd 
^~"dr dx"^ dd dx’ 

du du dr ^ du dd 
'dy~ dr dy'^ dd dy‘ 

204. If the equations which connect x, y, r, d, are given 
in the form 

y, n = 0 (1)« 

K(~o,y,r,6)=0 ( 2 ), 

we may, in order to find the values of 

required by the formulae of Art. 203, by successively eliminat- 
ing y and x from (1) and (2), obtain explicitly the values of ® 
and y in terms of r and d. Or, by Art. 189, we may find 

^ and ^ from the equations 
d6 do 




= 0, 


\dd )^\dx) dd'^KdyJdd 

4 . (iL'] ^ 4 - ^ - 0 

,ddj'^\dxj dd'^ydyj d6~^’ 
and use two similar equations for ^ and ^ . 


205. Example. 


dco 


y\ 

a; = r cos d, 
^ == r sin 0 ; 


here ^ = — rsin^, 


| = rcos0. 
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Hence, by Art. 202, 


therefore 


du ^du . ^du 

= cos u~T~ + sm u -rr- , 
dr doc dy 

du . ^du ^du 

— r sm ^ -y- 4- ^ cos 6^ - 7 ~ ; 
dd dx dy 


dw ^dvb 1 . ^du 

-y- — COS u sin ^ -77; , 

dx dr T dd 

du , ^du I ^ du, 

dy dr r dd j 


.(1). 


If we proceed according to Art. 203, -we must put the 
equations between x, y, r, 6, in the form 


r = V(a:j" + /), 


0 = tan~^ ~ ; 

X 


here 


therefore 


dr _ 

X 

X 


d6 

y 

y 

dx 

~ sj (a? + y") 

■■■ r’ 


dx 



dr 

y 

_y 


de 

X _oc ^ 


dy~ 


r’ 


dy~ 

~ x^-k- %f ~ ' 



du __ 

X du, 



1 



dx 

r dr 

r' 

de^ 


• (2) 


II 

y du 
r dr 

+ - 

du 

d£’ . 



, Since ~ = cos0 and "=sin0, the formulse (1) and (2) 

T T 

agree. 

In this branch of the suWect beginners are liable to mis- 
takes from not paying sufficient attention to the precise 
'meaning of the symbols. Generally speaking mathematical 
notation is so definite that the meaning of any symbol can 
be settled without regard to the context ; but sometimes in- 
stead of using a complex symbol to express our meaning 
without any possibility of mistake we use a symbol which 
in itself may be ambiguous, but which is rendered perfectly 
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definite by means of tie connexion in wbicb it occurs. TI1U3, 
for example, as we have stated in Art, 170, hrcioJcets 
expressive of differentiation under certain conditions are 
sometimes omitted, that is, they are left to be suggested by 
the context. 


In the present case the meaning of the symbols ^ 


-7^, which occur in Arts. 202 and 203 must be carefully 
dx dy 

observed. We might use a more complex notation, as for 
example the following ; let 'yjr (x, y) be any function of ca ^nd 
y, and let x which yfr (x, y) takes when for 

X and y we substitute their values in terms of r and 6 ; then 


dx (n G) _ ( d^lr (x, y) l dx { dy\r [x, y)\ dy 
dr I dx } dr ^ \ dy ) dr* 


and this is the equation which in Art. 202 is expressed more 
briefly thus, 

du ^du dx ^ du dy 
dr dx dr dy dr * 

The beginner however must remember that the secojad 
form is an abbreviation of the first form, and he should recsrur 
to the first form if he has any doubt of the meaning of "tlie 
, T du du du 

Ts’ *■ 


dx 


dy 

oLr ’ 
dw' 


It is however with respect to the symbols ^ 

^ ^ which occur ia Art. 202, and the symbols ^ 
dr dO 

~dy^ dy^ which occur in Art. 203, that mistakes are most 
frequently made. For example, beginners sometimes imagine 
that the ^ of Art. 202 and the ^ of Art. 203 are connected 
d/tX dr 

hy the formula ^ x ^ = 1- This formula however is 
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inapplicable bere ; for it implies tbat there is a single equa- 
tion involving x and r and no other variable, which is not 
the case here. 


In Art. 202 we suppose that x and y are expressed as 
dx 

functions of r and 6 : and ^ means the differential coefficient 

dr 

of X when r varies but 6 does not vary: and as r varies y will 
also vary, so that on the whole r, x, and y vary, and 6 does 
not vary. In Art. 203 we suppose that r and d are expressed 

dr 

as functions of x and y ; and ^ means the differential co- 
efficient of r when x varies but y does not vary : and as x 
varies 6 will also vary, so that on the whole x, r, and B vary, 
and y does not vary. 


u oV 

Thus the -7- of Art. 202 and the -7- of Art. 203 are formed 
dr dx 

on different suppositions as to the quantities which vary and 
the quantities which do not vary. 

. dx 

In the example of the present Ai'ticle we find that the ^ 

of Art. 202 = cos and the of Art. 203 = ^ = cos ^ ; and 
the product of the two is not unity. 


206.* Suppose u a function of the three independent vari- 
ables Xj y, and that these are connected by three equations 
with three new independent variables B, r: it is required 

to express ^ ~ ^ , in terms of differential coefficients 

of u taken with respect to the new variables. 

We have, by Art. 174, 
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But by means of the three equations between x, y, 

6 , r, we can determine the values of 

d 9 dO dd d(f) d<f> d(f> dr dr dr 

dx^ d if^ dz^ dx^ dy ^ dz ^ dx^ dy^ dz^ 

and hence the above equations express ^ ^ ^ ? i^ 

, ^ dvb dvb , du 

terms 01-77;, -77-, and 

dd d<f> dr 

Also by solving the above equations we can express 
du du du , ^ . du du ^ du , . , 

de’ and ^.whach can also 

be found by the equations 


which can also 


du ^ du dx du dy du dz ^ 

dd dx dd ^ dy dd~^ dz dd 

du du dx du dy du dz 

dcf) dx d(j>^dy d(p^ dz dcl> \ 

du ^du djX ^ du dy du dz 

dr dx dr dy dr dz dr ^ 

207. Suppose, to exemplify the above, we put 

x = r smdcoscj), y = r sin d sin z = r cos 0 . 

Hence, to apply equations (2) of Art. 206, we have 


= rcos 9 cos <f>j ^ ^ ^ 

= — r sin 0 sin (^, ^ = r sin d cos 


^ = r cos 0 cos 

dx * Z 1 • J! 

— = — 7* sm c'smd 
d(f> ^ 

dx . ^ , 

-^ = sm6 cos 0, ' 

therefore 


= — r sin d, 


^ = Bind sin (j), 


wu, ^ ,au ^ . au • /I < 

■77; = r cos ^ cos 0 7“ -f r cos ^ sm 0 7 — r sm 0 - 

dd ^ dx ^ dy t 

du . ' , ,du , . ^ . du 

— = —r sm d sm (b -r i-r sm 0 cos 6 -7- 

^ dx ^ dy 

du . ^ I • /I • t du ^du 

•7- = sin ^ cos 0 7“ + sm ^ sm (f) -7- + cos 0 7- 
dr ^ dx ^ dy dz 
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If we employ equations (1) of Art. 206, we 
the relations between x, y, and z, in the form 

r = ^{a? + f + i^_, 


^=tanWJ^t2^), 


6 — tan”^ - ; 

^ X 


therefore ^= — • 


= - = sin 0 cos (/), 


dx V ^ 

dr y . . 

— r= ^ = sin 6/ sin <p, 
ay r 

^ = - = cos 

dx y{x^-\-y') r 

dd ^ z y __ cos 0 sin 

dy'^ -{-y^ r 

^ V _ sin 0 

^ ^ ^2 — ^ > 

c?<^ _ y __ sm(j> 

dx x^ + 'if T sin 0 ' 

d(f> X _ cos (jJ> 

dy + y^ 

d<^ 

dz 


r sin 0 ' 


= 0 ; 


therefore 
du 
dx 

du 


. ^ , du cos 0 cos <f) & sin 6 du 

= sin a cos 9 ^ + • 


. . . ,du 

= sin a sin 9 ^ + 


r d0 r sin 0 d(p 

cos 0 sin (p du cos <p d^ 
r d0^ r sin 6 d(p 


dy 

du ^ du sin 0 du 
^~ = cos^^-- — 2g 

which will be found consistent with (1)* 
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For exercise we giye the results arising from differentiating 
equations (2) of the preceding investigation. 


dx dy 


sin 






2 

sin 2^ 


. 2 A dhi cos 6 d u 

sm 6 2 H ^ " 7/12 ■ 

dr® r® d6^ 


1 d^u 
r® sin® Q 




d^u sin® 9 du cos 6 

16 dr r dr r® 

1 d?u cot 9 dhi 




4 - 


d\b sin 2d 


dx dz 


CO&(f> 


d^u 

d^' 


r® dcf) dO 

1 ^ 

r® dd® r dr 


1 du) 
- sin® d d<p\ 


4 - 


4 - 


cos2dcos^ ( dSi 


sin (f) 




d®^^ 
d 9 d(j> 


1 du\ 

\d 9 dr r ddj 

cosd d®w I 


sin 6 dr d(j>j 

sin 29 cos 6 . cos 26 cos 6 ^ sin 6 ^ 

= 0 + -^^ + -^(7, say; 


2 T r 

d?u _ sin 2d sin . cos 2d sin <^> ^ cos ^ 
dydz^ 2 r ~ ’ 

sin 2d /I dw 


d\ 2 /I sin® d / 1 d^u 

;^ = COS®d^ + ( 

dz d'i^ r 


+—'1 


+ 




cPu Y 
drdO)^ 


dec® 
cos®^ I 


. , cos®d d®?^ sin 2d d\ 


cos®d d'i6 


4 - 


sin2(j& r d®w cotd d®i4 
r |d<^ dr r 

sin^ ( 1 d®'w 


r dr 

1 dv\ 

d 6 dcf) r sin® d d(f>) 


sin 2d du\ 
d6 ) 


:} 


d?u 

d^ 


du cotd du 
r sin® 6 d^® dr ^ r 

= cos®^Z JV; say; 

• 2.7. sin 26 , cos® 6 

= sin- <jE» Z H ^ Jf -1 1. iVi 
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By addition vre have 

d^u dPu cPu _d!‘u 1 dhj, 1 c?®m ^ du cot 6 du 

^'d?~ dr^ ^Wdff^ ^T^shi^ed^^'^rdP'^ ~F"de‘ 

208. The following example for two independent variables 
is analogous to that in Art. 200 for one independent variable. 

If X and y = e'^ it is required to change the independent 
variables from x and ytod and <f> in the expression 


„ d”u , 


n(n — l) 2 d”u 

dx'"~^dy^ [2 * ^ dx^'^dy^'^"' 


Let this expression be denoted by and let denote 
what it becomes when n is changed into n. + 1 ; we shall 
prove that 

W- 

For 

de dxde~^dd^^ 

and = 

<f<j& dy dcj) dy 

Now take any term in the expression represented by v„ and 
perform the following operations : differentiate the term with 
respect to x and afterwards multiply by x ; differentiate the 
tem with respect to y and afterwards multiply by y ; then 
add the two results. Take for example the (r + 1)““ term 
which is 

n(n-l)...(n-r+1) dTu 

i£ ^ daT^dy'’ 

and by performing the operations we obtain 

^>-1).. (^-r+1) d'^u d'^-^u 

|r 1 ^ dx'^~'df ^ dx’‘'^dy'~*'^ 


dx^^^'^dy 




dx^^dy^ 


-h nx^-^y^ 


dx^-^dy\ 
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d'o 

Hence we infer that x + y is equal to nv^ togethier 

with two series j and by uniting like terms in the two series 
we obtain a single series of which the general term is 




(n + l)n{n-l) ... (w.+ l-r+l) „+i-r, r 

\r dy" ' 

Therefore S ^ ’ 

and thus (1) is proved ; we may write (1) for abbreviation, thus, 




d ^ d . 


( 2 ). 


Put « = 1 in (2) ; then 




±+^-1 

de^d(f> ^ 


du du 


dx^'^dyl 

1 j- 

dd'^^~^]\de^^] 

as we may write it ; again put n. = 2 in (2) ; then 

- p + d^~Y‘ " d^~l\de + # 

Proceeding in. this way we obtain 




A+A.i 

de ^ d<j> 


d d\ 

d9^d^]^' 


lU 

d4>. 


U. 


Vn = 


d d 
dO d<p 




EXAMPLES. 

1. Change the independent variable from cc to 3/ in the equation 

zd^u . du ^ ^ . T 

^ d^ -b £c = 0, supposing y = log or. 

Result = 0 . 
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. cZV 2a: dy 
2. Transform ^ + — 




tion in which 0 is the independent variable, where 


9 = tan ^ w. 


Result -f j/ = 0. 




Transform. ^ 2/ “ equation in whicli 

t is the independent variable where = U. 

Result ^|| + g+y = 0. 


4. If 


44 = /../.-sra . and a: = log 




V(i-0 


, shew that 








dt 


5. If oj = cos t, then 

(1 - ^ becomes || = 0. 


dx 

JJL. 


dx^y 

6. Transform ,, . by assuming a; = r cos 9, 




y 


= r sin d 


Result 


TFc 




7. If X = r cos 9, y = r sin 6, shew that 

x + v^ 

^ dx 1 dr 


'dx 


rde^ 


8. If = a (1 — COS I?) and ^ = a (n^ 4- sin express 

wcos^4- 1 


^ in terms of t 


Result 


aain^t 
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9. Suppose u to bo a function of r iintl 

7’^ =: 4- “f- “I" '^n 

then if 


(Pu (Pu (Pii 
dx^ dx^ 


d^ii 


sliew that 


d^n> a — 1 du 

.Ir-* - r 


10. Given x^accm^, exproHH 


1 4“ 


ill ti»niw c^f 

dj* 

tib 


Jlmult 


(Pi I tT^' (tit ^\Pu 

11. Transform “^^ 0 itiin an 

dx^ if dx {(' 4’ i.f / 

equation in whiclt t shall be tliii inilopeii«lf«rit %*iiriiilili:;?p 
having given x » log t)* 

(Pit 

Hmuk 4* » (h 

12. Change the infle|>cndc*rit variiiblii from ^ to x in 

dhi . , d'^u « fill 

g-g — 4 tan y 4“ "i tsiu^y » Cl, «ti|ij'ifmiiig lint y m 

Remit + 

13. Transform ^ into an ojtpnsnsioii in whicJt in 

l&e indopcndont vartabln, 

d*a 

14 Given »«< + <?*, transfunu into «ti expression in 
which m is the independent variable* 
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15. If A=w — esinw, and tan 
that 

“ dt;~(l + ecos!))^‘ 


16. 




tan ™ , shew 
A 


19 . 


If = x^ + y‘ = o?, shew 

X 2 A 

that X -7-0 — z = 0 , 

df 


17. Transform 

{a^Ur^^-rA{a^lx)^£-^By = F(x\ 
by assuming a-\-hx— e^. 

18, If ;2! be a function of the two independent variables x 

and 3/, and x and y be connected with two new vari- 
ables r and 6 by means of two equations, shew how to 


express 


d^z 


“z j d^z 
and 


in, terms of the new 


dxdy^ " df^ 

variables. 

For instance, if a? = r cos y = r sin shew that 
— 2 = -4 + jB cos 20 — (7 sin 20, 


where 


dtd 
d^z 

d^z 

dxdy 

A +B 


A — B cos ‘lO-’rG sin 20, 
= B sin 20 ■\-C cos 20 ; 


£z 

'dr 


A-B=^ 


0 = 1 


r dr dd 


1 dz 

?de^ 


^z 1 dz 
p "t* ■ 


r dr ^ 


If X, y, Zy and rj, be co-ordinates of the same point 
P referred to two different rectangular systems, shew 
that 


W 2 


EXAMPLES. 





(/a; 

f/t' ,/., 


' tjt^, niifw (hut 


^7// + 


21. am.„ ..('j:)’+(''^)', ,„„i (;|;;/+(;'j/- i, 


ahew that m 


^f/.V 


< /,/V’ 


22. TranKform -^£-Rt>c0 caw-e^^^;^ f //«* inta 


^ u ‘T Nils U mW |||| 

eijuation in which .-b Khali he the in.lcjtcjnh'nl vamhie, 
having given s == lag (hi'u 0). 

Jhmk 4 «*// M (I, 

2!{. If y »= «"® and x ■= «in 6, shirw that 


<Py 




rl 4 'fj' ^ M’ t . ti ti (i || 

24. Express . „-f 2 • . , iii tiTOi« of ■ . , . ' , 
%Tlicre ^ and ^ ib®- e* E 


^ (Pu 
(h^ 


il^ 


jlmiit #* 2«t ’7-^. .f. t* ” " + 4 t 


tPu rim du 
de * tin * rlt 


l^. If »—a«?co8^, and hIikw that 


a<i*w „ , ,d*a (1 ‘h tin 
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MAXIMA AND MINIMA OF A FUNCTION OF ONE VARIABLE. 

209. Suppose ^ (x) to denote a certain function of x, 
and that while the variable x changes gradually from one 
definite value to another, 4i(x) changes in such a manner 
that it is sometimes increasing and sometimes decreasing. 
There must then be certain values of x, for which <p (x) begins 
to decrease, having previously been increasing, or begins to 
increase, having previously been decreasing. In the former 
case, cf) (x) has a gi'eater value for the particular value of x 
than it has for adjacent values of x, and is said to have 
a maooimum value. In the latter case, ^ (x) has a less value 
for the particular value of x than it has for adjacent values 
of X, and is said to have a minimum value. Hence, these 
terms maximum and minimum are not used to denote the 
arithmetically greatest and least values which a function can 
assume 3 for it appears from the above explanation that a 
function way have several maxima and minima values, and 
thal some particular minimum may be greater than some 
particular maximum. 

. 210. Definition. If as x increases or decreases from 
the value a through a finite interval, however small, (a;) 
is always less than cj> (a), then (a) is called a maximum 
value, of (a?) ; if {x) is always greater than ^ [a), then 
^ (a) is called a minimum value of .cp {x). 

211, Rule for discovering maxkm and minima values. 

Let ^ ix) denote any function of x. By Art. 92, w@ 
have 

<}> {x + h) = (f> (x) + (x) {x + 6h). 


X D.C. 


O 
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If be not zero we can give such a value 
the sign of 

k^’(a;) + ^4<f>"{x+eh) 

shall for that value of h, and all inferior values of 
same as the sign of hcf)' {cc), because - (j>" {x + dh) €*^ 

Jti 

be made less than ^ [x) by taking h small enougli, 
case 

</) (a: + A) — ^ 

and (j) {x — h)—(l> {x) 

have different signs, and therefore [x) has neitliof 
mum nor minimum value. 


Hence, as the first condition for the existence r» 
mum or minimum value of ^ {x), we must have 

^'{x) =0 

Let a be a value of x deduced from equation (1), 

^'(a) =0. 

We have now, by Art. 92, 

<j>{a + K)=<l>{a)+^ <^"(a) +| 4>”’ + Oh). 

Suppose (f>' (a) not zero ; then by giving to h sn 
sufficiently small, the sign of 

will be the same as that of,-— or of cf)"(a). 

If 

value of h and all inferior values ; 
therefore (f> (a + h) — (j) (a) 

and 0 (a — A) — ^ (a) 

have the same dgns. 

If then <l>' (a) be fosiiive <j) (a) is a minimum 
; if be negative ^ \d) is a niaximum valii© 
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If (j>" (a) vanisli as well as <p' (a) then, by Art. 92, 
^(a+h)=<f>(a) + 4 ,"' (a) + <f>"" (a + Oh). 

By reasoning similar to that used before, we may shew 
that unless cj>"' (a) also vanish <f> (a) can he neither a maximum 
nor minimum value of <p (xi) ; but that if (a) vanish and 
<f>"" (a) be positive <^{a) is a minimum value, and if <f>" [a) 
vanish and cf)'" {a) bo negative (a) is a maximum value. 

Since this process may be continued until we arrive at 
a differential coeflScient which does not vanish when x = a, 
we have the following result. In order that {x) may have 
a maximum or minimum value when x — a, it is necessary 
that this value of x should make an odd number of the suc- 
cessive differential coefficients of <jf) [x) vanish, beginning with 
the first ; when this condition is satisfied ^ {a) is a maximum 
value if the next differential coefficient be negative and a 
minimum value if it be positive. 

212. It is to be observed that in the above demonstration 

we have used 0 to denote a fraction less than unity ^ and it 
is not to be assumed that the same fraction is denoted when- 
ever the symbol is used. Also we have supposed as usual 
that none of the functions 0"(a), ... are infinite. We 

shall shew hereafter, that maxima and minima values 
may occur when = oo , as well as when ^{x) = 0 : see 
Art. 214. 

213. Suppose that when x = a, the function <f> (x) has a 

maximum or minimum value, and that is the first 

differential coefficient that does not vanish, n being even. 
By Art. 92, since <l>" (a), ... all vanish up to ^”“^(< 2 ) 

inclusive, we have 

f {a + h)= (a) + ^ (a + Oh), 

(«) + ^ r ‘ (« - 

where ^ and are proper fractions. 

From these values of <^' {a + h) and 6' {a — h) we see that 
changes sign as a? passes through the value a. If we 
suppose X to increase and pass through the value a, then 

02 
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(}>' (x) changes from positive to negative if 6*" (a) bo negative, 
that is, if <jS(a) be a maximum ; and {^) changoB from 
tive to positive if {a) be positive, that ^ is, if <p [a) l>e a 
minimum. This BuggCHts another form for the definition 
of maxima and minima values and for the investigation 
of the conditions of their existence which we give in. tlie 
next Article. 

214 Definition. If as x varies through any in- 
terval, however small, <f>(x) increase until and tlien 

decrease, <p(a) is called a maximum valut! of if 

decrease until x^a and then increase, ^ {a) is ealled a xrimi- 
mum value. 

By Art. 89, if the differential coefficient of a function 
bo positive that function increa-ses with the variable, and. if 
the differential coefficient be*, negative tlm function decreii^«^a 
as the. variable increases. Hence, as ;/mncreaseH <}> (x) tntmi 
change from positive to negative when if <p {a) l>o a 

maximum, and from negative to positive if ^ (a) l>e a mini rriuiii. 
But a function can only change its .sign by passing through 
or infinity. Hence, we must find the values of x iliat inutke 
4> (x) = 0, 

or (f> (x) « oc ; 

and if as a; passes through any one of tliese values 
changes its sign, we liave for that value of x a maximum 
or minimum value of (xr), according m, when x incremB», tli€ 
change is from positive to negative or from negative to positiva. 

Examjilo (1). Suppoeo — 9^ 4- 24.^ - 1, 

then (x) « ^ 8), 

«6 (x — 3). 

If we put (f> {x) » 0, we obtain x^2, or « « 4 ; 
when «= 2, m negative, 

when a? » 4, (a?) is positive. 

Therefore when « 2, ^ (x) has a maximum value, aaad 
when ® « 4, (x) has a minimum value* 

Example (2). Let ^ (ap) « Z' 4* 4- 2 coi « ; 

therefore (x ) « a* — — 2 iin 

as — 2 €0g a?. 
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{x) = e” — e"® + 2 sin x, 

{x) = e® + e”® + 2 cos x. 

If x — 0, we lave ^'{x)=0, = cf>"'(x) = 0, and 

^x) = 4. Hence, <f> {x) is a minimum when x = 0. 

It may be easily shewn that » = 0 is the only value of a 
for which <j>' (x) vanishes ; for 




e = 1 -f- iT + ("w 

+ |— -f- . 

Ll 

LI 


a? 

e =l-a!4|— 



2sina.= 2|a-g + g-...[; 


therefore (a;) = 4 4^ + . . 

All the terms in <f) (pc) being of the same sign, cj) (x) can. never 
vanish except when a;= 0. 


dvt 

Example (3). Suppose (^ — 1)** 3)®, for what 

values of x will w be a maximuna or minimum? In this 
Example the method of Art. 214 is preferable. When cc is 

negative^^^ is positive ; when x is positive and less than 

TinitjT, ^ is negative. Hence ^ changes from positive to 
negative as x passes through the value 0, and a; = 0 makes 
a maximuin. When ^ ^ vanishes ; it does not how- 

ever change its sign, but continues negative until £r= 3, and 
after that it is positive. Hence, when has neither a 

maximum nor minimum value, but has a minimum value 
when a; = 3. 


Suppose that in the Example last given we merelj wish 
to ascertain if 0 gives a maximum or minimum value to -w, 
and that we are req[uired to proceed according to the method 
of Art. 211: we have 
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\M1AJ . 


ir(*-3)". 


dot? 


(x ~ 1 )^ {x ~ 3 )® + 2x[x-‘ 1 ) (x — 3 )*+ 3 *^" 


^2^ 

when cc = 0 the first term in is negative, 

^em5 vanish since they both have x as a 
need not have expressed them, hut might 


d\b 

= (a? — 1)^ {x — 3)® + terms vanishing 


This remark should be carefully noticed, h* " ^ 
pies like the above we are saved the trouble 
superfluous terms. 


Example (4). The following Example w'll 
reader to considerations by which the pro^’"‘ 
maxima and minima values may sometimes fcaN 


Through a given point P a 
straight line is drawn, meeting 
the axes Ox and Oy at -4 and P 
respectively : find the least length 
this straight line can have. 

Let OM^a^MP^b, PAO^d. 





o 


Then 


PA^ 


I 

sin 6 ’ 


PP = 


cos 0 ‘ 


Put u = 
Now 


sin 0 ^ cos 6 
du 

T0 


, and we have to find the 1 


b cos 0 , a sin 0 ^ 
sin®0 QO?0 ^ 


therefore ^ vanishes only when tan 0 = * 

From the figure it appears that by makii 
lanall as we please, or as nearly equal to a 


■ 
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we please, the straight line AB may be made as great as we 
please. Also, as 0 varies from 0 to ~ , there must be some 

value of 0 which gives to the straight line AB the least length 
it can have, and this least length of AB will satisfy the defi- 
nition of a minimum length. And as ^ for a value of 0 be- 


tween 0 and - can never change its sign except when 

tan sj must be the value of 0 that gives the least 

length we are seeking. 


This value of 0 gives for the least length the value 

In this Example it is easy to see from the value of 

that it does change sign from negative to positive when 0 
increases and passes through the value assigned ; but in more 
complicated questions it is often advisable to shew in the 
manner above exemplified, that a maximum or minimum 
must necessarily exist, and then we are saved the trouble of 
examining if the differential coefficient of the function changes 
sign when it vanishes. 

215. If w be a function of x we have shewn that ^ = 0 

ax 

is the equation from which we are to find values of x which 
make u a maximum or a minimum. If then between two 

assigned values of x there exists no value which makes 

ax 

vanish, we conclude that there is no maximum or minimum 
value of u between those assigned values of a;; so that u 
either continually increases or continually decreases as x 
changes from the less to the greater of the assigned values. 
This principle has already been noticed in Art. 89, but its 
importance and its natural connexion with the subject of the 
present Chapter lead us to draw attention to it again. 

For example, suppose 

w — 2a? — tan"^ar — log {x + V(1 + ; 
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• v(i + ^^r 

Hence ^ is positive and cannot vanish for any value of cc 

lying between any assigned positive value and positive in- 
finity. We conclude that u continually increases as x changes 
from zero to positive infinity. 


216. Maxima and minima values of an implicit functzort. 

Let <56 [xy y) = 0 be an equation connecting x and y ; it is 
required to find the maxima or minima values of y. From 
the given equation we know that y must be some function 
of Xy and if the equation admits of solution we can express 
y explicitly in terms of Xj and then find the maxima or naininaa 
values of y by the foregoing Articles. 


But instead of solving the given equation we may proceed 
thus : by Art. 177, 


: 

dx 


fdu\ 

\dx) 

■( 1 )^ 




where u stands for ^ {Xy y). But the values of x which make 
y a maximum or minimum must, by Art. 211, be found by 

solving the equation = 0. Hence 

(dll's. 

and “this equation, combined with w = 0, will determine the 
values of a?, which may make y a maximum or minimum. 
To determine whether such a value of x does make y a, 
maximum or minimum, we must, by Art. 211, examine th@ 

value By Art. 180, since =0, we have 

fd^u\ 


OF AN IMPLICIT FUNCTION. 


201 


Hence we have this rule : To find the maxima or minima 
values of y, which is an implicit function of x determined by 
= 0, we must find values of x and y which satisfy w = 0 

ld^u\ 

(I)' 

the fraction is positive, we have obtained a maximum value 
of y ; if the fraction be negative, we have a minimum value 
of y. 


and 


\dxj 


If when these values are substituted in 


Example. If a? — Zaxy + 2/^ = 0.. 
find the maxima or minima values of y. 


dy ay — x 
dx — ax ’ 


Here 

ax I 

therefore ay -- uj* = 0 . . . 

Combining (1) with (2), we have 
cr® — 2a V = 0 ; 

therefore a? = 0, 

or X — a U2. 

The corresponding values of y are 

y=o, 

y = a ^4. 


.(1), 


.( 2 ). 


If we substitute the values x = a 1/2, y = a ^4,, in ~ 


fd%\ 
/dy\ ’ 

W 

2 

, we obtain — . Hence there is a 
a 

maximum value "^of y. The values a; = 0, y = 0, which make 

the numerator of ^ vanish, also make its denominator vanish : 
dy dx ' 

thus assumes an indeterminate form, and we must discover 


that is, in — 


6a? 


Z{y^--ax) 
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its real value. Forming the derived equations from the 
given equation, we have 


(y“-aa=)g + 2y(|) _2a| + 2x = 0, 


(/ 








dx^ 


+ 2 


+ 2 = 0 . 


When we put a; = 0, t/ = 0, in these, the first equation gives 

^ = 0, and the second equation gives ^ ~ . Hence, 

when £c = 0, and 3/ = 0, we have y a minimum. 

217. If the values of x and y found from w = 0 and 

(s) ~ ^^ke vanish, then in order that they may 

make y a maximum or minimum, it will he necessary that 
d^y 

.should also vanish. This can be tested by making use 
d^y 

of the value of ^ given by Art. 184; and by obtaining 

a formula for ^ similar to that for just referred to, we 
dSf 

can ascertain whether is positive or negative for the 

specific values of x and y. On account however of the 

d^v d^v 

complexity of the general formulae for ^ and it is 

preferable to determine them in any example directly by the 
method of Art. 184, rather than to quote the results of that 
Article. 


218. ^ Suppose u = <f>{x, y) and {x, y)=^Q-, so that y is 
a function of x by the second equation, and therefore from 
the first equation w is a function of x ; required the maxima 
and minima values of u. We may proceed theoretically thus : 
by solving the equation [x, y) = 0, obtain y as a function 
of X ; substitute this value o{y in <j) (x, y ) ; then u becomes a 
function of x only, and its maxima and minima values can 
be found by previous rules. But we may avoid the difSiculty 
of solving the equation (a?, y) = 0, thus. 
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By Art. 172, we have 
du __ 

dx \dx} 


du\ dy 


dy) dx ‘ 


Also, putting V for '\Jr (x, y), we have, by Art. 177, 

f~) 

\dxJ ^ 
dx /dv\ ’ 


therefore 


(d^ (dv 

du __ fdu\ \dy) \dx. 


du __ (du 
dx \dx. 


Hence, the values of x and y that render u a maximum 
or minimum must be sought among those that satisfy simul- 
taneously 



/du\ 

fdv\ 

) W' 

~w 

w 


a,nd (x, y) or v = 0. 

d^u 

The value of must then be found by Art. 176, and 

we must examine whether the specific values of x and y 
render this positive or negative, in order to determine whether 
is a minimum or a maximum. 

Example. w = a? -h y®, 

while {x — ay + (y — by — = 0, or v = 0- 


while 

Here 


Hence 

therefore 


fS = 2(a:-a), 




x(t/-i) -y(x-a) =0; 
ay = hx. 
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Substitute the value of ij in t? = 0, and wo ha' 

4“ 4" + ft* 4* = c 

therefore ^ = ft ± • 

Upon examination it will he fouml, that if 
upper sign in the value of x wc* olitain a ma: 
for ft, and if wci take the lowi*r sign, a mini 
example is a solution of the geomi'frieal (juoKti* 
the points in the cireunderetu'if of a given c!irc!le 
a maximum or minimum distanr*e from ii given | 


21!). The proe(‘Hs for finding tlie maxima ^ 
values of an impli<*it ftiiietion may \m i*xtiuided 
in which one variable is eiuineiftii! %vilh more tin 
variable, tlm whede numhr^r of erjuiilions being oi 
the whole number of variables, Huppose, for e 
have three equations, 

^'(^1 !/f 

J*\iA f/i ft) ® tl, 

u being tlm variatde of wliieli we wish to fiuil the 
or minimum vidue* 

From the given equaiicais it follows tliat we m 
y, «, and u functions of the ind«'q«ftitli:?nt vmriiiblii ; 


dF 

tlx 


, dF tbi dF ds ^ (IF dm , 
dy tin ^ dz dx du dx ^ ^ 


3£ dy dx dz dx ^ dm dx * 


dF.dFJy 


(IF^ dz 


dF^dm 
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to zero. Or, more simply, we may put ^ = 0 in these equa- 
tions, and then eliminate and ^ from the resulting equa- 
tions whidh are 

dF dy ^ dF dz ^ 
dx dy dx'^ dz dx 


4.^1 =0 

dx dy dx dz dx 

dx dy dx dz dx 


( 2 ). 


The equation obtained by eliminating ^ and ^ , com- 
bined with the equations -P= 0, = 0, F^ = 0, will determine 

Xj y, z and u, 

d^'ic 

By differentiating equations (1) again, we can obtain 

and by the sign which the values of x, y, z, u, already found, 
give to this quantity, we determine whether is a maximum 
or minimum. 


220. Suppose we have a function of n variables, the 
variables being connected by — 1 equations, and we require 
the maximum or minimum value of the function. For ex- 
ample, suppose three equations 

F{x, y, z, u) = 0, F^{xy y, z, w) =0, F^ {x, y, .sr, u) =0, 

and that we wish to find the maximum or minimum of 
f y, d). In this case, to the equations (1) of the pre- 
ceding Article, in which ^ must not be supposed zero, we 
must add 

^4. ^ 4^ 

dx dy dx dz dx^ du dx 

From these four equations we must eliminate ^ , 
j du . . djX dx 

The resulting equation combined with the given 
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equations jP = 0, F^ = 0, F^ = 0, will deteimine x, y, z, and- ■**- 
We should then form the second differential coefficient of 

f{x^ y, z, u) with respect to x. This will involve ^ 


and 


• which must be found by differentiating 

tions (1) : by the sign of this second differential coefHciexit; 
of / [x, y, z, ii) we shall settle whether the function is a 
maximum or a minimum. 


221. In Art. 214 we obtained as the condition for 
having a maximum or minimum value, that ({> (x) mixsti 
change sign, and hence that {x) must be zero or infini't^- 
The cases in which (x) is infinite occur but rarely, and 
the Articles following Art. 214 we have always considered fp' 
to mnisli when p{x) is a maximum or minimum. We sha>ll 
here add one proposition which shows that according to the first 
view given of maxima and minima values (Arts. 209... 21 3), 
a maximum or minimum may exist when the differentia.1 
coej0£cient of the function considered becomes infinite. 

Suppose that (p{x) is such a function of .'r that when ^ = cac. 
we have some of the differential coefficients of p {x) infinite, 
so that cf>{a + h) cannot be expanded in powers of h by 
Taylor’s Theorem. 

Suppose that by some unexceptionable algebraical process 
we find 

<l> {a + h)-cf> (a) = Ah'' + Bh^ + OA’' + . . . , 
where a, A 7, are not necessarily positive integers. If 

any one of those cxponcntB bo a fraction in its lowest terras 
with an even denominator, then <5!^ (a — A) — ^ (a) will l>o 
impossible, and the consideration of maxima and minima^ 
values becomes inapplicable. If none of the exponents bet 
of this form, then — (a) will bo a possible quantity* 

Now there may bo cases in which, by toking h small enoughi, 
the sign of determines the sign of p {a + ?i) — ^ (a) ; for 
example, this happens if the number of terms in <56 (a 4- A) — ^ (<x) 
is finite, and the exponents a, yS, 7, all positive, and <x 
the least. Let u.s suppose such a case, and let a be a proper 
fraction with an even numerator; then p (a-f A) — ^ (a) ari<i 
^ (a — A) — (a) are both positive if A be positive, and negsir-,. 

five if A be ne^tive, when h is taken small enough. " Honee 
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(a) in the former case is a minimum value of ^ (cc) and 
in the latter a maximum value. 

Also, since a is a proper fraction, 

- — ^ is infinite when h — 0, 

an 

therefore (x) is infinite when oo — a. 

Hence cf> (x) may he a maximum or a minimum when (u) 
is infinite. 

Example. Suppose 

^ (a;) == c -h (ic — a + (a; — ; 

therefore <)S (a + A) = c -f , 

(f>(a) = c, 

0 ((X ± A) — ^ (a) = + h^- 

Hence ^ (a + K) and ^ (a — Ji) are both necessarily greater 
than <p(a). Hence </> {a) is a minimum value of </> {x), and 
it is obvious that <^' {x) is infinite when x=- a. 


222. On certain cases of Oeometrical Maxima and Minivia. 

We occasionally meet in Geometry cases of maxima or 
minima values for which the ordinary analytical process 
appears to fail, though from geometrical considerations it is 
obvious that maxima or minima do exist. The following 
problem will introduce the difficulty which it is proposed to 
explain. '' Eind the maximum and minimum perpendicular 
from the focus on the tangent to an ellipse, the perpendicular 
being expressed in terms of the radius vector.” 

The equation which gives the perpendicular in terms of 
the radius vector is 


therefore =-7- , which must = 0. 

^ dr [2a — ry 

Now this can only be satisfied by r = + cx) , which values 
are not admissible, whereas we know from Geometry that p 
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has a maximum value = a (1 4- e), and a minimum value 
= a (1 — e). 

The reason we do not find these values by the above usual 
analytical process is this. In the ordinary theory of maxima 
and minima the function is considered to be expressed in 
terms of an independent variable which may assume all possi- 
ble values. But in the example above r is not an independent 
variable ; its values are limited to those found by ascribing 
all possible values to 6 in the equation 

1 4* 6 cos d * 

Since r is thus a function of 6, we may consider p 
which is a function of r to be also a function of 9. Hence 

^1' = ^ ^ , and this may be made =0 if we can make 

dT 

^ = 0. This we can do, and thus p has a maximum or 
minimum value at the same time as r has. 


Similar remarks apply to other examples. Thus generally, 
if y = (j>{x), where x is not susceptible of all possible values, 

it may be impossible to make — = 0, and thus there may be, 

apparently, no maximum or minimum value of y. But in this 
case, if x can be expressed in terms of some variable 6 which 

can assume all possible values, we must put ^ = 0, which 

du 

makes ^ = 0, and thus we determine simultaneous maxima 
or minima values of x and y. 


Example. To find the maximum and minimum length 
of the straight line drawn to a circle from a given external 
point. 

Take the axis of x passing through the centre of the circle 
and the given external point, the former being the origin. Let 
a = the radius of the circle, o=the distance of the given 
point [A say) firom the centre ; and let x be the absdssa of a 
point P on the ciroumference ; then AP^ = -f a® — 2cx, 
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The differential coefficient of this expression with respect 
to a; is — 2c, which cannot vanish. But if we put x = a cos 6, 
%ve have 

AP- = c‘ + a“ — 2ac cos 0, 

d,Ar^ o • 

— — = 2ac sin 6 ; 

and 0 = 0, 0 = TT, give the minimum and maximum values 
respectively of AP\ 

In this Example the difficulty would not appear if we had 
so chosen our axes that x should not be a maximum simul- 
taneously with AP. Calling h the ordinate of A, c the abscissa 
of A, and a the radius of the circle, we shall have 

which has its minimum and maximum values, when 


V + c“j 

Another solution of the problem is given in Art. 218. 

The following is an analogous case. Find those conjugate 
diameters in an ellipse of which the sum is a maximum or 
minimum. Let r and r be any two conjugate diameters, 
and w = r + r'*, then u is to be a maximum or minimum, 
while + W — c\ say ; 


thus 


du 


dr 


= 1 - 




du d t d‘ 

If ^ be put = 0, we get ^ s-nd therefore r ® = - . 

Tliis gives us the equal conjugate diameters, the sum of which 
we know to be a maximum. K we express r, and therefore r\ 
in terms of some variable which can take all possible values, 
as for example ^ the inehnation of r to the axis major, we 

shall get an additional result. For there- 

fore, if ~ = 0, we have also ^ = 0. But ^ = 0 makes r a 
d(f> d<j> d(f>^ ^ , 

maximum or minimum, and thus we obtain the two pnmtpal 
T. D. G ^ 
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axes, whose sum is a minimum. By a different method, 
might have obtained at first the minimum value of r 

For since = a® + and rr' sin 6 = ab, 

■we have (r + r'Y = a® 4- , 

\ B>ma 


where 6 is the angle between r and r'. Differentiate wi 

respect to 6, and we get — = o, therefore 6 = - ; 'tl 

sin c7 2 


gives the minimum value as before ; ^ = 0 wDuld give "U-S 
second result, which would be the maximum. 


The foregoing Article has been derived from the tlai 
volume of the Cambridge Mathematical Journal, page 
The following problem will furnish an exercise. Find 
maximum or minimum length of the straight line drawn £ro 
the end of the minor axis of an . ellipse to meet the cxtic'V 
If X, y, be co-ordinates of the point where, a straight 1x3 
drawn 'from the end of the minor axis meets the curve, ‘fcl 
length of the straight line can be expressed either as a fixm 
tion of aj or oi y\ thus two solutions can be obtained 
compared. 

In the solution of some of the examples on maxima 
minima the following results will be required : they may T 
established by means of the Integral Calculus. 

The volume of a right cylinder is found by multiply 
the area of its base by its altitude. 

The convex surface of a right cylinder is found by raixli 
plying the perimeter of its base by its altitude. 

The volume of a right cone is one-third of the product 
its base and altitude. 


The convex surface of a right cone on a circular baso 
one-half the product of its slant side and the perimetexr 
its base. 

If r be the radius of a sphere its volume is 
surface is 


and : 
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EXAMPLES OF MAXIMA AND MINIMA* 


1. Shew that ^ + 5^® — 1 is a maximum when oj = 1 • 

a minimum -wheii x = S; neither when a? = 0. 

2. Shew that x^ — 3x^ + 3a: + 7 is neither a maximum nor 

a minimum when a:= 1. 

3. If w =03® — 3a:^+ 6a; + 7, shew that it has neither a 

maximum nor a minimum value. 

4. If = a:® — 9a;* -f 15a: — 3, find its maximum and mini- 

mum value. . 

A maximum when a; = 1 ; a minimum when x = 5. 

5. u^{x-iy{x-+2y. 

A maximum when a; = — f ; a minimum when a: = 1 ; 
neither when a: = — 2* 


6. = (1 + x^) (7 — xy. 

A maximum when a: = 1 ; a minimum when a; = 0, 
and when a; = 7. 

7. = 3a;® ~ 125a;® -f 2160a:. 


A maximoim when a; = — 4, and when a: == 3 ; 
a minimum when a; = — 3, and when a: = 4. 

1 — X — f” a;* ' 

8. -w = T— r ^ . ' A minimum when x = 


9. u = 


1 4-a: — a:** 
a;*— 7a;-f 6 


a; -10 • 

A maximuta when a: = 4 ; a mininlum when a: = 16. 


du 


10. If ^ = a;® (a;— 1)® (a; — 2)® (a; — 3)^, find when is a 


maximum or minimum. ; 

A maximum when a: = 0 ; a minimum when a: = 2. 


du 


ir. If ^=(a?— 1) (a; — 2)® (a;— 3)®, find when is a maxi- 


ma: 

mum or minimum. ' ’ 

A maximum when a: = 1 j a minimum when a? = 3. 

■p 9 


212 Ti-yAMPLRa of maxima and minima. 

12. u = a! (a + xy(a-x)\ 


a 


A. maximum when x = and when — a, 
o 

and a minimum when cc = — ^ . 


IS. w: 


(a-^xy^ 

’ a — 2x 


A minimum when a? = r . 

4 


f4 


15 . 


u—h + c(x — a)K 

A minimum when x=a. 


w== - 4- 

X a — a; 


A minimum when x = 


a 


d "{" b 


, and a maximum when 


x = 


a 


16 . u = 


a — b" 


17. 

18 . 

19. 

20. 

21 . 

22 . 


A minimum when a;= 0, and a maximum when a?=±«. 
u={mx + TicCf^ — (m + x'^'a^ 

A minimum when a? = a. 

X 


Shew that 


is a maximum when x = cos x. 


1 + a; tan x 
1 

Shew that is a maximum whom a? = e. 


TT 


0.1 1 tan^a: . . , 

Shew that ^ is a maximum when a? = ^ 
tan-3a? 8 


TT 


Shew that sin ^ (1 + oos x) is a maximum when a? =f g •: : 

If (t/ — a:) = 2a®, shew that, y has a minimum value 

.. when^i»=a. * . 
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23 . 


24<. 


25 . 

26 , 


If 3ay + 0 !^^ + 4aa?® = 0, shew that when y 

2 V 

^2. 

a maximum value, namely — 3a, the value of h^ino* 


then 


5a 


If oc^ + 2ax^y ~ a'lf = 0, shew that when a? = + cp, y = — ^ 

and is a minimum. Also, when y = — ~ ^ jg 

9 

a maximum and minimum, and is = + ^ 

“9 


If 2a?® -{- Sa?/* — a?y = 0, shew that a? = a . 5"^ makes y a 
minimum, and = a . 

Find the maximum and minimum value of when 
— 4cC^yx + a?'^ = 0. 

a? = c >^3 makes y = c ^'(27) a maximum, 
a; = — c ^3 makes y = — c \/(27) a minimum. 


27. A person heing in a boat 3 miles from the nearest point 
of the beach, wishes to reach in the shortest time a 
place 5 miles from that point along the shore : sup- 
posing he can walk 5 miles an hour, hut row only at 
the rate of 4 miles an hour, required the place where 
he must land. 

One mile from the place to be reached. 


28. The sides of a rectangle are a and 5: shew that the 

greatest rectangle that can he drawn so as to have its 
sides passing through the comers of the given rect- 
angle is a square, each side of which is . 

Y 2 

29. If a rectangular piece of pasteboard, the sides of which 

are a and have a square cut out at each corner, find 
the side of the square that the remainder may form a 
box of maximum content. 


The side = 


- e~ 
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30. A ISTorman window consists of a rectangle surmounted by 
a semicircle. Given the perimeter, required the height 
and breadth of the window when the quantity of light 
admitted is a maximum. 

The radius of the semicircle must equal the height 
of the rectangle. 


31. 


32. 


33 . 


Shew that the altitude of the greatest equilateral triangle 
that can be circumscribed about a given triangle, is 

{a® 4 - — 2ah cos (Jtt + C)]\ 


A straight line is drawn through the given point P, 
meeting the axes Ox and Oy at A and JB respectively 
(see the figure on page 198) ; find the position of the 
straight line, 

(1) When AB is a minimum. 

(2) When OA + OB is a minimum. 

(3) When OA x OB is a minimum. 

(4) ' When OA 4- OB 4- AB is a minimum. 

. (5) When OA x OB x AB is a minimum. 

(6) When 0A”4’ OB” is a minimum. 


Let 0 denote the angle JPAO, then we must have 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 


tmS.Q*. 

tan 0 = - , 


tan 0 = 


h 4 " ^J{2cih') 
a 4" V(2a&) 




2a tan® 0 — 6 tan® 0 4- a tan 0 — 2& 


1 



0 , 


Having given an angle of a triangle and the opposite 
side, prove that the area will be a maximum when the 
given angle is equidistant from the other angles. 
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SI. Having given an. angle of a quadrilateral and the two 
opposite sides, prove that the area will be a maxi- 
mum when the given angle is equidistant from the 
other angles. 

It follows from the preceding Example that the two 
sides which contain the given angle must be equal in 
order to ensure a maximum area ; for if they were not 
equal the area of the quadrilateral would he increased 
by changing these two sides into two equal sides. 

35. Find the least ellipse which can be described about a 
given parallelogram, and shew that its area is to that 
of the parallelogram as tt is to 2. 

SO. The least tangent to an ellipse intercepted by the axes 
is divided at the point of contact into two parts, which 
are equal to the semiaxes respectively. 

37. Find the area and position of the greatest triangle that 

can be placed in a given parabolic segment, having the 
chord of the segment for its base. 

38. Find the least triangle which can be described about a 

given ellipse, having a side parallel to the major axis 
and having the other sides equal. 

The height is three times the semi-minor axis. 

39. Prove that of all circular sectors described with the 

same perimeter, the sector of greatest area is that in 
which the circular arc is double the radius. 

40. A chord PSp is drawn through the focus S of an ellipse, 

and the points P, p, are joined with the other focus jff : 
determine when the area PHp is a maximum. 

Let e be the eccentricity of the ellipse and 0 the 
angle between the chord PSp and the major axis of 
the ellipse. If 2e^ is greater than 1 the maximum is 

1 TT 

' determined by cos’* 6=^2 — j , and 9=- gives a mini- 

6 -tt 

mum; if 2e^ is not greater than 1 tiie maximum is 
when 0 a= and there is no minimum. 
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41. 


42. 


43. 


Find the length of the shortest normal choi'd in a pa-ra- 
hola, and prove that it intersects the curve nearer the 
vertex than any other normal chord. 

If 4a be the latns rectum of the parabola the re- 
quired length is 6a V3. 

Two ships are sailing uniformly with velocities w, 'v along 
straight lines inclined at an angle 6: shew that if & 
he their distances at one time from the point of inter- 
section of the courses, the least distance of the ships 

1 X ~ sill ^ 

IS equal to — ^ . 

( 7 / -h — 2uv cos 6) 2 

Of all the straight lines drawn from the vertex of a given 
ellipse to the circumference of the circumscribing circle, 
determine that for which the portion intercepted be- 
tween the two curves is a maximum. 

If 6 he the inclination of the straight line to the 
major axis of the ellipse, and e the eccentricity of the' 
ellipse, 

2e^cos^0 = 3 — 0}- 


If an ellipse be described to touch a given semicircle and 
its diameter symmetrically, its area when a inaximum 


will be 


27rr 

373 ' 


r being the radius of the circle. 


45. An ellipse is inscribed in an isosceles triangle, and has 

one of its axes coincident in direction with the straight 
line bisecting the vertical angle of the triangle : shew 
that this axis is two-thirds of the height of the tri- 
* angle when the area of the ellipse is a maximum. * 

46. Find what sector must be taken out of a given circle, in 

order that the remainder may form the curved surface 
of a cone of maximum volume. 

The angle of the sector must be ^ 

V3 

47 . Two focal chords are drawn in an ellipse at right angles, 

find when their sura is a maximum, and when a 
minimum. 
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[In the following problems the cones and cyliiulers are Biip- 
poBcd to be right cones and cylinders on circular bases.J 

48. Determine tlio greatest cylinder that can bo inscribed in 

a givc3n cone. 

If Z> be the height of tlie cone, and a tlic radiuB of 
its base, the volume of the cylinder is nraH), 

49. Di^tormine tlie cylinder of greatest convex surface that 

can be itiscaibt'd in the surncj cone. 

irha 


The Kurfaco — 


2 


50. 


Determines the cylinder, so that its whole surface shall bo 
a maximum. 

The xmlim of the cylinder® • but l)y the 

2 (o — ff,) ^ 

nature of tbe probk*m ibis must be bnss than a ; this 
leatls to the condition that h nuist \m grc.ator than 2a in 
order to enstme a maximtun. If h bo not gnaater tlian 
%i the whole surface of th(? cylinder ccmtiniixtUijmcreaBm 
M its railitis incnaisos, and tliore is no mamrnxmk 

51. Detemune the greatest cylinder that can bo inscribed in 

ft given spin'ire. 

If r be tlie rmliiis of the sphere the heiglit of the 

2i* 

cylinder is . 

52. Determine thci cylinder inscribed in a gl von spliero winch 

has the greatest convex snriaeo. 

Height 

53. Doterminc) the ctylindor so that its wJmle surface shall be 

a maxiriiiirtn 


Height 


gas f , 


i' 


14 


54, Determina th© greatest cone that can be inscribed in a 
given sphere. Height «»| r. 
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-55. Determine tlie cone of the greatest convex surface that 
can be inscribed in a given sphere. 

Height =|-r. 

56. Determine the cone so that its whole surface shall be 

a maximum. 

Height (^23 -Viv). 

57. Given the volume of a cylinder, find its height and 

radius when the sum of the areas of its convex surface 
and one end is a minimum. 

The height is equal to the radius. 

58. Of all cones described about a given sphere, find that of 

minimum volume. 

The sine of the semivertical angle must be 

59. A series of cones have their slant sides of the same 

length : find that which has the greatest volume. 

The tangent of the semivertical angle = 

60. Find the position of the chord which passes through a 

given point within a parabola, and cuts off from the 
parabola the least possible area. 

61. Find a point in an ellipse from which, if perpendiculars 

be drawn to two given conjugate diameters, the sum. 
of their squares will be a maximum, 

62. Prove that ^ {/(»)} is necessarily either a maximum or 

minimum when f{x) is a maximum. And so also 
'when f {x) is a minimum. 


CHAPTER XIV. 


5XPAKSI0H OP A FtJNCTIOX OF TWO IKBEPENDEJSTT 
VAEIABLES. 


S. Let j/) bo a function of two independent 

ble8, and BuppoBC ^ (j:*f k y^^Jc) is to be expanded in 
(ling powers of h and k Put 

h^ah\ Ic^ak\ 

^{x^k y h) oJt, y -h aid ) ; 

afifc exproHsion may be conHidered a function of a, and 
ed by /(«*)• By Maclaurin’s theorem, 

/(«)=/((,) +/'(»). a+/"(0).^ + ; 

iall now shew bow tlio differential coefficionts of /(a) 
oe conveniently expressed. Suppose 

aK « xk y'^oJtc ^ y\ 

f (a) stands for ^ (x\ y') and since both and ij con- 

we have by Art. 1S9, 
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therefore 

Similarly 

hence 


EXPANSION OF A FUNCTION- 

_ d4> (a)',/) 
dx dx 

d<j) (x, y’) {x', y) _ 

dy' dy ’ 

/'(a) = i: ^ . y’ . 3/') + 7 ^> #y’?/) 
^ ^ dx dy 


which, for shortness, may be written 


Similarly, 




— ^'2 4 . 2T{Tc |- ^ ^ 


dx dy dy^ 


f"(Q\ — 4 3 A'%' - 4 ihJlc^ 4 

The law of the formation of the successive differential 
coefficients of /(a) is thus obvious. When a= 0, /(a) be- 
comes u ; hence we have 

'/(o)=z.; 

/''(0)=^'^£^-2AT^4-Fg^ 


Eestore h for oJi', and h for ak'\ then 

. , , T du y dll 

j,{x + h,y + h)==u-vh-^^ + kj^ 
da? cfe dy dy^] 


+ 


12 

1 . 

13 


it,d^‘U <Zm , „,,2 d,u 

do? dor ay 


L ;5;8 d?u \ 

doodf^'^ df) 
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224. If we wish the series for ^ (a? + A, 3 / 4* h) to close 
aftor a finite number of terms, we can put the expansion 
for y* (a) under the form 

/(a) =y(0) +/'(0) .a+/''(0).^ + ...+/“-‘(0) 


itnd from this the required form for <f> {os + h, 7 / + Jc) can be 
obtained. For example, if u, = 3, 

-h ?l, y ^ ^ d- ^ 


■b r 


dx 

ncyd% d^u . 

^ 3-2 + 2A7; 4 

dx dx dy dy 


’Li 


11 

d\ . ^^72 d^v , 

+ + dy- 


^hcre t; stands for (cc 4 3 / 4 ^7;). 

225. In the formula established in Art. 223, put x = 0 , 
tad 3 / == O • then 

d^Mf, . 7 duf{^ 


<f> (h, X;) = 4 

1 


t.g.+2A4;|^«- + f^' 

aor aa; dy dy 


4 

, du. ' dvi^ d\ 

,horo u,. 

du dw d^u 

d^'^ 


stand for the values of 


.. when in these expressions we put 

(}, an 3 y = 0 . if we change h and k into x and y respec- 
ively in tbe above formula, we have 

> (ar, y) 


, ^du. , . duQ 
dx^y dy 


1 {.d\ 


ar-y-i + 203^ 


'\2X M 


d^u^ 


, d’u' 


dx ^ dy’‘ 
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EXPANSION OF A FUNCTION. 


X and y being each put equal to zero in and its differential 
coefficients after the differentiations have been performed. 

In this manner the formula of Maclaurin is extended to 
the expansion of functions of two variables. 

226. The expression for the nth differential coefficient 
of /(a), in Art. 223, is 

_L ]c - 4- ^ ■J f2 f , j m 

dx^^ ^ -dx^-^dy^ [2 " dx^-^df'" -^ dy'^* 

which, for abbreviation, may be written 

V d d 

provided we interpret this expression thus: 
is to be expanded by the Binomial Theorem as if ^ were 
one term and Ic' ^ the other term : when the expansion is 
effected, every such term as ’J~j / which occurs 


dj 


dy) 

If we adopt this mode 


is to be replaced by 
of abbreviation the result of Art. 223 may be written 

(a:+ A, Zr) =«+ {li + ^“=1) 


u 


+ . 


■ + 1 


d . . dy^^ . \ ^ d . . dy 


,-l{^dx'^^dyJ 




[J}dx^^dy) 


Vi 


where u = (j> {w, y), and = <^ (a? + 6h, y -f 6k) . 

By Art. 110 the last term of the expansion may, if we 
please, be replied by , * 

The methods here given for the expansion of a function 
of two indepetident variables may be readily extended to 
the expansion of a function of more than two independent 
variables. 



MISCELLANEOUS EXAMPLES. 
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MISCELLANEOTJS EXAMPLES. 


Shew that if x and c arc positive 
-log • 


eVil dll 


c 4 - a? X c + a? 
decreases as x increases. 

Shew that if x and c are positive 
/ a; 

U* + ‘ J 

increases as x increases. 

If (jj- 3)e‘**44^c/4-*c4‘3 shew that and u 

are positive for all positive values of x. See Ex. 10, p. 86. 
Shew that for positive values of x the expression 
f c" (.r.-2 ) + e^G-rH-2) 

Tf 

diininishes as x increases, and that its greatest value 

. 1 

18 

Demonstrate the following approximate expression when 
X is small, 

, f a? 11a? 7a?l 

(l + a:)* 


Evaluate 


% 


when X « 0 . 


Result 


Shew that when m is infinite 

a,(i + iy_«»log(l+^)=0. 

Find the value -when ® b infixiite of 

8^*(l+!y-.8ea^Iog(l + |). 


BesuU. c. 
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MISCELLANKOUS EXAMI’I,KH. 


9 . 

10 . 

11. 

12 . 

13 . 


14 . 

15 . 


^ — tan"' X 

Evaluate-—-^ when a; =1. 


Evaluate 


log (^cot I) 
cot a? *+ log £t; 


when a; « 0. 


^ hoc” a? , TT 

Evaluate - when — . 

cj'* Jt 


Evaluate 


tan nx — tan mx 


hIu {7l^X — * 

(1) -when x^O, (2) 


when n « m. 


In the equation /(^ + h) — (x) « hf'{m + 
that if f'\x) k not zero the limiting value of 6 m h m 

indefinitely diminiBlied is : also shew tliat if /*'(«) 

is the first of the differential e«M'dficients/''(;3P?), 
which is not zero, the linuting value of ^ as /i is in- 
definitely diminished is 



In the equation /(*^ + A) — / (*r) » + 0k) show 

tliat if 6 he the eame far all values of hp it mast eepd 

I' and /'^{x) must ho coniitaiii 

Change the independent variable from z to m in the 
equation 


,Jy 

dz'^^dz 






’ dzl 


■where 


RemdU § + 


> 1 . 


MISCELLAN-EOCJS EXAMPLES. 
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16. Transform the expression 

I ^ \dy) WzJ ) \ dx ^ dy dz\ 

into one in which r, 6, shall be the independent 
variables, having given 

x=^r^m6 cos y = r sin 6 sin z — r cos 6, 

17. If Xj y and tj he co-ordinates of the same point 

referred to two systems of rectangular co-ordinates, 
shew that 

djcr d\f dij) drf \d^ drj) ‘ 

18. Shew that 0 ;“ -}- x* sin a; + 4 cos a? is a minimum when 

x= 0. 

19. GQ is the perpendicular from the centre G of an ellipse 

on the tangent at a point Fi find the maximum value 
oiPQ- 

Fesult a — 6. 

20. A straight line drawn from the extremity of the minor 

axis of an ellipse cuts the major axis at Q and the 
curve at P; from P the ordinate PPf is drawn to the 
major axis : find when the area PQN is a maximum. 

Result. PiV’= j (a/17 — 1). 


( 226 ) 


CHAPTER XV. 

MAXIMA AND MINIMA VALDES OF A FUNCTION OF TWO 
INDEPENDENT VARIABLES. 


227. Definition. A function {x, y) of two indepen- 
dent variables is said to have a maximum value when 
<;& (a? + A, ^ + k) is less than </> {xy y) for all values of h and k. 
positive or negative, comprised between zero and certain 
iinite limits however small. The function is said to have a 
minimum value when ^ (jj + /?, y + k) is greater than (a?, y) 
for all such values of h and k. 


228. To investigate the conditions that a function of two 
independent variables may have a maximum or minimum 
value. 


Let 


U = (j>(x, y), 

^ (a? + 0 ^, y + 6k) \ 


then, by Art. 226, 


0 (a: 4- A, y -f A?) = w + A ^ ^ ^ + jff, 


where 


R 


1 (j^d^v 

-gf ® 


^KJc 




(ft) 


dx dy^^ dy‘ 


I- 


Now, if ^ ^ be not zero, by taking h and k suf- 
ficiently small, we can always make R less than ^ ^ “h ^ ^ 

and hence the sign of (a? 4 - 7^, y + /(;) — <56 (x, y) will depend on 
that of ^ ^ ^ ^ therefore change by changing 

that of h and 7; ; it is impossible then that ^ {x, y) can have 
a maximum or minimum value unless 

.du^ydu . 

+/C , =0. 

ax ay 
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Since the quantities li and Jt are independent^ we must have 
du . du ^ 

Find values of ic and y from these equations, say a; = u, 

^ ; let the values of ^ when these values 

are assigned to x and y, be denoted by A, B, C, respectively. 
We have then by Art. 226, 

(ji Jij 1) Ic)"^ ^ (< 2 , 5 ) = •+* ^Bhk 4 " + Jd^y 




d% 


4” SA/c" 


, 7.3 

dx d\f 


cc being made = a, and y = &, after the differentiations have 
been performed. 


If Ay By and O do not all vanish, the sign of 
^ (a4- hy h-^-T-c) — (^ (a, h) 


will, when k and Jc are tahen. small enough, depend on that of 

'^\(a1^s)\ao-M 


AT^ 4- ^Bhk 4- 01c\ or of 


If AO—B^ be negative, it will be possible, by ascribing 

a suitable value to , to make the last expression vanish and 

change its sign ; and then <p (a, i) is neither a maximum nor 
minimum value of <p(oe,^). Hence generdlly we must have 
AC—B^ positive as a condition for the existence of a maxi- 
mum or minimum. In this case Al and G will have the same 
sign, and AK 4- Old will have the same sign as A or 

Cl and if that sign ])e positiWy (f>(a, b) is a minimum value 
of 4 {ooy y)y if negative, <j> {c, h) is a maximum value. 

. We say that generally AG—B^ must be positive; because, 
in fact, there may be a maximum ox minimum value when 
-4 C ~ = 0, as we shall now proceed to shew. 


229. To investigate the additional conditions for the ex- 
istence of a maximum or minimum 'when A((7 — = 0. 

If.dlC-*-B^=0, then 

I''-®)*; 

<3 2 
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MAXIMA. AND MINIMA VALUES 


lienee ^ (a + A, Z> + — 0 (a, h) is always of the same sign as 

Af when h and k are taken small enough, excerpt when ~ is 

equal ^ then, the sign is as yet unknown and 

further investigation is required. Let P, Q, S, T stand for 
the values of 

d\ dj’u (Fu d^u 
dx^' dx^ dy' dxdy‘^' dy^ 
respectively, when x = a and y = h ; and let 

d% 




dx 


I I 

dx^ di/ 


X being made = a and y^^h after the differentiations. 

Suppose is equal ^ Ah^-\‘ 2Bhh + Ch^ vanishes, 

and 

^ {a+h, h+h)-<^ (a, 5) = {Ph^+ 3 QJ^k + Z8Jild‘+ TF} +R^. 

Li 

Hence if h and k be taken small enough the sign of 
(j6 (a + /i, 6 4- k) — cj> (a, h) 
will be the same as the sign of 

PA® + 3 Qli^k + SSJik^ + Tk\ 

and will therefore change by changing the sign of A and k ; 
it is impossible then that ^ (a, h) can be a maximum or mini- 
mum value unless 

Ph^ + ZQhVc-h3Shk^+m 

vanishes when ^ is equal ~ • 

Suppose this condition to be satisfied, then the sign of 
> (a + A, Jq-A) — ^ (a, 5), 

when ~ is equal ^ same as the sign of ; and 

A R 

when j is not equal to — and A and k are taken small 
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enough, the sign of (j) (a + h, b + 7c) — ^ (a, h) is the same as 
the sign of A. But in order that cf) {a, h) may he a maxi* 
mum. or minimum value the sign of ^ {a + b 7c) — <f> (a, b) 
must he invariable 'when A and 7c are taken small enough. 

Hence 'we have the condition that the sign of when ~ is 

equal and 7i and 7c are taken small enough, must he 

the same as the sign of 

If these two additional conditions are satisfied (a, b) is a 
maximum value if A be negative, and a minimum value if A 
be positive. 

230. If -d = 0, .2 = 0, and (7=0, we must proceed thus : 

<^{a + h, h+lc) - <^ (ct, 6) = L sQk% + 38hk^+ TF} + 

LI 

where P, Q, S, T, stand for the values of -y-g, ttv-, 

ax dx ay 

when x = a and y = b, and 

X being made = a, and y = 6, after the differentiations. 

Hence, that [a, h) may be a maximum or minimum, it 
is necessary that P, Qy 8, T, should all vanish. Also, R^ 
must he of invariable sign ; hut the conditions to ensure this 
are too complicated to find investigation here. 

231. The following is another method of investigating 
the conditions that a function of two independent variables 
may admit of a maximum or minimum value. 

Let y)y where x and y are independent : required 

tlic maxima and minima values of u. 

If 1/, instead of being independent of x, were equal to 
some function of Xy say (a?), then n would be a function 
of om variable x. We should then have 

£ ■■ (S) + (£) (I) +"«■ 
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MAXIMA AND MINIMA VALUES 


In ord6r that u may b© a inaximum. or rainimum, w© must 
have, by Art. 211, 

du 


dx 


= 0 , 


therefore (^^) + (g) = 0. 

Hence, since y is really independent of x, this equation must 
liold whatever he the function ; 


tlierefore 


l§}£\_c\ 

/ du\ 

\ttej ’ 

\dij) 


= 0 . 


In order that u may be a maximum, the values of x and y 

d^u 

derived from the last equations must make negative, 

CtCC/ 

whatever '>\r(x) maj be; hence, denoting by A, B, C, the 
values which , and , respectively assume 

for the values of x and y under consideration, we require that 

A + Wyi/{x) + G{^'[x)Y 

should be always negative, whatever [x) may be. Hence 
as in Art. 228, A must be negative, and generally AG — 
must be positive. Similarly, that m may be a minimum we 
must have A positive, and generally AG — Bi^ positive. 


The preceding method may be rendered more symmetrical 
by supposing both x and y functions of a third variable 

Putting for shortness Dx for and Dy for we have 

fdu\ dDx /M\ dPy 
^x) dt \dyj dt 

Hence we must have 

fdu\ ^ (du 
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Also for values of a: and 1 / found from these equations. 





ist preserve aa ia variable sign, whatever be the signs and 
Lues of Dx and Dy. From this we deduce the same results 
in the preceding Article. 


232. There is no theoretical difficulty in finding the maxi- 
ini or minimum value of an implicit function of two inde- 
ndent variables, nor in finding the maximum or minimum 
lue of a variable which is connected with any number of 
aer variables by equations, when the whole number of eqiia- 
►ns is two less than the whole number of variables. For 
ample, suppose we have two equations 

ft («. «> «) = 0 , f{x,y,z,u) = Qi (1), 


volving four variables x, y, z, u, and we wish to find the 
aximum or minimum value of We may eliminate one 
the three variables x, y, z between the two equations; 
ppose we eliminate z\ then we obtain one equation con- 
jcting X, y, and u ; from this we find u in terms of x and y, 
id proceed in the ordinary way to investigate the maximum 
minimum value of u. Or if we wish to avoid the elimina- 
on we may adopt the following method : consider x and y 
the independent variables and differentiate the given 
[nations (1) ; thus 

dx dz dx ^ dvb dx 


dy dz dy dw dy 


dx . dz 
dy dz 


dx dw dx 
dz ^df^du 
dy du cLy 


.( 2 ). 


dz 


dz 


From these equations we can eliminate and and 

nd ^ and then for a maximum or minimum value of u 
dx dy 
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MAXIMA AND MINIMA YAXTJES 


the values of ^ and ^ must be zero. Thus, more simply, 
•we may put ^ = 0 and ^ = 0 in equations (2), and then 

eliminate ^ and ^ ; the two resulting equations combined 

with (1) will determine the values of x, y, z and w, which may 
correspond to a maximum or minimum value of u. And by 
differentiating equations (2) with respect to x and y we can 

r, T d'^VL d\l , d^U ^ 

hiid ^ ^ settle whether u is really 

a maximum or minimum. 


Practically the solution of problems of this class is facili- 
tated by the method of indeterminate multipliers, which is 
explained in the following Chapter. 


233. The student will find it advantageous to illustrate 
this Chapter by means of the Geometry of Three Dimensions. 
If ^ {x, y) be the equation to a surface, to find the maxima 
and minima values of z amounts to finding those points on 
the surface which are at a greater or a less distance from the 

plane of {x, y) than adjacent points. The conditions ^ 


dz 

and ^ make the tangent plane at any one of the points 

in question parallel to the plane of {x, y). The interpretation 
of -the case in which — AG = ^ will be seen from what is 
stated in Art. 235. 


The method given in Art. 231 admits of clear geometrical 
illustration. If, for example, there be a point on the given 
surface which is at a maximum distance from the plane of 
(x, y), then in passing from that point to an adjacent point, 
along any curve whatever lying on the surface, we must ap- 
proach nearer to the plane of {x, y). Now, by combining the 
equation z==^{x, y) with y = (cc), we obtain a curve lying 

on the given surfece, and by giving every variety of form to 
'xjr (x) we may obtain as many curves as we please. Hence 
we see that if we put {x), and leave the form of the 

function [p) arbitrary, we do not really break the restric- 
tion that X and y are to be independent. 
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234. A function u of two variables may have a maximum 
or minimum value for values of x and y which render^^^ 


' dx 


da . 


and ^ indeterminate or infinite. Such exceptional cases must 
dy 

be examined specially, as there is no general theory appli- 
cable to them. ]for example, suppose 


M= 

dll 


dx ' 3 (a;' + y-)^ ’ dij 3 (cc‘ + f)^' 

Here, when x and y vanish ^ and ^ become incleter- 
^ dx dy 

minate. If we put y = ax, we have 


du 

dx 


du . 


2a 


333* (1 -1- a*')* ’ dy 3a!* (1 + a‘-)* ’ 


Hence and ^ are infinite when x = Q, and y = 0. But 

% is really a minimum then, for it vanishes only when x and 
y vanish and is never negative. 

235. On a case of maxima or minima values of a function 
of two independent variables. 

If u denote a function of two independent variables a? and ?/, 
the values of x and y that make u a maximum or minimum 
are found from the two equations 

du_^ du^ 

If these equations are satisfied by a single relation between 
X and y, we cannot determine a finite number of values of x 
and y, that render u a maximum or minimum. This case we 
propose to examine. 

Suppose u = (l){x, y) (1), 


dx dy 

where U, V, M are functions of x and y. 


.( 2 ), 


MAXIMA AND MINIMA VALUES 


M^i) 


- . dti . , 

both -r iind vanish. 
dx dy 

From equations (2) we deduce 

y y dj\[ ^ (J TJ yy d^T m > t * 1 ’ /* 1 

= U. + M. (/. when (.1) m sati.sfiifci, 
dx dx dx dx 


iFu yr dM , dV d.ir . , 

. -7~ d- M.-t-- ^ • “7- when f 
dj/ dy dy dy 


d^u ,r dM dV .. dM . . ... 

....... r:^ I . ...y.- when (:n IS satMimh 

aajey aa; dx tlx 


an rr chj yr . 

a^ax dy dy dy 


I) is aatisflech 


1) is Ritisfied. 


But rs: alwfivs: hence, when (:ij is HiitiHll»‘<h 

dxdy dijdx ^ ^ ‘ ^ 


Ul'-X 

\dx dy) 


Ur K - 


dx * dy 


If then yl, B, 0 denote the values of -73*, , and -r . 

dxdy df 

when ( 3 ) is satisfied, wo have 

yK;«/f ,...........(41 


Now suppose that from M ^ (\ “we find y in teriiii of m, 
say y »ifr (xr), and substitute in u; wci thiii make u a fiiiiclioii 
of X only. On this hypothesis 

dx \dx/ \dy} dx 

^U.M+V.M^. hy ( 2 ). 

“ O, aitico M i-O l»y hyiwllKt -iH. 
Heace, tlik sulwtitution of f(z) fur ?/ linn rcilnc('»l u to 
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Let US now return to equations (1) and (2). Change in 
^ (pc., y) the variables x and y to x + h and y^k respectively. 
Calling u the new value of u, we get 


w — <> ^\dx^ h dxdy dy^^) 


+ i?. 


Let us now assign to x and y any values consistent with 
(3), leaving however the ratio of k to h quite arbitrary, and 
examine whether u' becomes less or greater than u when k 

W 

and h are suflficiently diminished. The coefficient of — in 
the above value of u, is 


d^u ^k d^u Id d^u 
dx^ h dxdy^ Id d'lf 


A , ^k Td ^ 

or^ + X-® + /7^- 


Now by (4) this 



and ds therefore necessarily positive if A be positive, and 
necessarily negative if A be negative, whatever he the ratio of 
h to h, except for that particular value of the ratio which makes 
the expression vanish. Hence the conclusion will be this : if 
we assign to x and y values consistent with ifcr=0, then when 
h and k are sufficiently diminished, u' is certainly less than u 

if he negative, and certainly greater than u if ^ be 

positive, excepting .only when k has to h one particular ratio. 
This latter case wrould require further examination, had we 
not already shewn that by a certain supposition u is reduced to 
a. constant, so that when h has to Ji the one particular ratio, 
is ultimately neither greater than w nor less than u, but 
equal to it. 


The w^hole theory may be illustrated geometrically; for 
example, if 

= — — y 4- (rucos a+ 3 ^sina)^ (1), 

find maxima or minima values of z\ 
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MAXIMA AND MINIMA VALUES 


dz . , . V 

^ COS a + v Sin ot) cos a 

dx ^ ^ / 


dz 


— {y cos a — ^ sin a) sin a, 


2 : — = — ( 2 / cos a — ^ sin a) cos a ; 


therefore, when y cos a — ^ sin a = 0 

^ and ^ both vanish. 

Under these circnmstances 2 : becomes == + a. 


.( 2 ), 


Now equation (1) represents a cylinder having its axis 
parallel to the plane of (a?, y). Equation (2) represents a 
plane which passes through the axis of the cylinder, and 
which cuts the surface in two parallel straight lines. Along 
the upper straight line we have ^ = a. All points in this 
straight line are at the same distance from the plane of {x, y), 
and at a greater distance than any points not in this straight 
line. This straight line is in fact a ridge in the surface. 

Another example may be seen in the equation 
z^— — (a;^ + y^). 


This surface is that formed by the revolution of a circle about 
a tangent line which is the axis of z. The highest point of 
the circle will by revolution generate a circle, all the points 
of which are at the same distance from the plane of [x, y), 
and at a greater distance than any adjacent points of the 
surface. 

EXAMPLES. 


I. Let w = + ay + y* -h ^ -f ~ , 

du ^ , a? du ^ ^ c? 


a a 

therefore 2a? + y 2 = 0, 2y + a7 — v = 0; 

X 2r 

(2a; +y)a?=a?={^yJtx)y‘) 


therefore 
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therefore 2 (x" - 3/") {y- x ) ; 

therefore 2 {x-y) + a?y + y^) ^xy{y-x): 

either then ^ = y, 

or 2cc^ + ^xy -j- ^y^ = 0. 

The latter leads to an impossible result ; the former gives 


Also 


d% _ ^ 2a® 

d^u 

dxdy ^ 
d:u ^ 2a® 


therefore 


d^u 

dx? dy^ 


/ d/u 
\dx dy, 


is positive when x and y have 


d^u 


the assigned values, and is positive ; hence u is then a 


minimum. 


2. Let u = cos X cos a + sin cc sin a cos {y — /?), 

du , • / 

^ = — sin cc cos a+ cos x sm a cos {y — p), 

du 


dy 


= — sin a sin cc sin (y — /3). 


Hence vanishes when y= B, and then ^ becomes 
dy ^ • y 

sin (a — x), and vanishes when x = ou 


= — cosx cos a — sin a? sin a cos (y — /8), 


du 
dx^ 

= - cos asin a sin (y-fi), 
d^u 


df 


= — sin a sin a COS (y — /S). 


Also 
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EXAMPLES OF MAXIMA AND MINIMA. 


i 4^ 


The first expression becomes — 1, the second becomes 0, 
and the third becomes — sin^ a, when the assigned values of 

a; and y are substituted. Hence ■ j is positive, 

and w is a maximum. 

3. Suppose u = (ax^ + 


JZ= 2a? (a — ax^ — hy^) e 




du 


du 
dx 

^=2y{h- aa? - hf) 
, du 


Here 

^ = 0. And these values make 


— 0, = 0, give as one pair of values x= 0, 


(fu 


dx^ 

therefore u has then a minimum value. 
Another pair of values is given by 
cc = 0, 

and h — ax' — hy^ = 0, 

that is, x = 0, and y = + 1. 

With these values we have 


dj^u 




d'^u , , 1 

) ^ > dxdy 


= 0 , 


d^u 

df' 


-45e”\ 


Hence, if a is less than 5, we have a maximum value of w, 
and if a is greater than A, we have neither a maximum nor 
a minimum. 

There is only one other solution, namely, that found by 
combining 

y=0, and a — aa;® — Sy* = 0 ; 
y=0, and a; == ±1* 


therefore 


EXAJCPLES OF MAXIMA AND MINIMA. 
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Here we should find that if a is less than h, there is 
neither a maximum nor a minimum, and if a is greater than 
there is a maximum value of u. 

If in this example a = &, we arrive at the anomalous case 
considered in Art. 235. 


4. Let 


w = sin ^ -H sin 2 / + cos (^ + 2 /), 

da • / s 

^ = cos^-sm {x-^y)y 

du 


dy 


= COS y — sin {x + ?/). 


du 


n du f LVUf • 1 ,1 

and -V- vanish, we must have 
dx dy 

cos X = cos y = sin (x + y). 

These eq^uations admit of numerous solutions. For ex- 
ample, 

if cos X ~ cos y, 

we have a; = y, as one solution. 

Hence we have cos x = sin 2^ 

= 2 sin ^ cos X ; 

therefore, either cos a; = 0, or sin x = 

If we take the first, and put x = y — '^, we have neither 
a maximum nor a minimum ; if we put 

Stt 

we obtain a minimum. 

If we take sin a: = -I, and put 

IT 

we obtain a maximum value for u. 
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5. To jfind a point such that the sum of the straight lines 
joining it with the angular points of a given triangle shall be 
a minimum. 

Let ABC be the given triangle; let BG^^a, CA — h, 
AB = c. Take any point P 
and draw PM perpendicular 
to AB; let AM = x, PM—y. 

Also let AP = Uj BP = v, 

CP~w; the angle A[Pi¥= 0 , 

BPM=^, GPM=^'f. 

Then 


4 - 

(c-a:f + /, 



w 


(b cos A-’xY’^- {b sin A — y)\ 


For a minimum value oi wwe must have 



die dv dw ^ 
dx dx dx 

(1). 

and 

du ^dv _^dw __ 

'--(2). 

Now 

du X . ^ 

_ = - = sin 
dx u 



c — x 
V 

b cos A — X 


w 


dv 
dx 
dw 
dx 

du y ^ 

-7- = - = cos 6 , 
ay u 

dv y , 

= cos (pj 

ay V 

dw 
ly' 


— sin 

— sin -x/r, 


& sin At — y 


= cos 


Hence, from (1) and (2), 

sin 0 = sin ^ -f sin yfr, 
cos 0 = cos <p — cos ^lr, 
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Square and add ; thus 

1 = 2 + 2 cos (n|r — <^), 

therefore cos ('Jr — ^) = — -i- = cos 120®. 

Thus the angle CPB must he 120®. Similarly it may be 
shewn that APB and APG must each be 120®, Hence we 
have the following result: describe on the sides of the 
given triangle segments of circles each containing an angle 
of 120®, and their common point of intersection is the point 
required. 

It is obvious that there must be a point for which the 
proposed sum is a minimum, and therefore we need not exa- 
mine the criteria depending on the second differential coeffi- 
cients. 

If the given triangle has an angle equal to 120®, then that 
angular point is the point required ; if it has an angle greater 
than 120®, the method fails to give the solution. It may 
however be shewn that when the triangle has an angle 
greater than 120®, the vertex of the obtuse angle is the point 
required. 

For suppose the point P inside the triangle and very near 
to the angle B of the triangle ; let PB = r, PBA = a, 
PBG = y; then 

u — — 2 cr cos a + r®), v -= r, 

-lu = — 2ar cos 74 r^. 

Thus neglecting squares and higher powers of r we have 
approximately 

u + V'{-w = a + cAr'-r (cos a 4 cos 7) 

a 4 7 a— 7 
= a + 0 4 r — 2r cos — cos — . 

Now 2 cos is less than unity if B is greater than 

120®, and thus a + c + r— 2 r cos — ^ cos — is greater 

than a 4 c. And it is obvious that if P be outside the tri- 
angle the sum of its distances from Aj B, and G is greater 
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than a + c. Therefore in passing from B to any adjacent 
point either inside or outside the triangle the sum of the dis- 
tances is increased; and therefore at the point B the sum is 
a minimum. 

The values of ^ and ™ take the form ^ at the point 

B ; and this is the reason that the solution failed to indicate 
the point B. We have already remarked in Art. 234 that a 
maximum or minimum value may exist corresponding to 
such indeterminate values of the differential coefficients. 


6. Find the maximum and minimum value of 

(Aiv + % a) d- hy V) 

Let u denote the expression^ and let v denote 

tlien u = (Jix + hy — a) (lix + ky — h) ; 

du 7i {^lix + 2hy — a — 5 ) 2a? {hx + hy — a) {kx 4 - hy — o) 
dx V 'if 


^ _ h (2to 4- 2Z?y — a— h) ^ 2 y [hx + hy — a) Qix + hy — 1) 
dy V 


Put ^ = 0, and = 0 ; thus we deduce 
dx dy 


X y 

= r suppose. 


• dn cL^b 

Substitute rh for x and rh for y in ^ ^ or = 0 ; we 

shall obtain after reduction the following quadratic equation 
in T : 


+ li) {a + 5) + 2r {V + P ^ a5) - (a + 6) = 0 ; 

thus the values of r are possible, and one is positive and the 
other is negative. 
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du 

If we differentiate tlie values of ^ and,^, and after dif- 
ferentiation use the relations which arise from ~ = O and 

ax 


5?-= 0^ we shall find 
dy 

___ li {2ky — a—V)_ 2/(;V — a — h 

dx^ XV TV 


d\ __ h {2lix — a — &) _ 27<.V —a — h 

dy^ yv TV ^ 

d'^u _ 2lik 
dxdy'^ V 

Hence the sign of -4(7 — jB^ is the same as the sign of 
(27cV - a- h) {2h^r -a-h) _ 

and is therefore the same as the sign of 

(a + hy — 2r + Id) (a + 6). 


How it may he shewn that if a -f 6 be not zero and a be 
not equal to h, the sign of the last expression is positive 
for both the values which r can have. For suppose a 4- 6 

positive ; then we have .to shew that ^ — r is positive, 

that is, we have to shew that — ^ — is greater than the 

' 2 Qd + ]d) ^ 

positive root of the quadratic in r. Substitute the positiv^e 
quantity — for r in the expression which forms the 
left-hand member of the quadratic ; we shall obtain a positive 
result if a and 6 are unequal ; this shews that ^vr^ - T Tr greater 

2 -J" IC j 

than the positive root of the quadratic {Algebra, Art. 33^). 
Similarly we may establish the result if a + & is negative. 

Hence the necessary conditions for a maximum or mini- 
mum are fulfilled. 
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Since AC — h positive A and C have the same sign, 
and that sign is the same as the sign of -4 + and therefore 
the same as the sign of 

a^h-(h^ + ¥)r 
r 

If a + 5 is positive this expression is positive or negative 
according as r is positive or negative ; if a + 6 is negative 
it is positive or negative according as r is negative or posi- 
tive. Thus we can discriminate between the maximum and 
minimum value of u. 

Two particular cases which have been excepted above 
remain to be noticed. 


I. Suppose a=h. Here we shall have 
du 

— = (Jix -\-hy — a) [h'O — x {hx -f hy — a)}, 

^ {hx •^ky — a)[hv — y [hx -^-Icy — a)], 

ay 

If we suppose 7ix + hy — a = 0 we arrive at the case dis- 
cussed in Art. 235, in which there is not strictly a maxi- 
mum or minimum. If we take the other factors in and 

ax 

~ and put 
dy 

hv —X {hx + hy — a) = 0 and hv —y {Jix + % — a) =0, 
we shall obtain 


h 

a 




h 


these values will be found to make u a maximum. 

The quadratic equation for r, when a = &, has for its roots 

a 1 

r= T-ya or r = --; 
h+k a 

the former value leads to values of x and y which satisfy 
Ao? + % — a = 0 ; the latter leads to the values 

h k 

X=z yzzz . 

a ^ a 

n. Suppose = ’ The original investigation be- 

comes inapplicable; it may be shewn that the only values of 
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X and y which, make ^ and ^ 
ax ay 

these give a minimum value to 


vanish are £c = 0, 3 /= 0 ; and 

u. 


7. Find the maximum value of o^y^ — y). 

Result Maximum when = 3, jr = 2. 

8. „ If {^ax-'X^) [2ly—y^\ find its maximum or mini- 

mum value. 

Result x — a, y = 5, make u a maximum. 

9. If — 2x^ -f 4:xy — 2^, shew that when a; = 0, and 

y = 0, w is neither a maximum nor minimum ; when 
a? = ± nnd y=T \l% u is a minimum. 


10 . 

11 . 

12. 


13 . 

14 . 

15 . 


16 . 


If u—y^- sy 4* isy — 8y + a;® — — Zx, then 3 4 4 V2 

is a maximum value of u and -- 6 — 4 \/2 is a minimum 
value of u. 

If u=^x^ ’\-xy +y'^ — ax--l)y, then J(a5 — J’*) is a 
minimum value of u. 


Divide a number n into three parts, cr, y, and z, such 
that ^4^4^ shall be a maximum or minimum, 
and determine which it is. 

Result ^ maximum. 

ZL o 


If = CD® 4 y® 4 3aajy, then a® is a maximum value of u. 


Find the maximum or minimum of x [a? 4y*) — 3aa;y. 

Find the maximum or minimum of . 

1 — ax ’-‘by 

Ewdt 

a b a*4& 

with the npper sign there is a maximum, with the 
lower a minimum. 

If u = tsl[{c — x){c — y){x + y—c)], shew that it is a 

2 (/ 

maximum when x = y=-^. 
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17. 


or o-r a + Sx + cy 
OI16W JTZ J 2 j 57 

V(1 +aj +r) 
c 


is a maximum when x=^-, 

a 


18. Shew that neither a maximum nor a mini- 

mum. 


19. 


Find the minimum value of + y + subject to the 
condition 


a 

X 


h c , 
H h h 

y ^ 


Result 




20. Find the minimum value of subject to the same 

condition as in the preceding Example, 

Result. When-2^ = f^=- = _p + j + n 

21. Having given the three sides of a triangle, find a point 

within it, such that, if perpendiculars be drawn from 
it to the sides, their continued product shall be a 
maximum. Shew that straight lines joining this point 
with the corners of the given triangle will divide it 
into three equal triangles. 


22 . 


23 . 


Find the maximum value of xyz subject to the con- 
dition 




1 . 


Result 


ahc 
3 <v/3 


Determine a point within a triangle, such that the suna 
of the squares on the distances from the three sides is 
a minimum. 


Result If p, r, be the perpendiculars on the sides 
a, h, c, respectively, then 

IP _ 2 area of triangle 

a ~ J "" c ~ a’' + + o’" 
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24. Determine a point within a triangle snch that the sum 

of the squares on the distances from the three angles 
is a minimum. 

Result The centre of gravity of the triangle. 

25. Through a point within a triangle three straight 

lines are drawn parallel to the sides dividing the 
triangle into three parallelograms and three triangles : 
shew that the sum of these triangles is least when the 
straight lines are drawn through the centre of gravity 
of the triangle. 

26. A triangular space is to he diminished by fencing off 

the corners, each fence being circular and having the 
nearest comer as centre: shew how to leave the 
greatest possible central space with a given length of 
fence. 

Result The radii of the circular fences are equal. 

27. Given the sum of the three edges of a rectangular 

parallelepiped, tind its form that its surface may be 
a maximum. 

28. In a given sphere inscribe a rectangular parallelepiped 

whose volume is a maximum. Also one whose surface 
is a maximum. 

Result A cube. 

29. Of all triangles of the same perimeter find that which 

will generate the greatest double cone by revolving 
about a side. 

Result The fixed side must be two-thirds of each of 
the other sides of the triangle. 

30. A rectangular parallelepiped is so constructed that a 

plane which passes through three of its comers, but 
through no edge, contains a point whqse distances 
from the three faces adjacent to one of the other 
corners are given. Shew that the shortest diagonal 
which such a parallelepiped can have, is (a^ + 5^ + c^)t, 
where a, 5, c are the given distances. 
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CHAPTER XVI 

MAXIMA AND MINIMA YALUES OF A FUNCTION OF SEVERAL 
VARIABLES. 

236. Let u — y, z) be a function of three independent 
TOriables, of which we require the maxima and minima values. 
By an investigation similar to that in Art. 224, 

^(x + h,y + Jc,z + l)-^ (x, y, z) 

T du ^.du ^ ^ du 
dx dy dz 


2 doif 2 dy"^ 2 dz^ dy dz 


, j 'll j f d^u 

+hl -j-~T + h/c - 


dxdz 


dxdy 


+ 2Z ; 


where i? is a function involving powers and products of A, h, I 
of the third degi*ee, which may be expressed for abbrevia- 
tion by 

1 f, c? T d T dY 
|3 1 dx^ dy^ dz)'^' 

V denoting ^ (a? -f y-\- 6k, z + 61), 

If we make h, k, I small enough, the sign of 

<l){x-\rh, y-{-k, z + l)-^{x,y,z) 

will ip. general depend upon tbat of the terms involving only 
the first powers of h, k, 1; hence, to ensure a maximum or 
minimum, we must have 

j dw , T du ^du 

ax dy dz 


MAXIMA AND MINIMA YALTJES OF A FUNCTION. 249 


and therefore, since h, h, I are independent, 


du 

dx 


= 0, 


du 

dy 


= 0 , 


du 

dz 


■ 0 . 


Let values of x, y, z he found from these equations, and 

du 1 ^ 


when these values are substituted in 


__ A __ 7? __ n 

~dd~ ^ ' 

d^u _ d\ _ jy, du _ 

dy dz ^ dxdz ' dxdy 
The sign of 

^ (x + h, y-\-hy ^ 4- i) — ^ {Xy z) 

can, with the values of Xy y, z just found, be made to depend 
on that of 


Ah^ + BJd+ CV+^Alcl + 2B'hl^2ChJc ( 1 ). 

Hence, that u may have a maximum or minimum value, 
the expression (1) must retain the same sign, whatever be the 
signs and values of h, h, I comprised between zero and fixed 
finite limits. If we put 

h = Sly k= tlj 

it follows that 

A^ + Bd +• (7 4" 2 At + 2B> 8 -j- 2 C'st (2), 

must be of invariable sign, whatever be the signs and values 
of 8 and t Multiply (2) by Ay and rearrange the terms ; then 

(As + B+ Gtf + (-4^ - C^) e ^2 (A A AC- B'^ 

( 3 )> 

must retain an invariable sign. 

Hence, (AB- C'^) ^-^2 {A A ^ B' O') t + AG- B'^ must 


be incapable of becoming negative ; therefore 

AB — G'^ must be positive, and (4), 

{AA- B'G'f less than {AB- G'^) {AG -B'^) (5) ; 


(4) and (5) are the conditions that must Be satisfied in order 
that u may be a maximum or minimum. Conversely, if they 
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are satisfied, u is a maximum or minimum ; for then (3) is 
necessarily positive, therefore ( 2 ) has always the same sign as 
Ay and is a maximum if -4 be negative, and a minimum if 
A be positive. 

Hence the necessary and sufficient conditions for the 
existence of a maximum or minimum value of a function u of 
three independent variables, are, that the values of Xy 3 /, z 
drawn from 




du 

dz 


= 0 , 


should make 



positive. 


and 


'd^u d^^u 
^do(? dy dz 


d^u d^u Y 
dx dy dx dz) 


less than 


’d^u d^ii 

f V) 

1 

1 

/ dru Y| 

djd' dy^ 

\dxdy) ) 

\dx^ dz^ 

\dxdzj ) 


It follows of course from these conditions, that 


d'^u d’^u 
ddd dz" 


must be positive, 


and thus ^ ^ ^ must all have the same sign, and u 

is a maximum if that sign be negative, and a minimum if it 
be positive. 

From the conditions (4) and (5), we should conjecture by 
the principle of symmetry, that ^(7— will also be positive 
if (4) and (5) hold. This is easily verified, for from (5) we 
find that 


A{ABG^ ~ - GG^] 

is positive, and therefore, since A and B have the same sign, 

(^) 

B [ABC + 2AB'0^ - AA^ - BB'^ - CG'^} 

is positive, and therefore 


{BB’ - A Oy is less than A^) {BA - 0'^), 


from which it follows that BV-^A^ is positive. 
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237. Example. ^ + 

die __ {ay — cc^) _ (^y “ 

{a + xY {x-^yY (y -^- z) (^ + J) x {a-\- x) {x + y)' 


Similarly, 


du ^ u {xz — y"^) 
dy ■“■ y {x+y) (y+z) ’ 

du _ u (by — z~) 
dz z (y-i-z) (z + b)* 


Hence, if ay — c^= 0, xz — = 0, and by — z^ — 0,u may be ^ 

a maximum or minimum : these equations give 


a X y 

therefore each of these fractions = 
Call this r ; then 


y \a X y zj y a 


CGz=z ar, y XT ^ ar^^ z=^yr =■ ar^. 


Proceeding to the second differential coefficients of u, we 
have 

___ ^xu o 

dx^ X {a + x) (x-i-y)'^ 

the terms included in the &c. being such as vanish when the 
specific values are assigned to x, y, 

TT /f 2 

Hence A = 5-— ^ = — «--7- 

a r (1 + r) a r (1 + r)® 

Similarly B, (7, ... can be found, and we shall finally arrive 
at the result that w is a maximum. 


238. Suppose it required to determine the maxima and 
minima values of a function (j> (x, y, z, ,,,) oi m variables, 
these variables being connected by n equations, of which the 
general form is 

= ^ (!)• 

The m variables involved in ^ are of ^course not all inde- 
pendent, since by means of the given equations n of them 
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may be expressed in terms of the remaining m — n. The 
simplest theoretical method of investigating the maxima and 
minima values of 0 would be to express by means of the 
given equations the values of n of the variables in terms 
of the rest, and to substitute these values in <56; . thus <j> 
would become a function of m — n independent variables, 
and we might proceed to ascertain its maxima and minima 
values in the manner already given for functions of one, two, 
or three independent variables. But this method would be 
often impracticable on account of the difficulty of solving the 
given equations, and the following method is therefore 
adopted. 


Suppose cc, y, 5;... all functions of some new variable of 
which consequently ^ becomes a function. Put for shortness 








From the n given equations (1) we deduce 


dF^ T) I 71 71 

-Bx + -^Dy + -^Dz-^.. 


dx 


^^2 T. 71 dF , ^ 

— -I)x+ Dz 


dx 


dz 




.( 3 ). 





dz 




By solving the linear equations (3) we can express n of 
the quantities Fx, JDy, Bz... in terms of the remaining 
m — n. Substitute these values in (2), then only m — n of the 
quantities Dxy By, Bz ... remain, and we have a result 
which may be written 


-^^=X.Dx+Y.Dy^Z.Dz... + Q.Dg: ( 4 ), 


where X, Y, do not involve any of the quantities 

Bx, By, Bz, ... Since, consistently with the given equa- 
tions, we may consider the m — n quantities Dx, By, Bz, ... 
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to be quite arbitrary, it follows, in the same manner as in 
Art. 232, that if (j> is to be a maximum or minimum, we 
must have 


^=0, r=0, Z=0, ^ = 0 (5). 


From these m — n equations, combined with the n given 
equations, we can find the values of the variables for which 
(p may be a maximum or minimum. To determine whether 

^ is a maximum or minimum we must express . From 

(4), with the use of (5), we have 


dx 


doo 


+ 


We should then examine whether the above expression 
retains an invariable sign, when the specific values of the 
variables cc, y, z, ... are used, whatever be the arbitrary 
values assigned to Bx^ By, Bz, — If it does, then ^ is 
a maximum if that sign be negative, and a minimum if it 
be positive. • 


239. The practical solution of any example according to 
the above theory is facilitated by making use of indeterminate 
multipliers. Multiply the first of equations (3) by the 
second by ... the by the values of ... 

being at present undetermined. Add the results to (2), then 
we may write 




+ 


f# 


dx 

dK 


dx 

d.F^ 


dx 


+ ... 


+ 


Bx 
■\Dy 
\dz 


( 6 ). 
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If we equate the coefficients of n of the quantities Dx^ 
Dy,,., to zero, we shall arrive at n equations for determining 
... Substitute these values of ... in the 

remaining terms of (6), and ^ takes the form given in (4) ; 

we must therefore equate to zero the coefficients of the re- 
maining m — n of the quantities Dx, By , ... Hence we have 
the rule : Equate to zero the coefficients of mery one of the 
quantities Bx, By , ... in (6) ; the m equations thus found, 
together with the n given equations, will enable us to elimi- 
nate the n quantities X„ ... and to find the values of 
the quantities x, y, 


240. The concluding part of the theory in Art. 238, in 
which we are directed to examine the sign of frequently 


becomes in practice excessively complicated. In fact the 
examples of this method are generally such as allow us to 
predict that a maximum or minimum rmst exist, and to dis- 
pense with the second part of the investigation. 


ICXAMPLES. 

1. Find the maximum or minimum value of 

subject to the conditions 

ax-hiy-hcz — 1 = 0, \ 

a'x + ¥y + c'z^l = 0,} 

Putting (j> for x^'hy^ + z\ we have 

= ^xBx -h 2yBy + 2zBz, 

Also from equations (1), 

aBx'l’ iBy+ cBz = 0, | 

dBx-vVDy^dBz=0,] ^ 

Hence, multiplying equations (2) by \ and respectively, 
we may put 
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+ {2z + \c + Xfi') Dz, 

Therefore 2x + \a 4- \aJ == 0, | 

2y -f Xp + Xj? =0, r (3). 

2z 4" \c + X^c' = 0, ] 

Multiply equations (3) by a, h, c, respectively and add ; then 
we have, by (1), 

2 4-Xj^ -f" -p c^) + Ag (c[>G, -j- bh' -{- cc ) = 0 (4). 

Similarly, 

2 4- Ag {a^ 4- 5'^ 4“ c'^) 4- A^, (aa'+ hh’ 4- cc') = 0 (5). 


Equations (4) and (5) determine Aj and A^, and then by (3) 
we find X, y, Also multiplying (3) by x, y, 2?, respectively 
and adding, we have 

2 4“ Aj 4“ Ag = 0, 

which finds <j>. This is the solution of the following question 
in Geometry of Three Dimensions: ''In the line of inter- 
section of two given planes to find the nearest point to the 
origin of co-ordmates.” From the nature of the question it 
is evident there must be a minimum value of 

2. Determine the greatest quadrilateral which can be 
formed with the four given sides a, yS, y, & taken in this 
order. 

Let X denote the angle between a and y8, y the angle between 
7 and 3. The area of the figure is \ (a/3 sin a? 4- yS sin y), 
therefore we may put 

(a;, y) = a/? sin /r 4" 7^ sin y (1). 

If we draw a diagonal of the figure from the intersection 
of /3 and 7 to the intersection of a and 3, we have from the 
two different values which can be found for the length of this 
diagonal, 4- /S^ — 2ay3 cos cu = 7^ 4- — 27S cos y. 

Thus a® 4- /S* — 2a/3 cos cc — 7® — 4- 27S cos y = 0 (2). 
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From (1) and (2), 

= a/3 cos xDx + 7S cos yDy ( 3 ), 

O — ol /3 sin xDx — 7S sin yDy ( 4 ), 

^ ( . sin ^ cos 

tlierefore -~ = ap \ cos x H ; ^ Dx ( 5 ). - 

dt [ siny J ' ^ 

Hence, since the coefficient of Dx must vanish, 

sin {x-\-y) — 0. 

Therefore x-\-y must be zero, or some multiple of tt; the 
only solution applicable to the present question is 

X’\-y= TT (6). 

Hence cosy = ~ cos re: substituting this value of cosy in 
equation (2), we have 

2[a^+j8) ‘ 

Since by (5) # . . -g sm (»+.,) 

^ ^ dt siny 

we have, neglecting such terms as vanish, by (6), 

which, by means of ( 4 ) and (6), becomes 

^ (1 + ^) (Z>a;r. 

siny \ 70/ ^ ' 

Hence, since is negative, we have found a maximum 

value of (j>, namely, when the sum of two opposite angles of 
the figure is equal to two right angles. 

Thus the quadrilateral must be capable of being inscribed 
in a circle. 

It may now be ^shewn that when all the sides of a recti- 
lineal figure are given the area is greatest when the figure 
can be inscribed in a circle. For let PQ, QB, MS, fifrrepre- 
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sent any four consecutive sides. Then, by what we have 
just seen, P, Q, JR, JS must lie on the circumference of a 
circle : for otherwise the area could be increased, by leaving* 
the rest of the figure unchanged, and shifting PQ, QR, E8 
until the points P, Q, P, 8 did lie on the circumference of a 
circle. Similarly Q, P, S, T must lie on the circumference of 
a circle. And this circle is the same as the former circle^ for 
it is the circle described round the triangle QRS. In this man- 
ner we shew that when the area is greatest the figure must 
have all its angular points on the circumference of a circle. 

Suppose an indefinitely large number of consecutive sides 
of the figure to become indefinitely small: then the cor- 
responding portion of the boundary of the greatest area be- 
comes an arc of the circle of which the remaining sides are 
chords. Hence we obtain the following general result : if an 
area is to be bounded by given straight rods and strings, the 
area is greatest when the strings are all arcs of the same 
circle, and the straight rods all chords of that circle. 

The following problem is analogous to that which we have 
been considering. Eequired to determine the greatest area 
which can be inclosed by a < 3 [uadrilateral three of whose sides 
are given. * 

Let a, &, c denote the lengths of the three given sides, 
taken in order of contiguity. Let 6 denote the angle between 
the sides h and c, and </> the angle between the side a and 
that diagonal which passes through the angle between a and 
6. Then the area of the figure is 

ijc sin 0 c^'-2hc cos 6) sin <^. 

This is a function of the two independent variables 0 and ^ ; 
but we can obtain the result which we require without going 
through the usual process for finding the maximum value of 
a function of two independent variables. For we see that 
to ensure the greatest area (f> must be a right angle. In a 
similar manner we might shew that the angle between the 
side c and that diagonal which passes through the angle 
betweeji b and c must also he a right angle. Hence the qua- 
drilateral figure must be capable of being inscribed in a circle 
of which the side not given must be the diameter. 

T.D. C. 


S 
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b© slicwD. "btiEiij "wtiGD 8.11 lliG sidos of 8 rGCfci" 
lineal figure are given except one, the area is greatest when 
the figure can be inscribed in a circle of which the side not 
given is the diameter. 

For let QB represent the side not given, and PQ an adja- 
cent side. Then the whole figure must be capable of being 
inscribed in a circle ; for otherwise the area could be increased 
without changing the length of any side. And the angle 
QPB must be a right angle ; for otherwise we might leave 
PQ and Pit unchanged, and by changing QB replace the 
'' triangle PQB by a larger triangle. And since QPB is a, right 
angle, QB is a diameter of the circle surrounding the figure. 

3. Find the maximum and minimum value of m® when 


M® = a®£c®-b6y+c®P (1), 

while a:® -b = 1 (2), 

and lx + mi/ + nz = 0 (3). 

From (1), (2), and (3), we deduce 

0 = (PxDx -f ByDy ■+ PzDz (4), 

0 = xJ)x -f yDy -b zDz (5), ‘ 

0 = Wx -b TtiDy -b nDz (6), 

Multiply (5) by \ and (6) by Xj and add to (4) ; then 
equate to zero the coefficients of Dx, Dy, Dz-, thus 

“b “b Xg? — 0 (7), 

+\^= 0 (8), 

dz -b \z -b Xj» =0 (9). 


Multiply (7) by x, (8) by y, and (9) by z, and add ; then 
by (2) and (3), 

o®a;®-bPy® + c®3®-bX^ = 0. 

Hence \ = — m®. 
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Therefore, from (7), (8), and (9), 


X — 






\n 


and thus, from equation (3), 

This equation is a quadratic in from which two values 
of can be determined, one of which will be a maximum 
and the other a minimum. It is obvious that a maximum 
and a minimum value of y? must exist, for cc, y, z, cannot all 
vanish simultaneously, and no one of them can be greater than 
unity ; hence v? must lie between the limits 0 and -f 6^ + c^. 

4. Find the values of Xj y, z, when x^yz^ is a maximum 
or minimum, subject to the condition 

a^x^ + 2by^ + z^ = c\ 


We have, putting u for x^yz^, 

4t.x^yz^Dx + x*2^Dy + "ix^yzDz = 0 , 
(4:Dx 


or 


Also 


Dy ^ 2Dz 
z ^ 


= 0 . 


a? y 
d^xDx + iby^Dy + 2z^Dz = 0 ., 


- 4* \d^x = 0, 

X 


i + 3 \&/= 0 , 

y 

1+ Xis’=i0. 


S 2 


Therefore 
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Multiply the first of these equations by x, the second hy 
^ , and the third by z, and add ; then 


therefore 


Hence 


— 4- A -h + 2?^} = 0 ; 



12 c" 
17 ’ 



3 c" 
17 • 


5. To find the maximum and minimum value of when 
r^=(jn-a)*+ (y-/ 3 )'^+ (2;- 7)", 
the variables and constants being connected by the equations 


® 4-2'_ =1 

+ 

(1), 

Zic 4-my 4-^5? =y) 

(2),. 

Za4“^Wj84“^7 = p 

(3), 

11 

II 

(4 


[The student who is acquainted with Geometry of Three 
Dimensions will see that (1) is the equation to an ellipsoid; 
and (2) is the equation to a plane ; a, / 5 , 7 are the co-ordinates 
of the centre of the curve of intersection of the plane and the 
ellipsoid; and r is the radius vector drawn from the centre 
of this curve to any point of the curve.] 


Since is to be a maximum or minimum, we have 

{x — a) Bx 4 - (2/ — i 3 ) By 4 - (5; — 7) = 0 

also from (1) and (2) 

xBx . yBy , zBz _ ^ 

c? ^ 

Wx -FmDyq- rhBz = 0 


(5) ; 

( 6 ) . 
(7). 
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Multiply (6) by X, and (7) by /a, and add to (5) ; then 
equate to zero the coeflScients of Bx, JDy^ and Dz ; thus, 

Xic 

ir — a + — + )L6^=0 (8), 




^ — ,y 4 ._ -fyLtn = 0 


Multiply (8), (9), and (10) by a? — a, y — /?, and z— y 
respectively, and add ; thus by (2) and (3) 

.. + X - 0, 


that is, 




Now by (4) 

a _ /3 _ y _ gZ + + yy^ 2 

h^m c^n + cV 4- + cV ’ 

thus (11) becomes with the help of (2) 

^ J ll = ‘XZ* aotr 


Thus (8), (9), and (10) may be written 
^ A -1. _ ,.7 1 


y ~ ^ ~ (^^)- 

By substituting the values of y, and z from these in (2), 
we obtain 


IJcc? (oL'— fjJ) mJcV (fi /im) nh? (y — yan) _ 
kd^i-7^ ^ 

la + Tn^ 4- wy =jp. 


also 
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By subtraction 


l^Td 


+ ■ 


{hit, 


+ 


r^\ 

Ifm! 




\ on, 

h? 


= 0 . 


Now hfjL‘\‘ ~ , and kfLi--^ are of equal value 

Cb t 0 in c n 

by (4) ; and tbis value cannot be zero, because then by (12) 
we should obtain the inadmissible results a; = a, y = z=y. 
Hence dividing out we have 


d^r Ifm^ c V _ 

+ 7 ^ + W+7^ 


This quadratic will give two values of one will be 
the maximum value of and the other the minimum value. 


The product of the values of r® will be 

and TT times the square root of this product is the area of 
the curve of intersection of the ellipsoid and plane ; hence 
taking the positive value of the square root we have for 
the area 

iralc (aT + + cV - p®) ^J[1? + m® 4 - n^) " 

(aT + JW + cV)« 


6. Find the maximum or minimum value of u when 

u = V, and 2a; + 3y + 4^ = a. 

Eesult. is a maximum value. 

7 . Find the minimum value of u from the equation 

= 2;® 4- , 

the variables being connected by the equation 
aa; + Jy + C2J 

F 


Result u = 


a® “b A® + c® + 
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8. Find the minimum value of 

-f- y + “h ic -- 2^ — xy. 

Result. x = — §, y=: — I-, z=L 

9. Find the minimum value of x^-hy^-{- where xyz = cl 

10. If X, y, z are the angles of a triangle, find the values of 

X, y, z which make sin^x sin”y sin^^ a maximum. 


11. Find the maximum or minimum value of sub- 

ject to the condition Ix 4- my H- ^ 2 ? = a. Hence find the 
parallelepiped of maximum volume which has for its 
three edges the axes of y, z, and has the intersection 
of its opposite edges in a given plane. 

12. If ax^ hxy cy'^ = f, and r^—c^-\-y^y shew that the 

maximum and minimum values of are given by the 
equation 

^ — 4ac) if [a 4- c) — 4/^= 0. 


13. Find the maximum value of 


[ax 4 - -f cz) 


Result x = ^ , 
of 




yfb 



where 



14. A given volume V of metal is to he formed into a 
rectangular vessel ; the sides of the vessel are to he 
of a given thickness a, and there is to be no lid. De- 
termine the shape of the vessel so that it may have a 
maximum capacity. 


Result If X, y, and Zy are the external length, breadth, 
and depth ; 


X =:y = a 4* 



z 


X 

2 - 
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15. If r* = ic* + jy* + where 

aa? 4 - hy^ 4 * cz^ + ^dyz 4 - zx 4 - ^cxy = 1 , 

and lx 4- my -^nz — 0, 

find the maximum and minimum values of r*. 

Result They are determined by the equation 


^ (^-?) (^-?) («-?) («-?) 

— 2mna! — ^nll) (h — ^ — 2lmc — 


4’2»2?2JV4‘ 2nlda + 2lmah'— rdh'^— nV“ = 0. 


( 265 ) 


CHA.PTER XVII. 

ELIMINATIOIT OF CONSTANTS AND FUNCTIONS. 


241. We may make use of differentiation in order to 
eliminate from an equation involving variables and constants 
one or more of the constants. For example, let 


(y- c®= 0 (1). 

Differentiate three times, giving 

{y-i)%+x-a=Q (2), 


(y-5) 


dx^ 




0 . 




( 3 ) , 

(4) . 


From these four equations we may deduce an equation 
free from the three constants : we have 


Hence 


-1 = 

a 


dx 

y-h' 



{x-df-^iy 

- W d 

do? 

{y-if 

{y-hf’ 


\ 

1 

3c® {x — a) 

do? 

y-h 

Ty~W~- 


Jl4. 

I \dx) I da? dx Kjdo?) 


= 0 


.(5). 
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242. In general, if vve have an equation Iwtween x and y 
and n arbitrary constants, ami we difft-rtuitiiito m time.s suc- 
cessively, wo have m+l equations betwes-n which wo can 
eliminate m constants, an<l thi.s will give a result involving 

and inferior differential coeflieients of y. There will 
ax 

also 1)0 n — m constatiis in tlia resulting ecjiiation ; ami ns wo 
can chooso at ph^asurtj the m constants we eliniiiiate^ we can 
form as rmatiy resnlting e(|uatiorw containin|( ?i —m cciiistants, 
as the numher of coinhinations that can be formcfl out of 
n things taken in at a time; that is, 

n{n— 1) ... (n — Tl 

|7a 

Eacli of these resulting equations is callctcl ii diffitrmtial 
eq^iiation of the order^ tlie liigliest differential 

coefficient of y which occurs in it 

When the original equation is diffi^rentiated n times suc- 
cessively, we have n -f- 1 csjuations, lM:?twa::!en which all the 
constants can be eliminated, giving m a diffi!rcfntial equation 
of the order. 


24*h If we ri*eur to the example in Art 2-11, we liavf 
for one of tlie three <liffereiitial cspiatioiis of t!ie first order, 

(jy — J) -h sc a « 0. 

If wo find a from this equation in tciiins of y, h and 
and substitute in the given «*quation, we (ditaiii finotlier 
differential equation of the first ordiir. If wii fimi h in teriiis 
of % y, a, and ^ , and sulistilute in the fivim i*finatiofi, we 
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h = y-¥ 



da? 


a — 


X — 



d‘y 

da? 



m 


It will be found on trial, that if we take any one of the 
differential equations of the first order, and differentiate twice, 
we shall obtain the same result if we eliminate the two 
constants involved in these three equations, as we have 
already found in equation (5) of Art. 241. Also, if w'e 
take my one of the differential equations of the second order, 
differentiate once, and eliminate the constant involved in 
these two equations, we shall still arrive at the equation (5) 
of Art. 241. 


244. The process by which, as in the* preceding Article, 
we may deduce differential equations by differentiation and 
elimination of constants, has not in itself much interest or 
value. But the method of passing from the differential 
equations to the primitive equation from which they were 
deduced, fornia a most important branch of mathematics. In 
fact all investigations in physical science lead to differential 
equations, which must be solved before we can be said to 
understand the subject we are considering. We do not 
enter here on the solution of differential equations, but it 
is usual, in treatises on the Differential Calculus to devote 
some space to the consideration of the^ formation of such 
equations by elimination, as this process throws light on the 
methods to be adopted for their solution. 
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245. Not only constants may be eliminated, but functions 
Suppose, for example. 


then 


y = sin a; ; 


dy 

dx 


= cos a? 


= V(i-y): 

therefore —1 = 0. 

Hence the function sin x has been eliminated. 


Again, let 

y = tan(a? + y); 

therefore ^ = {1 + taa' (a; + 2 /)) |l + ^| 

= (!+/) (l + J)' 

Hence tan (a?4-y) has been eliminated. 

In these examples given functions have been eliminated: 
we proceed to cases in which unknown functions are elimi- 
nated. 


246. Suppose z = ^ 


where (}> denotes some function 


the form of which is not given, and which is therefore called 
an arbitrary function. The variables x and y are supposed 
independent. 


Put - = ^ : then 

y 


^ dz . dz 
^ dx ^ dy ~~ ' 


therefore 
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Hence this last equation is true whatever be the form of 


the function <5f) ; for -example, if ^=log^-j, or ;2;=sin-, or 
fxY' 

z = f - 1 , in each case we have that equation subsisting. 


247. Suppose u = <f> (v), where u and v are known func- 
tions of y, and z, but the form of (/> is not given. The 
variables x and y are supposed independent. If we differen- 
tiate both members of the equation with respect to x and y 
successively, we have 


du du dz 
dx dz dx 


,, f . [dv dv dz' 
^ \dx dz dx 


du du dz 

Therefore, whatever bo the form of 


dv dv^dz 
dy dz dy. 


/du ^du dz\ fdv ^ dv dz\ ^ /du 

\dx dz dx) \dy dz dy) \dy dz dy) \dx dz dx) * 

In other words we have eliminated the arbitrary func- 
tion <j). 


248. Suppose 

2 ). 

two known functions of x, y, z, which enter into an equation. 

F{x, y, z, = 0 (1), 

and ^2 being arbitrary functions. If we form the equations 


dF „ 

dF 


(2), 

dx 

^ =0... 

dy 


dW 

d'^F 

d^F 

(3). 

II 

o 

dxdy~^' 

df 


‘ we introduce the unknown functions 

«#•/(«.), 

• and these, with and <f>foL^, form six quantities to be 
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eliminated between the stjc eqtiation.s (1), (2), Thin 

cannot generally be effected. Proct’ciiing to the equations 


dW 

~da? 


= 0 . 


fF_ 

dj? dy 


= 0 , 


(fF 

dx dy' 


S- 0 , 


ifF 


{^h 


WO shall introdtico only two now nnknown liiiiofioiis, namely 
atid Honco \Vf? can obiaiii hy t.?Ii ini nation an 

equation between z and its pariiai fliftbrential rrioflieifrits with 
riispect to y an<l x of the third orthfr inolusivc.% wliieli will 
ho free from the funetions ^,(^«|) and and their derived 

functimm. Sineo wo have ton injuations and eight quantities 
to be (‘liminaUnl, two roHultiug oi|natiofw ean gonorally Imj 
obtained. 


24.9. We say that generally, in tlie eiwe supposed in the 
prece(ling Arti<dn, wcH.*aanf4 the arhilrary fiinetiong 

fiy proceeding an far m t!m H(,*ccind derivial lapiatinns, Ciweg 
however occur, in whic’h, owing to the forms of a, and this 
elimination am effected ; for irxainple, Biip|Kise 

z ^ ip ay) + p^ {x - ay). 


Hero 


(iz 

(•« + <'}h - (■« - »!/)> 


theraforo 


{x + ay) 4- {x - ay), 

(Pz 

dy* “ ' 

fz . (Fz 
(iy* " ® d^ ‘ 


250. Suppose wo have aa etiuation Isitwoffn three vari- 
ables of the form 


P [x, y, («») 1*0. 

involving n arbitrary jfunctioM <b» 

fumtions a, , o-g, . ..... a, respectively. 
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If we proceed in the manner of Art. 248, and deduce 
from this equation all its derived equations up to those of the 
order inclusive, we shall obtain 


1 + 2 + 3 + 4 + (?7Z + 1 ) 

equations, that is ^ equations. 


The number of unknown functions will be (m + 1) n, . and 
therefore, that we may be able to eliminate the arbitrary 
functions, we must have generally 

greater than (m + 1) n, 

therefore greater than n ; 

therefore m = — 1 at least. 


If the number of equations will be n (2^+ 1), 

and the number of functions to be eliminated, hence, 
there will be generally n resulting equations. 

251. Suppose however that the known functions , a 2 ,...a„, 
are all the mme function ; we shall find that it will be suffi- 
cient to proceed to the derived equations of the order 
inclusive, in order to be able to eliminate the arbitrary func- 
tions. For let 

F {x, y, z, 4>^ (a), (a), (a) } = 0 ; 

differentiate with respect to x and y ; thus 

q- q_ q. — 0 

dx dz dx da \dx dz dx) ' 

dF dF dz dF (da da dz\ _ 

dy dz dy ^ dx \dy dz dyJ 

Eliminate ^ ; thus 
da 

dF dF dz da da dz 
dx dz d^ __ dx^ dz dx 
dF ^ dF dz da _^dadz\ 
dy dz dy dy ~ dz dy 
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This result involves only the same arbitrary functions as 
the original equation, namely, 



it also involves and — ; we may denote ifc by 

{*’ ^ («)> («)} = 0 - 


Differentiate this equation with respect to x and 3 / as 
before; thus we obtain another result which involves only 
the same arbitrary functions as the original equation. By 
continuing the process until we introduce the differential 
coefficients of z of the order, we lind that we have on the 
whole n + 1 equations, from which the n arbitrary functions 
may be eliminated. 


252. Suppose we have two equations of the form 
F[x, y, z, a, ...... <^„(a)} = 0 , 

/H y, a, i>n(x)} = 0, 

where a is an unknoivn function of x, y, and and 
denote arbitrary functions ; and let it be required to eliminate 
a and the arbitrary functions of a. In this case also we shall 
find that it will be sufficient to proceed to the derived equa- 
tions of the order inclusive. 

As in the preceding Article we differentiate the first equa- 
tion and thus obtain 


dF dF dz da d x dz 

dx dz dx __ dx dz d x 

^ 2 a dz 

dy dz dy dy dz dy 


( 1 ). 


But as a is not di, known function the right-hand member of 
( 1 ) is not a known function. But from the second of the 
given equations we obtain in the same manner 

da ^da dz df df dz 
dz dx _ d d^ dz dx 

dy Ty dy dz dy 



( 2 ); 
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so that we can replace the right-hand member of (1) by the 
right-hand member of (2). Hence, as in the preceding Article, 
we obtain a result which we may write 



Differentiate this again and make use of (1) or of (2) ; thus 
we obtain another result involving only the same arbitrary 
quantities. By continuing the process until we introduce the 
differential coefficients of z of the order, we find that we 
have on the whole n -f 2 equations from which we may elimi- ^ 
Date a knd the n arbitrary functions of a. 


253. As an example of the preceding, suppose only one 
arbitrary function <p{p). The given equations become 

/(ar, y, z, a, ^(a)} = 0, 
F[x,y,z,a.,^{a)}=0. 

Differentiate each with respect to x and y. We thus have 
six equations, from which we may ehminate 

“’S’ %’ ^ 


leaving one equation between 

dz 

dx’ 


, dz 

and -T” . 
dy 


254. The conclusions obtained in Arts. 251, 252 are 
due to Dr Salmon ; see his Geometry of Three Dimensions, 
Chapter xil. It had been usual to overestimate the num- 
ber of derived equations which are necessary in order to 
eflfect the elimination in Art. 252. Suppose, for example, there 
are two arbitrary functions so that 

F {x, y, z, ct, (a), (a)} = 0, 

/ y. a> <f>i (a), (a)} = 0 ; 

then it might appear that by forming the derived equations up 
to the second order inclusive, as in Art. 248, wo should obtain 


T. n. c. 


T 
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tivelve equations, but have twelve quantities to elimina 
namely 


djc* dy^ dj? ’ doc dy^ dy^ * 

^/'(«)> ^2 (a). ^2 ^f>/'(a)- 


But the fact is that by adopting the method of Art. 2< 
we have ^/(a) and occurring in such a way that th 

disappear together in our elimination of ^ and ^ . Her 

it happens that we are able to effect the required eliminati 
without proceeding beyond the derived equations of the seco 
order. 


255. In particular cases the elimination may be effect 
without proceeding to so many differentiations as the gene: 
theory indicates. Suppose, for example, that we have thi 
arbitrary functions, we should generally have to form the c 
rived equations of the third order by Art. 252. But if t 
three arbitrary functions are so related, that 

<^>.(“) 

^s(«) 

the given equations take the form 

F {x, y, z, a, <f>^ (a), <j>; (a), 4>" (a) } = 0, 

/ {x, y, z, a, <j>^ (a), (a), <f>" (a) } = 0 ; 

and by proceeding as far as the second derived equations^ *' 
obtain twelve equations and eleven quantities to be eliminah 
namely 

dx ^ d^oL d^a d^a 
dx^ dy* da^ * di/ ^ dxdy* 

Thus we can deduce one resulting equation involving 
y^ z, and partial differential coefficients of z up to those of t 
second order induaive.. 
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256. We will give one case in which more than three 
variables are involved Suppose 

( 1 ), 

in whicli (a, /8) designates an arbitrary function of the two 
quantities a and /3, which are themselyes both known func- 
tions of u, X, y, and^. If we differentiate (1) with respect 
to each of the independent variables y, z, we obtain three 
equations 

dF ^ dF_^ dF_^ 

dx~^’ dy dz~^ 

In these equations, besides the arbitrary function we 

Hence, between 


have its two derived functions ^ and ^ . 

aa dp 


the four equations (1) and (2), we shall be able to eliminate 

the three arbitrary functions, and arrive at an equation in- 

T . dll dio . du 

volvmg ^ , and 


dz' 


EXAMPLES. 

1. Eliminate the constant from 

xy-c^{x-\-y) {c-l). 

Besult (a?® -f it; + 1) “ -I- y + 1 = 0. 

2. Eliminate e* and cos x from 

y — e* cos a; = 0. 

Eesult g-2|^ + 2^ = 0. 

3. If — 2ay — a* — 5 = 0, shew that 

da? dx 

4. If y = ae^ sin nx, shew that 

T 2 
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5. If y = a sin a; -f & cos x, then 

6. Eliminate the exponentials from 

xy = + 5 6“'^. 

Result X ^ ~ 

7. Eliminate the constants from 

y^ + ho(^ = d. 

Result. .; 3 ,g+a,(|)-y| = 0. 

8. Eliminate the constants and exponentials from 

ae^ + le^ =/^ + 

y 

9. If {x + y) (c+ log x) = ice®, then 

10. Eliminate a and h from 

Result a? + 2a? ^ + 2y = 0. 

11. Eliminate the constants from the equation 

1 = ao? -4- ^hxy -f 

BmU. S(3<-*g) + 3^@)‘-0. 

12. If i - 1 = fi\ — shew that 

z X \y xj 

c %dz , ^dz ^ 


EXAMPLES OF ELIMmATlON. 277 

13. If log z = (f) (ay + hx) -f (ay — hx), then 



15. If z=<j) (6® sin y), then sin y ^ = cos y ^ . 

dx^ \di/J dx dy dx dy dy'^ \dx) ~ 


17. li then 

^ \x — mzj 

f .dz , .dz^ 

18. Eliminate the arbitrary functions from 

z=^ xcj) (ax + by) + (ax + by). 

•n 7^ r. T 


19. Eliminate the arbitrary and exponential functions from 

u = (x-\-y) + “-y)‘ 

T7 7^ 2 . « 

liesult ^2 = n + 2?i ^ 

20. Eliminate the circular and logarithmic functions from 


(1) y = sin log Xy (2) y = log sin x. 


Results. (1) aj® ^ + a? ^ + y = 0, 


P)-g+l5 


+ 1=0 
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21. H z = ^^ + <l>(^ + log^'j , then 

dz , odz 8 

22. Eliminate the functions from i/ = ocf[z)+(j>{z). 

Result. The same as in Example 16. 

23. li z + ‘ma + ny=^f[{!c~ay + {y-h)‘+{z-c)‘], then 

d^ dz 

ijf-h-n(z-c)}-£^-{x-a-m(z-c)}-^-=n{x-a)-m{y-b). 

24. If z = x‘ [ax + hy) +<p{!/‘ + x‘) +->fr(y’‘—x’), 

1 d^z 1 d^z 1 dz 1 dz _Sa hx^ 

25. If 2? = ^ {« + /(]/)}> 

d^z dz d^ d^z _ ^ 
dxdy dx dy dx^ 

26. Eliminate the arbitrary functions from 

27. If u + y + z — x'‘f{x{u-y), x{y-z)], then 

du , , . <7m , , , .du 

a=^+(«+^)^ + (“ + ^)^=2' + "- 

m-. Hu = <f>^{^-xz). 


^du . a du ^ . du 


Uz 
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29. H u = xyz.F{f^{a? + 'j^ + z^, f^{xy + xz + yz)}, Hae-Q. 


, .du. .du. .du 


dz 


= u 


f y^z ^ g-a; ^ 00-y \ 

^ X y z )' 


30. Eliminate z from the equations 


dz^ 


= <P (^> y)> 


£y 

dz^ 


= i/r (x, y). 


Besult 2<f> {x, y) = 


iL 

dx 


f(x,y)-4>{x,y) 


dy 

dx 


ii 

dx‘ 


m 


31, Eliminate the arbitrary functions from 



32. Shew how to eliminate the n arbitrary functions from 
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TANGENT AND NOBMAL TO A PLANE CT7BVE. 


257. Definition. Let P, be two points on a curve, 
and suppose a straight line drawn through them; the limit-^ 
ing position of this straight line, as Q moves along the curve 
and approaches indefinitely near to P, is called the tangent 
to the curve at the point P. 



To find the equation to the tangent at a given point of 
a curve. 

Let X, y, be the co-ordinates of the given point P, 
x-t Ax, y + Ay, the co-ordinates of another point Q on the 
curve. 

Then x, y, being current co-ordinates, we have for the 
equation to the straight line FQ, 


y-y 


y-^^y-y 

X + Ax — X 


[x- x). 


that is, 



% 

Ax 


{x — x). 


Now let Q approach indefinitely near to P; the limit of 


r 
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^ is and the equation to the tangent atP is 
Ax dx ^ ° 




258. Definition. The normal to a curve at any point is 
a straight line drawn through that point at right angles to 
the tangent at that point. 

To find the equation to the normal at any point of a curve. 
Since the equation to the tangent at the point {x, y) is 

the equation to the normal at the same point is 

dx 

supposing the axes rectangular. 


259. Let the tangent and normal at the point P meet the 
axis of X at the points T and G respectively ; draw the ordi- 
nate PM j then 

MT is called the svhtangent, 

MG is called the subnormal. 


[Now 

therefore 
MG 


MP 

tangent of PTx 

___ dy ^ 
dx ’ 

MT=^ = v- 

^ y dy' 
dx 


Also jgp = tangent of GPM^ tangent of PTx 


dx' 


therefore 




% 
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la these expressions for the subnormal and subtangent, 
it is to be observed that the subtangent is measured from if 
towards the left, and the subnormal is measured from if 

towards the right If in any curve 2 / ^ is a negative quantity, 

it indicates that G lies to the left of M, and, as in that case 

2/ ^ is also negative, Tlies to the right of if. 
ay 

260. In the equation to the tangent put y = 0, then 

, dx 

dy' 

this therefore is the value of OT. 

Similarly, if we put x = 0, we find 

/ dy 

which gives the ordinate of the point where the tangent 
meets the axis of y. 

261, The length of the perpendicular from the origin on 
the tangent is, by the usual formulse of analytical geometry, 

dy 

^i-y 

7^ 


VFM' 


262. If the equation to a curve be given in the form 
y) = 0, we have, by Art. 177, 


chc 


\dx/ 


Thus the equation to the tangent becomes 
and the equation to the normal becomes 




r 
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X 


The length of the perpendicular on the tangent from the 
origin is, neglecting the sign, 

■\/{(s)’+©} 

263. It is sometimes convenient to determine a curve by 
the two equations 

y = y}r(t), 

SO that cc and y are both functions of a variable t, by elimi- 
nating which between the given equations, a result of the 
usual ioTmy=f[x) may be obtained. With this supposition, 
we have 

dy _ dt 
dx 

dt 

Hence the equation to the tangent becomes 

and the equation to the normal becomes 

^ dx 


(y'-y) 


dt 


> (oj'— a?) 


dt 


In the figure we have supposed the axes rectangular; 
if they are oblique no change is made either in the inves- 
tigation of the equation to the tangent or in the result. But 
the equation to the normal is 


y 


l-f cos 6) 

t f % 


cosa) + 


dx 


where g> is the angle of inclination of the axes. 

264. Example (1). The general equation to a curve of 
^he second order is 

Ay^ + 2j5a?y + Cb* + 22)y 4- 2jEb -f 0. 


f 


2S4< 
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Hence, by Art. 262, the equation to the tangent at the 
point (xy y) is 

iy' — y) {Ay’\‘Bx’Yl>) +(x-x) (Cx+By + E) = 0y 
■which rednces by means of the given equation to 

y {Ay + Bx + D) -\rx { Cx 4- By + E) -4- JDy H- Ex + -F= 0. 

Example (2). Suppose the equation to the curve to be 


y = cteTy 


therefore 




dx c c ' 
and the equation to the tangent becomes 

C/ 

The subtangent MT = ^ = therefore constant in 

dx 

this curve -which is called the logarithmic curve. 

Example (3). The equation to the logarithmic spiral is 
tan~^ ^ i log \J{x^ + y'^n, 

X 


Hence 


x^-\-f 




dy fax -V y ^ 
dx X'-ky^ 


therefore 

and the equation to the tangent is 

^ , kx-^y f , 


\ 


n 


EXAMPLES OF TANGENTS. 285 

Example (4). Suppose that the equation <j> (x, y) = 0, or 
u ~ 0, can be put in the form 

+ ^n_i + ^n-2 "h + = 0, 

where are homogeneous functions of the degree 

n,h—l, respectively; hence 

du ^ dv^ ^ ^ 

dx dx dx ’ 


du. ^ dv^ ^ ^ 

dy dy dy 

and the equation to the tangent is 


(y- 2 /)(' 


ivn . dv,_^ 
dy dy 


+ {x'—x) 


^ dv„_ , 
dx dx 


...) = 0. 


But by the property of homogeneous functions (see 
Example 3 at the end of Chapter VIII.) 


dvn , dv,^ , 


dy 


dx 


(n - 1 ) v„.,. 


Hence the equation to the tangent becomes 

) 

= m;„+ (n-l) , 

or, since v„ + v^i+v^... + v^ + v^ = 0, 



+ V, + + ••• + («- 1) fj + = 0. 
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I 


Example (5). Determine a point in a given curve so that 
the area of the triangle formed by the tangent at that point 
and the co-ordinate axes may be a maximum or a minimum. 


By Art. 260, the area varies as the product of 
dx 




put 




then we require the maximum or minimum value of u. 


It will be found that 



Now, as we shall see ii. Chapter XXI., where ^ = 0, 
the curve has in general a singular point called a ‘point of 

ut/ 

inflection. Where ^ ~ ^ ^ tangent passes through 

the origin and the area in question vanishes. It will be often 
obvious when any particular curve is considered, that nei- 
ther of these exceptional cases can hold. We have then 
dv 

^ + y = 0 as the condition which determines the point 
required. 

When a; ^ -f-y = 0, we have, by Art. 260, 

X = 2x, and y = 2y, 


Hence in general when the area is a maximum or a mini- 
mum the portion of the tangent between the axes is bisected^ 
at the point of contact. It will in general be obvious from 
the figure in the case of any particular curve whether the 
area is a marimum or noinimum. 
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265. If the equation to a curve be given in the form 
F{x,y)-c = Q, 


the equation to the tangent at the point {x, y), will be 
. , .dF., ^ dF . 


•( 1 ); 


and the equation t® the normal 
dx 


ft \ f t \ ^ fo\ 

-^)-dry=^ 


If we consider y, as constant, equation (1) combined 
with F(xyy) — Cy will give the co-ordinates of the points 
where the tangents drawn from the point {pc, y') meet the 
curve represented by F {x,y) = c; and equation (2) combined 
with F (x, y) = c will give the co-ordinates of the points 
where the normals drawn from the point (pc, y') meet the 
curve represented by F {x, y)=o. 

Since the equations (1) and (2) are independent of c, they 
will represent the geometrical loci of the points where the 
curves which we obtain by ascribing different values to c in 
the equation F (x, y) — c, are met by their tangents or their 
normals respectively, which pass through the point (x', y). 
Thus, if we want to draw tangents from the point {x\ y) to 
any one of the curves F (x, y) = c, we must construct the 
curve 

and determine where it intersects the particular curve 
F{x,y) = c which we are considering; join the point or 
points of intersection with the point (x, y) and we have 
the required tangent or tangents. Similarly, we may draw 
normals from [x, y') to any one of the curves F (x, y) = c. 


EXAMPLES. 

1. In the curve y(x — l){x — i)^x-’^, shew that the tan- 
gent is parallel to the axis of x at the points for which 
fir = 3 + ^2, 



f 
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2. In the curve y^=^(x — aY(x — c), shew that the tangent 
is parallel to the axis of x at the point for which 

2c 4- a ’ 

»= — — • 


S. In the curve c(?y^ — the tangent at the origin 

inclined at an angle of 135® to the axis oix. 

4. In the curve a? (aj 4 - y) = a® (x — y), the equation to the 

tangent at the origin is 3/ = cc. 

5. In the curve 05^+3/^ = find the length of the perpen- 

dicular from the origin on the tangent at (a?, y) ; also 
find the length of that part of the tangent which is 
intercepted between the two axes. 

Besults. (1) tj{(ixy)y (^) 

6. If 0?^, y,, he the parts of the axes of x and y intercepted, 

by the tangent at the point [x, y) to the curve 


©‘ 




7. Shew that all the curves represented by the equation 

■ 2 , 


different values being assigned to n, touch each other 
at the point («, 5). 

8. In the curve y'^^aT’^Xt express the equation to the 

tangent in its simplest form ; and determine the value 
of n when the area included between the tangent and 
the co-ordinate axes is constant. • . 

9. If the normal to the curve cc^ 4- make an angle- ^ 

with the axis of x, shew that its equation is 


y cos ^ — a? sin ^ s=r a cos 


r 


i 


I 
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30. Find at what angle the curve y^ = 2ax cuts the curve 
— 3 axy + 3 /^ = 0 . 

Results, The curves meet at the origin ; here the 
first curve has the axis of y for its tangent, and the 
second curve has both the axes for tangents. The 
curves also meet at the point x=^a 'i]2, y = a^4:; and 
here they meet at an angle whose cotangent is ^4. 

o o 

CC ?/ 

11. Tangents are drawn to the ellipse -^ + ^ = 1, and the 

circle (c‘ + y^ — o^= 0, at the points where a common • 
ordinate cuts them: shew that if ^ be the greatest 
inclination of these tangents 

■ ■ X i a-h' 

tan * = „ ,, . 

12. If tangents be drawn from a point Qi, k) to the curve 

whose equation is - 1, an ellipse whose j 

^miaxes are a and h will pass through the 
points of contactJ 

13. Shew that all the ^ints of the curve 2t = Aa{x-\-a sin ^ ^ 

I at which the is parallel to the axis of x lie on 

a certaa|i parabola. 

14. The nornlal to a parabola at any point P is produced 

to meet the directrix at Q, and the tangent at P meets 
the directrix at R : find (1) when QR is a minimum, H 
(2) when the triangle PQR is a minimum. 

Remits. (1) a; = -f , (2) a: = ^ ; where = 4aa: is 
the equation to the parabola. 
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CHAPTER XIX. 

ASYMPTOTES. 


266. Suppose one or more of tlie branches of a curve to 
extend to an infinite distance from the origin, and that at 
successive points of such a branch we draw tangents. Then 
two different cases may exist with respect to the directions of 
these tangents ; they either, as we pass from point to point 
along the curve, approach some definite limit or they do not. 
And with respect to the position of these tangents, two cases 
are possible ; the intercepts cut from the axes of co-ordinates 
either tend to a finite limit or they do not. If the direction 
has a limit, and one or both of the intercepts a limit, there 
exists a straight line towards which the successive tangents 
continually approach. Sucli a straight line is called an 
asymptote to the curve ; hence we have the definition which 
follows. 


267. Definition. An asymptote to a curve is the limit- 
ing position of the tangent when the point of contact moves 
to an infinite distance from the origin. 

To find whether a proposed curve has an asymptote, we 

must first ascertain if ^ has a limiting value as we proceed 
to an infinite distance from the origin. If it has not there is 
generally no asymptote. If ^ has a limiting value, we must 


then ascertain if the intercept on the axis of x, which by 

dx • » 

Art, 260 is x — has a limiting value. Suppose it has, 

^ . . dy 

and let it be denoted by c while denotes the limit' of ^ , 

then y = ya (x — c) is the equation to an Asymptote. 
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268. If ^ increases without limit, and at the same time 
dec 

.-z*— y has a finite limit, we have an asymptote parallel to 

the axis of y. 

’ Also we may have an asymptote when the limit of 
doc 

a; — is infinite, namely in. the case where the limit of 

is zero, and the limit of 2/ ^ ^ which is the intercept 

on the axis of y, is finite. The asymptote is then parallel to 
the axis of x. 


269. We will now take some simple examples. 

(1) The equation to the parabola is 3/®=4aa;; so that 

we have y=±2 \fax] therefore = ± when 

X increases indefinitely the limit of is zero; bat 

y — a; ^ = ± (2 -- V ax) = ± V ax, which has no finite limit. 

Therefore there is no asymptote. 

If 

(2) The equation to the hyperbola is y’^ ; so 

a“ 

that 'we have ^^ = + - V (a;®— 0 “); therefore ^- = + — — ^»r , 
a ^ ' dx a) 

aad x — y^ = x — - — — = — . Heace the limit of ^ when 
ay X X dx 

• • h dx 

X is infinite is ± - , and the limit of x — y is 0. There- 

a" ^ dy 

fore y = ~ a? is the equation to one asymptote ; and y = — - a; 
is the equation to another asymptote. 


(3) Suppose y = ^ -fc to be the equation to a curve, then 

_ dy 2a* , dx . X’-h cix --Vf 

we have = and x-y-j- =37 + — — . 

dx {x — by ^ dy 2 2a* 


t 
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As X approaches b, y and — increase without limit. The 
limit of a? — y ^ is J, and, by Art. 268, there is an asymp- 
tote parallel to the axis of y, having for its equation ic = Z>. 


270. An asymptote may also be defined as a straight line, 
the distance of which from a point in a curve diminishes with- 
out limit as the point in the curve moves to an infinite distance 
from the origin. 

Suppose y — fix ^ 

the equation to a straight line, and 

7/ = + /3 + 'y 

the equation to a curve, then if v diminish without limit as 
X and y increase without limit, the straight line will be an 
asymptote to the curve. For if x, y, be the co-ordinates of 
a point in the curve, the perpendicular distance of that point 
from the straight line is 

y — fjbx V 

and this diminishes "without limit when x and y increase 
without limit. 


271. That the two definitions of an asymptote lead in 
general to the same results may be seen by considering differ- 
ent examples, or by the following proof. Let y = fix ^ + v 
be the equation to a curve, where fM and yS are constants, and 
V diminishes without limit as x and y increase without limit. 
From the given equation 


y 


= + 


jS-f 

X 


Hence /t is the limit of ^ when x and y increase without 

limit. But, by Art. 148, ^ 

dy 

the limit of - == the limit of ~ or ^ • 

X Idx 


t- 


i 
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Also is the limit of 3/ - /4a; ; but /4 = the limit of ^ ; 
therefore in general /3 = the limit oi y—-J- x. Hence the 

Cl/JO 

equation to tlie tangent to the curve at the point [x, y)^ 
which is 

becomes, when x and y are indefinitely increased, 
y = ^a;'+/9; 

that is, the equation to the asymptote found according to the 
first definition is the same as the equation found according to 
the second definition. 

272 . We say in the last Article that in general the limit 
of y - fix = the limit of 3/ - x. Suppose, for example, that 
the equation to a curve is 


therefore 


= + 

X 

X X X 


Hence fi — the limit of - = A, and 

r> . ^ 
y = . 


therefore 


dx ' 

dy ^ 2 a 
x = B-¥-- . 
ax X 


Here 2/ fi^ve the same limit, namely B. 


But suppose y = Ax + i? -f 


a + sm a: 


Here, as before. 


A, 


% 




2H 

Also 

And 
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a + sin 


y — fix = jB + - 


X 


dv . cos a? a + sin x 
-/- = A + li — , 

dx X X 


. dy 2 (a 4- sin x) 

therefore . y — -- c>o^x-\ 


X 


Here we cannot assert that y ■ 


■ fix and y — ^x have 
dx 


the 


same limit : the limit of the former is B, but the latter cannot 
be said to have a limit, on account of the term cos Xy which 
does not tend to any limit as x increases indefinitely. In 
this case the curve 


y — Ax-\-B-\- 


a 4* sin rr 

X 


has an asymptote according to the definition of Art. 270, 
namely, y—Ax + B, but not according to the definition of 
Art. 267. 


The demonstration in Art. 270 might, of course, start 
with the equation x==fiy 4-/3+ v ; so that, should'the asymp- 
tote be parallel to the axis of y, by taking the sebond form 
we avoid having fju infinite. 

273. We have hitherto confined ourselves to rectilinear 
asymptotes; we now extend the definition to curvilinear 
asymptotes. 

Deelnition. When the diflference of the ordinates of two 
curves corresponding to a common abscissa diminishes without 
limit, or the difference of the abscissae corresponding to a 
common ordinate diminishes without limit, as we pass *from 
point tb point along either curve, each curve is said to be an 
asymptote to the other. 

Hence, if the eq[uation to a c-^e can be put in the form 

then ^ == + .. . + 


I 
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is tlie equation to a curve which is an asymptote to the 
former. So also is 

y = ^ . 4- A^^x + A^ 4 — , 

• ^ 

and y = + + A-i« + A + — + ^% 

X X 

and so on. 

Example. Find asymptotes to the curve 

+ ay^ = 0 . 

C(? 

Here y^ — - ; therefore y=± 

As X approaches the value a, both y and ^ increase 

without limit, and = is the equation to a rectilinear 
asymptote. 



Putting y in the form — , and expanding by 

the Binomial Theorem, we have 




8x^' 


5a^ 

16 x^ 


.( 1 ). 


Hence y = + are the equations to two rectilinear 

asymptotes. We may obtain as many curvilinear asynaptotes' 
as we please by making use of the series in (1). For example, 


/ a 3a^\ 

3/ = ±(^+3 + g-j 

are the equations to two asymptotic curves of the second 
order. The student will remember that by Art. 114 we 
may use the Binomial Theorem in the above Example as a 

true arithmetical mpomion when — is less than unity, which 

will certainly be the case when x is increased indefirftely. 


% 
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274. Tlie following method will furnish the rectilinear 
asymptotes with great readiness in many cases. . Suppose 
the equation to a curve, F{x, y) — 0 , to be such that F {x^ 
is the sum of different homogeneous functions of x and 3 /, so 
that the equation, may be put in the form. 

(I) + d) + (I) + - = 0 (1). 

where oi, y, g, are arranged in descending order of magnitude. 
For example, every rational integral algebraical equation 
between x and y can be put in this form. From ( 1 ) we have 



Now in finding an asymptote we must first by Art. 271 
ascertain the limit of ^ when x and y are infinite. If we 
call that limit fi, and suppose it to be finite, we have from (2) 

^ (/i) = 0. 

Let //.j be a value of fju obtained from this equation; we 
have next to find the limit of y — /j^yc. Put y — = /3, 

then from ( 2 ) 



But, by Art. 92, 

since ^ (jj^ = 0. 

Thus (3) becomes 

+ + ....=0.,........(4). 


r 


« 
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In equation (4) let * be supposed to increase iudefinitelj’-, 
then we shall have different results depending on the value 
ofp- 

If p be greater than n -I the value of ^ is infinite, and 
there is no asymptote for the root of the equation 

ig) = 0 . 

If p he equal to n - 1 and 4>' (gj be not 2 ero, the limit of 
/S is - ^ ; and the equation to an asymptote is 

If Jf/ \ • 

^ (/^l) 

If p be less than oi — 1 and cfi' ,be not zero, the limit of 
/3 is 0 and the equation to an asymptote is 

In the last case the equations 

give for determining the asymptotes 

^(|) = 0, ora5>g) = 0; 

hence when the equation to a curve can be exhibited in such 
a form that the sum of a number of homogeneous functions is 
zero, and the degi’oe n of the highest of these functions ex- 
ceeds by more thau^ unity the degree of any of the others, 
all the asymptotes in general pass through the origin and 
may be found by equating to zero the homogeneous function 
of the degree. We say in general because there is the 
limitation that ^ (yaj is not to be zero ; that is, by the theor^^ 
of equations ^ (yu,) = 0 must not have eqnal roots, 

275. We will now consider the case in which is 

zero. 

F irst suppose p equal to n — I, 

' If is not zero yS becomes infinite, and there is no 

asymptote for the root of the equation ^ (/^) = 0. But if 
(/^i) = ^ value of /3 becomes indeterminate.. 
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Suppose in this case q=n — 2, so that equation (3) of 
Art. 274 gives 




/ 9 \ 


/3 


4-...=0. 


Since ^ (/^J = 0 and (ji^ = 0, we have, by Art. 92, 


also 



Substitute these values in the equation above, multiply by 
£c^, and then proceed to the limit, and we have for determining 
the limiting values of /3, the quadratic equation 

f- (/“,) G“i) +% = 0. 


If the values of /S be possible, we thus obtain two parallel 
asymptotes. 

If this quadratic assume an indeterminate form, we may 
proceed in the same manner to form a cubic equation in /3. 

In the case where </>' (yaj is zero and '\|r is not zero, 
there is no rectilinear asymptote for the root of the equation 

(ya) = 0, as we have already stated at the beginning of this 
Article. In this case we may in general obtain a parabolic 
asymptote, as we will now shew. 


By Art. 92, since ^ (yaj = 0, and (jS' (yctj = 0, 


Hence equation (3) of Art. 274 becomes 

^ § f ' ^ ^ t (/^. + f ) + - = 0 ; 

as X increases indefinitely this equation approaches to fne ’ 


form 


2£C*“ a:' 
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Hence wc have a parabolic asymptote determined by the 

equation 

V-Mr-a; I— 

that is, 

Next suppose j3 less than n— I . 

Then since {fjb^ = 0 equation (4) of Art. 274 will not de- 
termine ^ ; and instead of this equation we have ultimately 
in the manner just shewn 

If — ^ = 2, we obtain 

02 2"^ (Mi) 

so that if and </)"(/^,) are of different signs we have two 
possible values of y8, and therefore two parallel asymptotes 
which are equidistant from the origin. 

If n — p IS not equal to 2, we have a curvilinear asymp- 
tote determined by the equation 

KV W 

276. We have assumed in Article 274, that the limit of 
^ is finite; if it be not, the limit of ^ will be zero, and we 

X y 

must examine if there exists an asymptote parallel to the 
axis of y. This can generally be easily ascertained in any 
particular example. Or we may put the given equation in 
the form 




proceed as above. 


277. If a curve be given by an algebraical equation we 
may determine the asymptotes which are parallel to the 
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axis of y thus. AiTange the equation according to powers 
of y ; suppose it to be 

2/"/ («) + («) + (a;) + • • . = 0, 

where a, /?, ... are all positive, then the asymptotes parallel to 
the axis of y will be given by the real roots of the equation • 

/(*)=o. 


Por the equation to the curve may be written 


/(«) + 


T 


r 


■+ 



and it is obvious that this is satisfied by supposing y = oo and 
y (a?) = 0 ; and that vrhen y is co no other value of x except 
those derived from f {x) = 0 will satisfy it. Hence the asymp- 
totes parallel to the axis of y are found hy equating to zero the 
coefficient of the highest power ofy in the equation to the curve. 

Similarly the asymptotes parallel to the axis of x may be 
found by equating to zero the coefficient of the highest power 
of 00 in the equation to the curve. 

When a curve is given by a rational integral algebraical 
equation, it will be convenient to determine by the preceding 
method the asymptotes parallel to the axes, and then proceed 
for the other asymptotes according to the following rule; we 
suppose the equation of the degree. Substitute for y in 
the given equation [jux-^ ^ and arrange the terms of the equa- 
tion according to powers of x. Equate to zero the coefficient 
of x "" ; this will give an equation for determining yu ; suppose 
one of the real values of /4. Then examine the coefficient of 
and give to yu ii it occurs in this coefficient the value 
If we can determine /9 so as to make this coefficient vanish, 
then y — fjL^x + ^ will be the equation to an asymptote ; if the 
coefficient cannot be made to vanish there is no corresponding 
asytnptote. If the coefficient vanishes whatever be the value 
of )Q, then put the coefficient of equal to zero, substituting 

for /L6 in it ; we shall thus have generally a quadratic equa- 
tion to determine the values of /3, and if these values are 
we obtain two parallel asymptotes. If the coefficient of a?**"® 
vanishes, whatever he the value of ft we must equate to zero 
the coefficient of xT^ and so on. 
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This rule can be easily shewn to agree with Arts. 274 
and 275. Equation (1) of Art. 274, may be supposed the 
equation to the curve in which n is an integer, p = n-l, 

n=n-2, Then if we put for y, and arrange 

the terms according to powers of x, we shall obtain the ex- 
pres-sion 


Thus by equating to 2 ero the coefficient of a;” we arrive at 
the equation for determining ^ given in Art. 274. Then by 
equating to zero the coefficient of a; we shall obtain the 
same value of ^ as that found in Art. 274; or if the coeffi- 
cient of x"''- vanishes, whatever y8 may be, then by equating 
to zero the coefficient of we arrive at the quadratic equa- 
tion given in Art. 275. 

Example (1). t/" -h x’ - 3axy = 0. 

Put /J-x + ^ for y, then 

(yu.x +^y-tx^—Zax (yUX + yS) =0; 

therefore (ya’ -f 1 ) x* -h 3x* — ay) -f Mx -1- N= 0. 

Hence, (^" + 1 = 0, 

/i'/3 — ay — (), 

are the equations from which y and /3 are to be found ; they 
give y=—l, y3 = — a; therefore 

y = — x — a 

is the equation to an asymptote. 

Example (2). x* (x + y) = (x — y). 

Put yux -H /3 for y, then 

x’(x + /ix q- ;S) = a* (x — yux - )S) ; 

• tfigiie fore x’ (1 -1- yn) -f- ^x’ — xa® (1 — /i) -f = 0. 

Hence, H-/i = 0 and ^ = 0; , 

therefore y * — ® is the equation to an asymptote. 




I. 
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Example (3) . (y — ic) (y — cc + 3 a) + 4ta^x — = 0. 

Here the term containing the highest power of y is xy^- 
thus x = 0 gives one asymptote, namely the axis of y- Simi- 
larly, the term containing the highest power of n; is 
therefore y = 0 gives one asymptote, namely the axis of 
Then put yaa; 4- )§ for y, and we obtain the expression 

a; (ya? + /3) {(yu, - 1) cc + /?} {(yet — 1) cr + 3a + /3} + 4.ax — a\ 
Arranging this according to powers of x, we have 
irV (ya ~ 1)" + 0?* (/^ - 1) {3/xa + (Sya - 1) yS} 

4“ (x? (3/a — 2) -h 3^/3 (2 /a. — 1)1+... 

Put /A (/A — 1)^ = 0 ; we have then /a = 0, or /a = 1 ; the 
former value of /a will lead to the asymptote coinciding with 
the axis of x which we have already found. The value ytA = l 
makes the coefficient of a?® in the above expression vanish ; 
we therefore equate to zero the coefficient of oi?, putting /a = 1 
in it. We thus obtain yS®+ 3ay8 = 0 ; hence, /3 = 0, or /3 = — 3a. 
•Therefore we have for the equations to asymptotes y == a?, and 
y = cc — 3a. 

It will be observed that the conclusions of this Chapter all 
hold whether the axes be rectangular or oblique. 


EXAMPLES. 

Find the asymptotes of the following curves : 

1. y® (a? — 2a) = a?® — a®. Mesult x = 2a; y = ± {x + a), 

2a 

2. y^ = a?i^2a-x). Result y = — . 

3. y {(^ + 9 ^) = {a -x). Result, y = 0. 

4. y^ [ay + hx) = ay + JV. Result. y= — -^x + tia. 

5. 2/® = (a; - a)® (x — c). Result. y = x—\ (2a 

6. ayy^-\-yx' = dr Result x=0; y-0 ; y^-x. 

7. 9^y* = a’ (cc* — Result. y =? ± a. 
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8. = (a + 3^) (x^ + 2 /®). 

BesuK. y=±(^^-^-^)anda: = -2. 

9. (x + a) y^= (y + J) x\ 

JResult. x-{’a=^0, y -\-l) — 0, y = x -^-h a. 

10. (y — 2x) (y^ — — a (y — a;)- -j- 4a® (a; 4- y) = 

y = a?, y + a; = y - 2r = ~ . 

11. y® (a; — y)® + dx^ (a; ~ y) — 3a®y® — = 0. 

HbsuIl y ~ X -\- -t (l i \/13). 

M 

12. X (x® — a®) ~~ 2y (y® ~ a®) = Say® + 

Result. 2y — Xy y + x — a = 0j y + a; + a = 0. 

13. a;®(a: - y)® — <x® (a;® 4- y®) = 0. 

Result. x=^±ay y=^x±a \/2. 

14. (y — xf {pc? — a®) = 

15. y® — 3y®a; 4- 4a;^ 4- ay^ 4- axy — Goa?® + 26®a? ~ 6®y 4- o® = 0. 

16*. If a cuiTe of the third degree be refen-ed to two asymp- 
totes as axes, shew that its equation will be of the form 

xy {ax 4- 6y 4“ c) -f a a; 4- h'y 4- c' = 0, 

and that the equation to the third asymptote will be 

aa; 4- Sy 4- c = 0. 


( 804< ) 


CHAPTER XX. 


TANGENTS AND ASYMPTOTES OF CURVES REFERRED TO 
POLAR CO-ORDINATES. 


278. If we liave the equation to a curve expressed in 
terms of x and we may transform it to one between polar 
co-ordinates by assuming cos 6 and = r sin 6. Thus 
r becomes a function of 6, and the equation to a curve in polar 
^ co-ordinates takes the form r=f{d), or F (r, 6) = 0. In this 
case the curve is called ^ polar ciirve or spiral; r is called the 
radius vector and 6 the vectorial angle. 

The angle ('v/r) which the tangent to a curve makes with the 
axis of X is given by the equation 

tan-f = ^, (Art. 257). 


Hence, by Art. 201, 




sin0^-hr COS0 
dd 


cos0^ — rsin 6 


279 . Expression for the angle included between the radius 
vector at any point of a curve, and the tangent to the curve at 
that point 



Let Pbe a point In a curve, the polar co-ordinates of which 
are r and 6, 8 being the pole. 


POLAR FORMULiE. 
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Let Q be anotlier point, the co-ordinates of which are 
r + Ar, and 6 -I- A^. 

Draw PL perpendicular to SQ, then 
PL = r sin A^, 

LQ = r-pAr — r cos A^ ; 

therefore tanZQP= , 5 ^ . 

r +• Ar — r cos Ad 


Let Q move along the curve to P; the limiting position 
of QP is by definition the tangent to the curve at P; let this 
be PT. The limit of the angle L QP will be the angle SPl'; 
call this angle <p, then 

tan ^ = the limit of ^ 

^ r + Ar — r cos A6/ 


when Ad and Ar are indefinitely diminished, 
r sin A9 


Now 


r sin Ad 
~A9~' 


r + Ar — r cos A6 


• 

2rsm*— . 

2 Ar 

A^ ^ Ad 


The limit of is 1. 

Ad 


The limit of ~ is denoted by ^ . 

Ad ^ dd 


2 sin^ 


Ad 


The limit of • 


A6^ 


Ad 

'Y , , . Ad . 

, that IS, of ■ " sin — , is zero. 
' 'Ad 2 ’ 


2 


Therefore 


dd 


tan ^ =r r ^ , 


T.D.a 


X 


S06 


EQUATION TO TANGENT. 


280. The result of the last Article may also be obtained 
thus : 

smd cos a 

tan FTx=^ , (Art. 27S), 

cos^^ — rsiii0 

< F8x = 0 ; therefore 


tan SFT= 


• . a 

sm. 0-73 + r cos u 
a0 

^dr Z 

cos ^ ^ ^ 


— tan0 


. . tan 6 (sinO r cos 0 j 


^ = r ^ by reduction. 


1 + 


V 


cos 0 ^ - r sin 0 



Let 8F= r, FSx = 0, be the polar co-ordinates of the point 
of contact. 

Let 8Q = r', Q8x = 0\ be the polar co-ordinates of a point 
Q in the tangent line. ^ From the triangle SPQ, ^^ have, 
putting 8FQ = 

r s in sin ^ 4-^) 

r ' sin vSP^^ sin ^ 

±= sin {0—0') cot <}) + cos {0 — 0 ) . 

But tan ^ = r 

!^=*-"^sin(0 — 5') +c08 {0 — ff) 
r r „ 


therefore 


equation to NOBIffAlL. 
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This result may be written, 
^,d 


, 5{xi{0 - ff) = ( 2 ). 

Ifwe puti = M, and-, = M' then 
r 

\ dr ^du 
d6 dd * 

Hence, dividing both sides of (1) by r, we obtain 
u = u cos {6 - ^0 - ^ sin {0 - 0’), 


or 


d0' 

u' =u cos [ff —^)+^ sin {ff — 0). 


V 282. To find the polar equation to the normal at any point 
a curve. ^ 


Let 


SP=r, PSx=0, 
SN=r', NSx = 0', 


JSF being any point in the normal ; then 

SP _ sin 8NP sin 0 + 1 - ^ 


SN sin BPN'' 


Sin 


therefore = sin [6' — 6) tan ^ + cos {9' — 6) 

rde 


= sin {ff ~ 6) + cos {9' ~ 6) 


This may be written 
, d 


dr 


r^rcos(0-^')=r^. 


be transformed into 


v! =zu cos {ff -- 0) — {O' — 9). 


X 2 
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POLAE SUBTANGENT. 


283. The polar equations in Arts. 281 and 282, may also 
be derived from the rectangular equations to the tangent 
and normal of Arts. 257 and 258, by transforming these to 

polar co-ordinates, using the value of ^ given in Art. 278. 

284. From jS draw SY perpendicular to the tangent JPT; 
then 



>S'r=rsin5'Pr= 


r tan SFT 


Hence, if SY=j?, we have 
1 

p- r' r 


V(H-tan^/SPT)' 


1.1 42 aovT 1 , 1 

+ 7 2 SPT— ^2 -f ^4 j 




fduY 1 

if w == - . 
r 


/&Y 

[W 


285. From 8 draw /ST at right angles to the radius vector 
8F, then ST is called the polar subtmgent; its value is 

r tan 8PT, that is r* 

dr 


286. Since an asymptote is a tangent which remains at 
a finite distance from the origin when the point of contact 

moves off to an infinite distance, if a polar curve has ^n 

asymptote, SP or r must be infinite while SP remains finite. 
Hence to determine the asymptotes to a polar curve, w’e must 
first find those values of if any, which make r infinite. 
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Suppose a such a value of if for this value of 6 the polar 
subtangent is infinite^ there is no corresponding asymp- 
tote. If he finite there is an asymptote which may be 

constructed thus : conceive a straight line drawn from 8 at 
an angle a to the initial line ; draw from 8 a second straight 

dO 

line at right angles to the first, to the right of it, if ^ he 

dO 

positive, and to the left of it, if ^ be negative, and equal 




in length to ; through the end of this second straight 

line draw a straight line parallel to the first, and it will be 
the required asymptote. 

The terms right and left in the above rule are to be under- 
stood with respect to the straight line first drawn, the eye 
being supposed to look along that line from 8. The reason 
of the rule must be collected from the figure of Art. 284 and 
the general principle of the interpretation of signs; that 

figure makes r increase with 9, and therefore r^ ^ is positive. 

If we draw a figure in which r diminishes when 9 increases, 
dv 

so that ^ and the polar subtangent are negative, we shall 
find that 8 T falls to the left of 8P. 

287. Example. r = . 

Btere r is infinite when 9 is any multiple of tt. 

dr _ a (sin 6 — 9 cos ff) 

Te 

o d6 ; 


Also 

therefore 


dr Bm9—6cosd' 


IS 


Hence, when sin 0 = 0, the value of the polar subtangent 
a9 

008 9 * 

When 6 =-7r, the polar subtangent = a7r. 
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POLAR rORMXJLJ2. EXAMPLES. 


Wlien Q = 27r, the polar snbtangent = — 2a7r, 
and generally Tvhen 6=n7r, the polar subtangent = (— 

To draw the first asymptote, for which ^ = tt, the eye must 
be supposed to look from S along the direction opposite to 
8xy and then measure from 8 at right angles to 8x and 
towards the right, a straight line in length air ; a straight , 
line drawn parallel to the initial line and at a distance anr 
from it is the required asymptote. 

To draw the second asymptote, for which d = 27r, the eye 
must be supposed to look along 8x, and then measure to the 
left (since the subtangent is negative) a length 2a7r. Hence 
the asymptote is parallel to the initial line at a distance 2a7r 
from it, and above the initial line. 

Proceeding in this way we find an infinite number of 
asymptotes parallel and equidistant, and all above 8x. 

If we ascribe to 9 negative values, we shall in like manner 
obtain a series of asymptotes all parallel to Sx, and equi- 
distant, lying below 8x, 


EXAMPLES. 

1. In the curve r == a sin 0, shew that ^^6. 

2. Determine the points in the curve r = a(l4“COS0) at 

which the tangent is parallel to the initial line. 

3. Shew that in the curve r9 = a the polar subtangent is 

of constant length. 

4. In the curve r = ah, the length of the polar 

subtangent is ^ . 

ae® — ber^ 

5. In any conic se^on, the focus being the pole, the locus 

of the e:^remities of the polar subtangents is a straight 
line at right angles to the axis major. 

6. Find the angle between the radius vector and tan goDf . 

at any point of an ellipse, (1) the focus being the pole, , 
(2) the centre being the pole. Determine in each case 
when the angle* is a maximum. 
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0 0 

7. If r = a (1 — cos 0), then = p = 2a sin’ - , and the 

2 2 

0 0 

polar snbtangent = 2a sin^ - tan - . 

2 2 

2 

8. If cos 20 = shew that sin ^ ^ . 


9. If cos 20, shew that ^ ~ + 20. 


0 

10. If r~asec®~^ shew that the locus of F is a parabola. 

See the figure in Art. 284. 

11. If r = a (1 + 008 0), shew that the locus of F is deter- 

[‘ 0 \® 

mined by r = 2a (cos ~ 1 . 

12. If = a® cos 20, shew that the locus of F is determined 

by r’ = a’ (cos j) . . v 

13. Shew that the curve r cos 0 = a cos 20 has an asymptote 

having for its equation r cos 0 = — a. 

14. Shew that the curve (r — a) sin 0 = & has an asymptote 

having for its equation r sin 0 = 5. 

15. Determine the asymptotes of the curve r cos 20 = a. 

16. Determine the asymptotes of the curve 

r sin 40 = a sin 30. 
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CHAPTER XXL ^ 

CONCAVITY AND CONVEXITY. 

288. The terms 'concave’ and 'convex’ are commonly not 
defined in works on the Differential Calculus, but are used 
in their ordinary sense. The following definition however 
has been given : "A curve is said to be concave at one of its 
points with respect to a given straight line, when in passing 
from that point its two branches are initially included within 
the acute angle formed by the given straight line and the 
tangent to the curve at that point. When, on the contrary, 
the two branches are initially outside this angle, the curve is 
said to be convex at this point with respect to the straight 
line,” 

289. To find a test sf the convexity or conca/vity of a 
curve. 

Let P be a pointy in a curve whose co-ordinates are cc, y. 




Draw the tangent at P; then if at the point P the curve he 
convex to the axis of x, the ordinates of the curve cor- 
responding to the abscissae x±h must be greater than the 
corresponding ordinates of the tangent at P, when h has any 
value contained between some finite limit and zero : if 
curve be comcme, the ordinates of the curve must be less than 
the ordinates of thec'tan’gent. This may be deduced from the 
defimtion of Art, 288 ; or if we omit that definition it mnst 
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still be taken as a consequence of the meaning of the terms 
concave and convex. 

Let denote the ordinate of the curve corresponding 
to the abscissa a?+A, and the corresponding ordinate to 
the tangent at P. If y = ^ {x) be the equation to the curve, 
we have 

— ^ ip) + Ti<t>{pc) + ~ <j>" {x + Oh). 


And since the equation to the tangent at P is 
we have 

y,^^(x') + hcj>'{x) ; 

therefore 2/i y 2 = ^ • 


This, if we take h small enough, will have the same sign 
as<^"(cc); and therefore the curve is convex to the axis of 
X if* (i>'{x) be positive, and concave if (j>" (x) be negative. 


We have supposed in the figures that the curve is above the 
axis of X. If it be below the axis of x, then — and — y^^ are 
the numerical values of the ordinates, and the curve is convex 
if — y, + y^ be positive, that is, if <f>" (x) be negative, and con- 
cave if \x) be positive. 


Both cases may be included in one enunciation, thu^, ''A 

^2 

curve is convex or concave to the axis of x according as y 
is positive or negative.” 


290. Definition. A point of inflexion is a point at 
which a curve cuts its tangent at that point. 

To find the conditions for the existence of a point of 
inflexion. Let y = <f>{x) be the equation to a curve ; let 
a?,"y, be the co-ordinates of a point in a curve, and x-^h, y,, 
the co-ordinates of an adjacent point. JLet the tangent of 
the curve at the point (x, y) be drawn, and let y^ be the 
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ordinate of tHs tangent corresponding to the abscissa a: + A. 
Then 

=^(x)+ h(f>' (x) + ^ (f>" {x + 6h), 

yi=^{oo) + Jij>{x)‘, 

therefore Vi — Vi + 6K). 

Jd 

Hence, if be not zero, the sign of y. — y^ will, if 

h be small enough, be the same as that of </>' (*)/ whether 
h be positive or negative, and the curve cannot cut its 
tangent. Therefore if there be a point of inflexion, we must 
have (j>' (x) = 0. Suppose this condition satisfied, then 

and this expression changes its sign when h does, provided 
be not zero. If ^"'(x) be zero, it may be shewn that 
<j)'" (x) must also vanish ; and generally if for a certain value 
of X several of the successive differential coefficients of y 
vanish, beginning with the second, there is a point of in- 
flexion if the first differential coefficient that does not vanish 
is of an odd order. 5 


dry . ‘ . 

Since generally at a point of inflexion ^ vanishes whiM 

^ is finite, changes its sign. For ^ is the diffe- 

• d^y d^y 

rential coefficient of ; therefore, by Art. 89, if ^ be 

pbsitive ^ increases with x, and if ^ be negative ^ 

decreases as x increases. Hence must pass from negative 

to positive if ^ be positive, and from positive to negatim if— 

^ be negative. 


CONCAVITY AND CONVEXITY. 


315 



291. In the above figure P, Q, P, are points of inflexion 
for the curves passing through them. At P there is a change 
from concavity to convexity with respect to the axis of x» 
At Q there is a point of inflexion, but the curve on both 
sides of Q is convex to the axis of x. This agrees with 

d^ii 

Art. 289 ; since, if y and both change sign, no change 

occurs in the sign of their product. At R we have a point 
• • d'ti 

of inflexion at which is infinite and therefore also 

dx dx 

is infinite by Art. 113, a case which the investigation in 
Art. 290 does not include. We should therefore in any 
d*v 

example ascertain if can become infinite, and if so we 

must examine that case specially. We may trace the curve 
ill the neighbourhood of that point, or we may examine the 

sign of ^ for values of x differing slightly from that which 

gives rise to the infinite value, and tlius determine if the curve 
is concave or convex near the point in question. 

If we consider y as the independent variable, we may shew 
in the manner of the preceding Articles, that a curve is convex 

d^x 

or concave to the axis of y, according as x is positive or 

d^x ^ 

negative, and that at a point of inflexion ^ must vanish and 
change its sign. This is often useful in cases in which 
becomes infinite. 

d^y . 

292. The connexion between and the concavity or 
convexity of a curve, may also be shewn thus. 
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Let jPL, QM, JIN', be three equidistant ordinates. Dra^* 
the chord PH meeting QM at IL 
Let y = </> (^) be the equation to the 
curve; so, y, the co-ordinates of P; 

LM = MN— h. If the curve be con- 
cave to the axis of sc, QM is greater 
than HM) and therefore 2QM 
greater than ^HM, that is, greater 
than PL + RN, Hence 



<f) {x-\- 2h) — 2(f) {x -hh) + (l> (x) is negative, 
and therefore also — — - — ^ is negative. 

Let h diminish indefinitely, and it follows by Art. 127, 
that {x) is negative. Similarly, if the curve be convex 
to the axis of x, then (f)"(x) is positive. 


293. We will briefly indicate another method by 'which 
the results of this Chapter are sometimes obtained. It is either 
deduced from some definition of concavity and convexity, or 
given as the definition of those words, that y being supposed 

positive, a curve is convex to the axis of cc, if ^ be increasing, 
that is, if be positive, and concave if ^ be decreasing, that 
is, if be negative. 


Also a point of inflexion may be defined as a point where 
the curve changes from being concave to being convex, or 

vice versa. Hence must change sign at a point of inflexion. 


A point of inflexion may also be defined as a point at 
which the inclination of the tangent to the axis has a maxi- 
mum or minimum value. Since when this angle has a maxi- 
mum or minimum value, so also has its tangent, we must 

have a maximum or minimum at a point of infle:^n.^ 
Hence must change sign. 
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294. A curve referred to polar co-ordinates is said to be 
concave or convex to the pole at any point, according as the 
curve in the neighbourhood of that point does, or does not, lie 
on the same side of the tangent as the pole. 

If p he the perpendicular from the pole on the tangent at 
a point whose co-ordinates are r, 6^ it will be seen from a 
figure, that if the curve be concave to the pole, p increases if 

T increases, and decreases if r decreases ; hence ^ must be 

dr 

positive. Similarly if the curve be convex to the pole ^ must 


be negative. Thus at a point of inflexion ^ must change 


295. Since 

\ = ) , Art. 284, 

_p \d6l ’ 

therefore 

1 dp / d\\ du 

therefore 

1! 

1 

But 

(1 

II 

I 

^1- 



Hence, at a point of inflexion we must have generally 
u + ^2 changing its sign. 


EXAMPLES. 


1. If y = there is a point of inflexion at the origin, 

a “T“ x 

and also when x ± a 

2. If y = - 7 , there is a point of inflexion when 

a{x—a) ^ 

a; = - a [^2 - 1). 
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4 . 

5 . 

6 . 

7 . 

8 . 

9 . 


10 . 


11 . 

12 . 


13 . 


If y (a*— h*)=x{x — a)* — xV, there is a point of infl 
when a; = — . Is there a point of inflexion 
x = a'i 



there is a point of inflexion 


there is a point of inflexion 


X = 


If — logy, there is a point of inflexion when 
If — x^y — d^y = 0, there is a point of inflexion 


a; = + 


- ' 

^ \J a point of inflexion 


a 

^ = 2 * 


If xy = log - , there is a point of inflexion 
X = ae-. 

Find the point of inflexion oii the curve, 

{y — 2 ll{ci^x)Y = 4aa?. Result a? = 

If y {x^ + a^) = (a — a?), there are three points 
flexion which lie on a straight line. 

dd^ 

If r = gF;3Y ^ ^ point of inflexion when r 

If r = & . 0”, there is a point of inflexion when 

n 

r=^h{—n{n+ 1)}1 

If a? = a (1 — cos <}>), and y = a {n^ + sin <^), then 
point of inflexion when cos ^ ~ ~ • 


14 . 
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CHAPTER XXII. 

SINGULAR POINTS. 

296. Under the common title of ‘‘ Singular Points ” are > 
included all those points on a curve which offer any sin- 
gularity depending on the curve itself and independent of 
the position of the co-ordinate axes. We proceed to define 
the different singular points and to investigate the conditions 
of their existence. 


Points of Inflexion, 

297. These points have been considered in Arts. 288 . . .295 ; 
the condition for their existence is that should change 


( 1 )- 


Multiple Points, 

298. Definition. A multiple point is a point through 
which two or more branches of a curve pass. 

Let ^ {Xf y) = 0 be an equation in a rational form ; by 
Art. 177 



dx~ dy dx 

Now since two or more branches of a curve pass 
through a multiple point, it will be possible to draw more 

than one tangent to the curve at that point ; hence ^ must 

ad^it of more than one value. But since the equation 

(j} (a?, y)=0 is supposed rational, ^ and ^ will each have 

but one value for the given values of x and y. Hence from 


320 


MTJLTIPLE POINTS. 


equation (1) it follows that cannot have more than one 
value unless both 


dx 


and ^ = 0. 
dy 


These then are the conditions for the existence of a mul- 
tiple point. If values of x and y can be found which satisfy 
these equations and the equation to the curve, then for such 
values of x and y we have, by Art. 181, 


^ cZ;/ ^ d^cj> fdy 

dx dy dx dy^ \dx, 


dx^ 


= 0. 


( 2 ). 




From this quadratic equation we can find two values of ^ , 

and thus determine two tangents which can be drawn through 
the multiple point. In this case the multiple point is called 
a double point. 

If the above equation assumes an indeterminate form by 
the TanishiDg of and 

X and y under consideration, we have, by Art, 184, 


for the values of 


^ ^ /'!%Y= 0 

dx^ dj? dy dxdy^\dx) dy^ \dx) ^ ' 

This cubic equation gives three values of ; if they are 

all real, three tangents to the curve pass through the point 
under consideration ; the point is then called a triple point. 

If the equation (3) assumes an indeterminate form by the 

vanishing of the coefficients of the different powers of , we 
must proceed to the fourth derived equation from </) {x, y) = 0, 
and we thus obtain a biquadratic equation for determining 

299. If 'the two values of ^ furnished by equation (2) of 

Art. 298 are equal, the two branches which pass through the 
point in question have a common tangent at that pomt. 
In this case, howeyer, the method by which we have arrived 
at equation (2) is not satisfactory, because in obtaining it we 
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have assumed ^ to have more than one value. 
ax 


But as in 


this case two different branches of the curve pass through 
the same point, there will generally be two different values 

of l3y Art. 181, 


da? 


j dj/ ^d‘^4> 

' dx dy ~dx dy^ 




dy da? 


and since (jb (a;, y) is rational, each of the differential coefficients 
of (f) has only one value ; hence if — be different from zero 


ifK can have only one value. But, by supposition has 
dx- d6 . 

more than one value ; therefore condition that 

must hold at the point where two branches touch. Since 

^ = 0, it follows from (1) of Art. 298 that ^ also == 0. 

d?'\f 

If shoxxld have two equal values, then the reasoning 
dx d?y 

of this Article may be applied to ^ and the third derived 

equation of and the same result as before may 

be deduced. 

du 

Points where two or more values of ^ are equal are 

called '' Points of Osculation.’' 

300. Example. Let y'^ — (1 — x^) = 0. 

Here ^ = -£^ = -2x{l-x^+2z\ 

Hence a? =0, y = 0y are the co-ordinates of a point which 
may be a double point. Equation (2) of Art. 298 becomes 

thwefore ^ = ± 1; ^.nd there is a double point. 

We may in this case put the given equ,a,tion in the form 

y = ±a;v'(l-^)> 

T. D. C. Y 
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and from this we see that for values of x comprised between o 
and 1, both positive and negative, is possible, and that 
there are two values of y for every value of x. When a; = o 
the two values of y become equal ; but since 




dx 


= ± T 


_ X‘‘ 


V(1- 


dy 


we see that when a; = 0 there are two values of . Hence, 

instead of clearing an equation of radicals so as to bring 
it into a rational form, and then applying the method of 
Art. 298, we may often detect a multiple point more easily 
by observing what values of x make one of the radicals in the 
value of y vanish, 

Cicsps. 

801. Definition. A cusp is a point of a curve at which 
■ two branches meet a common tangent and stop at that point. 
If the two branches lie on opposite sides of the common 
tangent, the cusp is said to be of the first species ; if on the 
i,ame side, the cusp is said to be of the second species. 

Since a cusp is really a multiple point, if a cusp exist in 
the curve ^ (a?, y) = 0 at any point, we must have 


dcj) __ 


dx 


= 0, and 


d(j> __ 
dy 


0 , 


at that point. To distinguish a cusp from an ordinaiy mul- 
tiple point, we must trace the curve in the vicinity of the 
point in question. 

Q 

a 


Example. Let (py ~ hxY 


.( 1 ). 


ab 


Here when a: = a and y = -~ we have the equation to the 


curve satisfied and also 
d(f> 


= 0, and = 0. 


ax dy 

Putting the given equation in the form 


•(2)» 
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we see that y.is impossible so long as x is less than a, and 
that when x is greater than a there are two values of y for 
every value of x. When a the radical in y vanishes, 
and the two values of y become equal; at the same time 

^ has only one value, namely ^ . Hence there is a cusp. 

In the figure, A represents the cusp ; the straight line OA 
"hx 

has for its equation y = — ; and 





since of the two values of y. given 
by equation (2), one is greater and 
l)x 

the other less than — , it is obvious 
c 

that the two branches lie on op- 
posite sides of OA, and the cusp 
at A is of the first species. Generally the cusp is of the first 

species if the two values of indefinitely near to the point 

are of contrary signs, and of the second species if they are of 
the same sign. 

Cusps of the first species have been called '^keratoid cusps,” 
and of the second '' rhamphoid cusps.” 

Corrugate Points, 

302. Definition. A conjugate point is an isolated point 
the co-ordinates of which satisfy the equation to the curve. 
For example, let 


Here the values 0, y = 0, satisfy the equation to the curve, 
but no branch of the curve passes through the point thus 
determined, y being impossible for all other values of x com- 
prised between — a and a. Hence the origin of co-ordinates 
is a conjugate point in this curve. 

In the above example, since 


a 

we find that the value of — is impossible when a? = 0 ; hut ^ 
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may te possible at a conjugate point ; for example, suppose 

Lh 

Here, when x = 0, we have ^ ^ 5 origin is a con- 

jugate point, since aj = 0, y = 0, satisfy the equation, and ?/ 
is impossible for all other values of x between — a and a. In 

like manner or any number of the differential coefficients 

of y may be possible at a conjugate point, but they cannot be 
all possible, for if they were we should have nothing to dis- 
tinguish the point in question from an ordinary point of the 
curve. 

To find the condition for the existence of a conjugate point 
Since at a conjugate point the values of the differential 
coefficients of y cannot be all possible, let the differential 
coefficient of y be the first that is impossible. Suppose the 
equation to the curve to be put in a rational form, and 
denoted by (rr, y) = 0. Take the derived equation; we 
have 


d<p dl'y 
dy dod 


.n • * 




where the terms not written down contain differential coeffi- 
cients of ^ with respect to x and y, and also differential 
coefficients of y with respect to x of orders inferior to the r!^. 

If then ^ be not zero the value of ^ furnished by the 
dy dx^ ^ 

above equation will be possible ; hence ^ = 0 is a necessary 

condition for the existence of a conjugate point ; but 
d<f> ^d(f> dy 
dx dy dx 

dx 


= 0 , 


therefore also 


= 0 . 


303. It appears from the preceding Articles that if 
(x, 2^)=0 be the equation to a curve, we must have at 



KISfiTTI.AU POINTS. 


325 


all nr.linary ixultijtli* jmiut,, at, a cusp, and at a conjugate 

f 

, • 0, and / =! 0, 

(11/ 

3 f w!ii^ri^*vi'*r wi* hnvf* funtitl vahif'H of x and y wliicli 
,v;iti'sfy tlirro wf* inti.Ht, by examining the 

I'f^trlieiilar riirv**. .111*1 traoing it in the vicinity of the point 
in f|ne.’^'l 1**10 <jf mngnlar point existe. 

Wi‘ riHW pas-H lu N.ifiif* ethf-r ningtilar pointH which occur 
bifit randy, ari*l h.h tin* Htiirii-nt will find by experience, never 
jrreHffit l!H’!nH»'!v».‘:d in eiirvi-H ibi*. etjuaiions to which are of an 
(i S*'*‘ Art. ti. 

d*urrrL 


A puint iTfur^'t li a point at which a Hinglo branch 

of a curve nt».t|r'C 

Example. L»-f 1/ :■ .rhigr, 

Iffri! %v}icri X ■ • t* wc have yrsO; but if X be negative, y 
i III 14*1 ib-nc'*! the origin iH ti point d'arrdt 

J 

Again, Biippreo» y n 

If r'fe itdr la* niai»!f’ imh’linif dv ^ullall and pmitive^ we bavey 
ai'iprivicliing flc* IJinil /xra; hut if x be nryatim and irulefi- 
liitely mintll,y m indefiiiifdy great. 



Ifc'iire t!if^ niriT^ liai tlio form rcpre«enf.ed in the 'figtire, the 
origin bt-iiig ii iPormi; the dotted Une is an asympfnte 
iucviiig fir It# npiaf ion y ^ L 
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305. A point saillant is a point at whicli tiv-o branches of 
a curve meet and stop without having a common tangent. 

Example. Let y = — i , 

1 

, . dy I , 

therefore V- = f A — . 

Here, if cd be positive and approach zero as its limit, we have 

ultimately y == 0 and ^ ^ 

if X be negativey we have ultimately 

' 11=0 and “ = 1. Hence at the 
^ dx 

origin two branches meet, one 
having the axis of x as its tangent, 
and the other inclined to the axis 
of X at an angle of 45l 

Branches Pointillees^ 

806. If a curve has an infinite number of conjugate points, 
that series of points is called a branche pointilUe. 

For example, suppose = for all positive values 

of X there are two possible values of ?/, but when x is nega- 
tive y is impossible, unless x be a multiple of tt. Hence we 
have an infinite nitmher of conjugate points lying on the axis 
of X and forming a branche pointilUe. 



EXAMPLES. 

1. If = aV — there is a multiple point at the origin. 

2. In the following curves there is a point of inflexion at 

the origin : 

2/ = sin a: ; y = xcQ^x\ y = tan x\ y=^c^ tan x. 

3. The following curves have cusps at the origin : 

y=a:’; {y-xY^x^-, {y-xy = x\ 
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4. 


5. 

6 . 

7. 

8 . 
9. 

10 . 


11 . 

12 . 


13. 

14s 


2y)4-l 


Jf y=j> [x) + a) F{x), when a? = a, there is a cusp 

of the first kind if he greater than 1 and less 

2q 


than 2, and a cusp of the second kind if 
greater than 2. 


2^0 4-1 


he 


The curve ;/ = (a? — a)^ {x — c) has a cusp of the first 
kind at the point x — a. 

The curve (a:?/ + 1)”4- — 1)^ 2) = 0 has a cusp of 

the first kind at the point x=l. 

The curve y — h = {x — a)^ -h (x — a)^ has a cusp of the 
second kind at the point x = a. 


The curve x^ — — axif -f = 0 has a cusp of the 

second kind at the origin. 


The curve ~ ax\j — axy^ -h ay = 0 has a conjugate 
point at the origin. 


The curve ^a'tf — Zdryr — 2orx? + a'^ = 0 has a double 
point when x~±a, and then = ^Iso a double 

rjy 

point when y ^ — a, and then = + V§- 


If a?/ = (a? — a)^ (x — &), when x = a there is a conjugate 
point if a be less than h, a double j^oint if a be greater 
than 5, and a cusp if a = &. 

Shew that the curve a?/ — x^-^ Ix^ = 0 has a conjugate 
point at the origin, and a point of inflexion when 

3 * 

Tind the points of inflexion in the following curves : 

(1 + £c^) = (1 — a? + x^f ; r^d — c^\ rO sin 0 = a. 

rind the singular points in the following curves : 

{y-\‘X + iy= {l-xY; f-ax7f + x^ = Q; 
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DIFFERENTIAL COEFFICIENTS OF AN ARC, AN AREA, 
A VOLUME, AND A SURFACE. 


S07. The length of the arc of a curve APQ, reckoned 
from any fixed point A to the 
point P, is evidently a func- 
tion of the abscissa x of the 
point P. This function is 
often very difficult to deter- 
mine, but its differential co- 
efficient with respect to x can 
always be assigned. 



Let P, Q, be two points on a curve ; 

2 /, the co-ordinates of P ; 

X + y -1- Ay, the co-ordinates of Q. 

Draw the ordinates PM, QN, and the tangent at P meet- 
ing QN at R and Ox at P. 

Let AP =s, A § = 5 -f As. 

We assv/me as an axiom, that the length As is greater than 
the chord. PQ, and less than PR + RQ. 

The chord PQ = ^[{AxY + (Ay)^}, 

PR = JfiV^secPPAr= -f- tan^PPJf ) 

.A»,y|i+(g)|, 

QRr=iy -ir Ay — RN 

= y -h Ay — {PM + Ax tan PTM) 
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therefore As lias between (A^)**} and 


Ax 


J 


1 + 


-Ax^J-. 


+ — t^x 


dx^ 


therefore ^ lies between + (^) | 




dx‘ 


iSTow the limit of j ^ 'when Aa? is indefinitely 

diminished, is 


The limit of 


y 

\/y d 


dy 

dx, 


is 

^ Aa: dx 




dx 


1 + 


/\.g ^ 

The limit of — is, by definition, ; hence 


dx^ 


ds 

dx 


==\/{^+C 


dy 

dx, 


\dx} j 


(!)■ 


[ ^oc \ * 

Square and multiply by f , then 


©ys)’ 


( 2 ). 


If X and y are each functions of a third variable since 

dx dy 

dx dt T dy di 
and = 


ds ds ' 
Tt 


ds ds 
Jt 


weWef,.„(.,,(|)-.(|)Vgy 




( 3 ). 
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308. Of the axioms on which, the preceding demonstra- 
tion is founded, the first will probably be readily granted ; 
the second is more difficult, and will not be necessarily true 
if the arc be not concave towards the chord PQ throughout 
its extent. It must be understood therefore, in stating it, 
that the arc PQ must be taken so small that it is always 
concave towards its chord. 

There is another mode of arriving at the results given in 
Art. 307, which is preferred by some writers: they assert that 
no precise idea can be formed of the length of an arc, except 
by regarding it as the limit of the perimeter of a polygon in- 
scribed in that arc, when the length of each side of the polggon 
is indefinitely diminished. If we adopt this definition of the 
length of an arc, we must shew that the limit mentioned 
does exist, and is the same in whatever manner we suppose 
the polygon inscribed, provided that each side is ultimately 
indefinitely diminished. 

Draw two chords dividing the whole arc we are consider- 
ing into two portions; then in each of these subdivisions 
place two chords dividing the whole arc into four portions ; 
in each of the last subdivisions place two chords, and so on. 
The perirneters of the polygons thus formed constitute a series 
continually increasing ; and as it is easy to see they cannot 
increase without limit, we prove the first point, namely, that 
there is a limit to the perimeter of the inscribed polygon when 
the length of each side is indefinitely diminished. 

Suppose now two polygons with indefinitely small sides 
inscribed in the curve, one of them being one of the series just 
considered, and the other described after any other law. Draw 
tangents to the curve at the angular points of both polygons, 
thus forming one polygon circumscribing the arc. Then it is 
easy to see that any chord of either polygon bears to the cor- 
responding portion of the circumscribing figure, a ratio which 
can be made as near to unity as we please by sufficiently 
diminishing the length of each chord. Hence the perimeter of 
each inscribed figure bears to that of the circumscribed figure 
a ratio which is ultimately one of equality, and consequently 
the ratio of the perimeter of one inscribed figure to that of the 
other inscribed figure is ultimately one of equality. This 
proves the second point involved in the definition of the length 
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of an arc, namely, that the limit obtained is the same accord^ 
ing to whatever law the polygons be inscribed. 

From this definition of the length of an arc it follows that 
the ultimate ratio of the length of an indefinitely small arc to 
its chord is one of equality, that is, 

VKA^AT) ” ■ '■ 

therefore E" + (s)’}- 

S09. Since secant PTx 
we have cos FTx = 


and sin PTx = cos PTx tan PTx 

_dx dy ^ dy 
ds dx ds 



310. If X and y be expressed in terms of 0 from the 
equations 

X = r cos 0, y^r sin 0, 

, ds ds dx 

we have Td^2-^2e 

JB^t -777 = cos 6^ — r sin 0, 

dd d0 

dy . ^dr « • 
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therefore 


Also 


dr 

d~e. 


ds 

dr 


dsd9_ /L^.(de\\ 
^ddd^^wr^ \drl]- 


We have shewn in Art. 279, that 

where ^ is the angle between the radius vector at the point 
whose polar co-ordinates are r, 6, and the tangent at that 
point. Hence 

de d6 

r- 

sin ^ = • 


dr 


Similarly 


, dr 
cos,^ = ^. 




dr _ dO 
ds ds ‘ 


dr 


These results may also be deduced immediately from the 

PL 

figure in Art. 279 ; for sin (/> is the limiting value of 

T „ PL As « rsinA^ ^ri r •+ 

that IS, of — orof The limit of 

r sin Ad and the limit of is unity; hence 

As ds ^ PQ 


sin (f) — 


rdO 

1 ^' 


Similarly the value of cos ^ may be found. 


. ds 


311. The value of in Art. 310, may also be obtained 
thus: 

Let P, Q, be points on a curve, and suppose 
SP = r, P8x = 0, 

SQ=^r+ Ar, Q8x = d + A6. 

Draw PL perpendicular to .SQy 
then ^ 

PL = r sin A0, 
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^ jLQ = r + Ar — r cos A0 

= Ar + 2r sm — . 

Also the chord PQ — ^ {PL^ + 

lYom this, if we proceed according to the method of the 
preceding Articles, we shall arrive at 



312. If A denote the area contained between a curve and 
the axis of co, we have shewn in Art. 43 that 


dA 

d^^y- 


313. To find the differential coefficient of the area of a 
curve referred to polar co-ordinates. 

Let A denote the area contained between the radius SP^ 
the radius 80 drawn to some 
fixed point G on the curve, and 
the curve CP. Let AA denote 
the area PSQ, With centre 8 
and radius SP describe an arc 
meeting 8Q at A, and with 
centre 8 and radius 8Q describe 
an arc meeting SP produced at 
M. Then AA lies between PSL and QSM, that is, between 



2 


and 


A 


A 

— liaa Kck-f.xxrck/ark 


Hence, proceeding to the limit, we have 
dA_^ 
dd 2 • 


314. JDifferenfial coefficient of the volume of a solid of re- 
volvdion. 

Suppose the curve APQ in the figure of Art. 307 to 
revolve round the axis of x, and thus to generate a solid. 
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Let F denote the volume of a portion of this^ solid contained 
between two planes perpendicular to the axis Ox, one drawn 
through a fixed point A and the other through P. Let A V 
denote the volume of the solid contained between planes 
through P and Q perpendicular to the axis. The volume 
of a cylinder having MN for its axis and for its base the 
circular area formed by the revolution of PM round the axis 
Ox, is Try^^x, The volume of a cylinder having Mlf for its 
axis and for its base the circular area formed hj the revolu- 
tion of QN round Ox, is tt (y + Ay)^ Acc. Hence A F lies 

between nry^Lx and tt (y + Ay)^Aa7. Therefore lies be- 


tween TT?/ and TT (y + Ay)^ Hence, proceeding to the limit, 
we have 


dx 


= 7ry . 


315. Differential coefficient of the surface of a solid of re- 
vohttion. 


Let P, Q, be two points in a curve which by revolving 
round the axis Ox generates 
a solid of revolution. Let A 
be a fixed point on the curve, 
and suppose AP = s, PQ= A^. 

Let S denote the area of the 
surface formed by the revolu- 
tion of AP, and A^S" the area 
of the surface formed by the 
revolution of PQ. Draw PR and QT each equal to A^ and 
each parallel to Ox, If PR revolve round Ox it generates 
a cylinder, the surface of which is ^iryAs, If Q2^ revolve 
round Ox it generates a cylinder, the surface of which is 
2'ir{y-hAy) As. We assume as an axiom that the surface 
generated by the arc PQ lies between the former and the 
latter. Hence AS lies between 2iryAs and 2ir (y + Ay) As, 
and proceeding to the limit, we have 



dS ^ 

dS „ * 

dx dx' 


therefore 
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EXAMPLES. 


1. In the ellipse ^ if a; = a sin , 


ds 

d(j) 


= aA/(l 


2. In the parabola y=4aa;, • 

3. In the circle ^ = 2 . 

dx y 

4. Find the differential coefficient of the arc of the curve 

e^(6"-l)=e" + L 

Result. ^ = 
dx 

5. In the curve — c^. ^ =:-2_ . 

^ dx 

6. In the curve r = a (1 + cos 0), ^ = 2a cos ^ . 

ds 

7. In the curve r=a^, ^ \/{l + (log a)*}. 


8. In the curve r^=a^ cos 2^, — = . 

aa r 

9. In the curve r =-a9, ^ , 

dr a 

10. If e"^ = cosar, ^=cosx. 

ds 


( 3SG ) 
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CHAPTER XXIV. 

CONTACT. CURVATUKE. EVOLUTES AND INVOLUTES. 


316. Let y = be the equation to one curve, and 

y = ^\r{x) the equation to another; then if (a) = i/o (a) the 
curves intersect at the point whose abscissa is a. If more- 
over ='v/r'(a) the curves have a common tangent at the 
common point ; in this case they are said to have a contact 
of the first order. If moreover [a) = yj/' {a) the curves are 
said to have a contact of the second order. If (a) = -v/r (a), 
(j)' (a) = yjr' (a), (j>" (a) = (a), (a) = (a), and so on up to 

(a) = 'x/r'" (a) , the curves are said to have a contact of the 
order at the common point. When we speak of two curves 
having contact of the order we imply that they have not 
contact of a higher order ; that is, with the preceding notation 
we imply that is not equal to 

317. If two curves have at any point a contact of the 
order, then in the vicinity of the common point no curve 

can pass between them unless it has with both of them a 
contact of an order not lower than the 7i}\ For let y = (l> (x) 
and y = yfr{x) he the equations to two curves which have 
contact of the n^^ order at the point x = a; and let denote 
the ordinate in the former curve corresponding to the abscissa 
a + h, and the ordinate in the latter curve corresponding to 
the same abscissa; then, by Art. 92, 

A” 

y,==i^(a)+Ai/r'(a)+jj-'«/f"(a) + + dh). 


r 
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HencC; since the curves have contact of the order, 

y.-y .= {r ^ (« + (a + I . 

]^ow suppose y = % ix) to he the equation to a third curve 
-vvliich has contact of the order with the first curve at the 

point cc = « ; then if = % (a +• A) , we have 

[|^ ^ ~ ^ • 

If m he less than n vre can give such a value to h as will 

render' y^ — y^ less than y, - y^ for that value of h and all 
numerically inferior values both positive and negative. Hence 
in the vicinity of the common point the second curve is nearer 
to the first than the third is. 

In the above expressions d denotes merely a proper fraction, 
and it is not necessarily the same proper fraction in the 
<lifferent cases. 

318. The expression for y^ — yo in Art. 317, when % is 
sufficiently diminished, has the same sign as 

and therefore changes sign with h if n be even; therefore 
if two curves have contact of an even order they cross each 
otlier at the common point. If two curves have contact of 
an odd order they do not cross each other at the common 
point. 

319. In order that a curve may have contact of the 
order with a given curve, it appears from Art. 316 that 

n + 1 equations must be satisfied. Hence, if the equation 
to a species of curves contain n-{-l constants, we may, by 
giving suitable values to those constants, find the par- 
ticular curve of the species that has contact of the order 
with a given curve at a given point. For example, the 
equa^on to a straight line is of the form y = mx + c ; since 
there are two constants, 7n and c, wc may, by properly de- 
termining them, find the straight line which has contact of 
the Jirst order with a given curve at a given point. If the 
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CIRCLE OF CURVATURE. 


given curve be y=<^{x), and the given pciiiit that whose 
co-ordinates are x = a, y = <j> (a), then we must have 
ma + c = cj) (a), 
and m = (j)' (a) . 

Hence m and c are determined. 

l{y = (j) (x) he the equation to a curve, then 

y = ^{a)+(x-a) j>' {a) + <p" (a) + 

is the equation to a curve which has a contact of the order 
with the given curve at the point x=^a. This may be easily 
verified. 


320. Circle of curvature. The general equation to a circle 
involves three constants ; hence at any point of a curve a circle 
may be found which has contact of the second order with the 
curve at that point. We proceed to determine the radius and 
the centre of such a circle. 


Definition. The circle of curvature at any point of a 
curve is a circle which has at that point a contact of the 
second order with the curve. 


Let = / (1) 

be the equation to a circle, so that a, are the co-ordinates 
of its centre and p its radius. From (1) by differentiating 
we have 


( 2 ). 


X - a +( r -&)^=0 

If this circle is the circle of curvature at the point (a?, y) 
of a given curve, we must have 


dY_dy_ ! 
dX dx 
d^Y _dhl 
dX -^~ djd . 


( 3 ). 
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Hence, from (2)^ 


x-a+ (^- 5 ) ^1 = 0 
^ dx‘~^ 


Therefore 


-& = - 


‘-S' 


.(4). 




€1“]^ 

dx^ 


x — a- 


dy 

dx 




a 


Bj (1) and (5) we have 


P = 


1 + 


Ota:* 


dx) 


.(5). 


d^y 


Hence the values of a, I, p, are found, and thus the position 
and the radius of the circle of curvature at any point of a 
curve are determined. 

In the value of p it will be proper in any particular 
example to give to the radical in the numerator the same 
d^y 

sign as ^ has, so as to make p positive. Hence if y he 
positive and the curve concave to the axis of x we should put 




1 + 


f 


dx^ 


From the first of equations (4) we see that the point (a, 5) 
is on the normal to the given curve at the point {x, y). 

The centre of the circle of curvature at any point is called 
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for shortness the "'centre of curvature.’' Ako the radius of 
the circle of curvature is called the "radius of curvature.” 

If a straight line be drawn from any point of a curve in any 
direction the portion of this straight line which is intercepted 
by the circle of curvature at the assumed point is called the 
chord of curvature at the assumed point in the assumed 
direction. By the nature of a circle the length of the chord 
of curvature will be obtained by multiplying the diameter of 
the circle of curvature by the cosine of the angle between the 
chord of curvature and the common normal to the curve and 
the circle at the assumed point. 


321. If p be the perpendicular from the origin on the 
tangent at the point {x, y) of a curve, we have 




dll 

X -7- • 

dx 


'V 


\/ 


1+ 


dx) 


TT 5 


therefore 


I! 

■ 1 + 

( 1 )} 

dxdx^ \ dx j 

dx 

j 

. 

dx) dx^ 




l'-^( 

jdx) ) 



Also, if 


dr dy 


d/jo dr 

From these values of ^ and and the value of p given 
in Art. 320, we see that. 
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322. If X a«id y be each a function of a third variable t, 
we have 

dy d^y dx d'^x dy 

d'\ __ di^ dt d{‘ dt 

dx dx ' d'jd fdx\^ * 

dt \dt) 

Using these values, we deduce 

^ d^y dx d^x dy * 

df dt di^ dt 


For example, if t = s the arc of the curve measured from 
some fixed point, then 


1 

^ d^y dx d-‘x dy 
ds^ cts ' ds^ ds 

(1). 

since by Art. 307 ( J) + (f) = 1 

(2). 

^ 1 d^y dx d'^x dy 

p^d^ds-WTs 

(3). 

By differentiating (2) we obtain 


■f 

II 

o 

(4). 


S<xuare (3) and (4), and add; thus 



From (3), by means of (4), we may also deduce 


dhj 

d^x 



p dx 

dy ■ 

~ds 

ds 


323. If we put x^rcosd, and y = r sind, we have from 


342 
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Art. 201 the values of | aud g. Substitute these values 
in the expression for p in Art. 320, and we find 



If r = 


1 . dr 1 du , 

= -, then ^ = and 


d'‘r 2 (du^ _ 1 d^u 

d&‘~u^\dd) u^de^' 


Substitute these in the above value of p; then 



This result may also be found thus : 


By Art. 321 

dr 1 du 

ci^~~ id dp' 

By Art. 284 

1 

therefore 

1 dv f 

"p dd^v'^ 3'0V de 

and 


Hence 

1 

p~ , , / c(‘w\ 
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The chord oS curvature passing through the origin will be 
obtained by multiplying 2p by the cosine of the angle be- 
tween the radius vector and the normal to the curve at the 
point considered. (Art. 320 .) Hence the chord of curvature 
through the origin 



324. If i/f be the angle which the tangent at the point 
(x, y) of a curve makes with the axis of x, we have 

t = tan-|. 


therefore 


therefore 



325. If two polar curves have a common point the polar 
co-ordinates of that point mnst satisfy the equations to both 
curves- If they have contact of the first order at that point 

the value of ^ is the same for both curves at that point, and 

dr . 

hence, by Art. 201, the value of ^ is the same for both 

curves. If the curves have contact of the second order the 

value of also is the same for both curves at the common 

d‘^r 

point, and hence, by Art. 201, the value of is the same 


for both curves at that point. Proceeding in this way, we 
see that if two curves have contact of t^e order at any 
point, if they are referred to polar co-ordinates, the values of 


S4i4 
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dr d\ 


d^r 


d9^ dd'^’ 7" dr 
<joinnioii point. 

326. Since 


will be the same for boiSi curves at the 


J: = i 

/ r" r" 


dd) ^ 


it follows from the last Article, that if two curves have con- 
tact of the first order the valne of p wdll be the same for both 
curves at the common point. Also, since 

dp 

dp dd . . 1 dr , d\ 

i or ^ >««0lves onlj n jj, a»cl 

dd 

it follows that if two curves have contact of the second order 

the value of ^ must also be the same for both curves at 
dr 

the common point. 


327. We may apply the preceding Article to estabhsh the 
equation proved in Art. 321 as follows. 

If E be the radius vector of a point in a circle, 

P the perpendicular on the tangent, 
c the radius of the circle, 


h the distance of the centre from the origin, 
we have, from the properties of a circle, 

2cF=E^ + d-h\ 


Differentiating, 


c—E 


dr 


If this circle be the circle of curvature at a point in a 
curve having r for its radius vector and p for the perpen- 
dicular on the tangent, we have by the last Article, 


P = r, 

• P=¥, 

dR _ dr 


r- r 
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therefore 



that is, the radius of curvature = 


dr 


328. At a point where the radius of curvature is a maxi- 
mur)% or a minimum the cij'cle^ of curvature has contact of the 
third order with the curve. 



If in Art. 320 we differentiate the second of equations (2), 
we have 


dX dX^- ^ 




Hence 


,dY d'^T 
d^Y dX dX^ 
dX^ Y-b 


— / dx 

hj equations (3) and (5) of that Article. In order that the 
circle of curvature may have contact of the third order with 
the curve at the proposed point, we must have 

d^Y dhf 



therefore 


S46 PEOPERTY OF TWO PiilRPENDICULAES. 

This is the relation we Lave already shewn to hold at 
points where the radius of curvature is a maximum or 
minimum. 

329. In the figure of Art. 284 let 8P=r and SY^p; 
if denote the perpendicular from S on the tangent at Y 
to the locus of Ty then will 

Let y, he the co-ordinates of P, 
x\ y, the co-ordinates of Y\ 

Oj 'l ' 



The equation to the tangent at P is 

7] and ^ being the variable co-ordinates. 

Since the point Y is on the tangent, 

= (»'-») ( 2 > 

The equation to /Sf!Fis ~ ^ 

But SY is perpendicular to PY, therefore 

(i) 

a! dy ^ 

Combining (2) and (4), 

{y'-y)y'==-^ 

therefore yy’ + xx' = y'’‘+x^ (5). 

Diflferentiate (5), thus 

rdy dy’ , dx _ ^dv ^ ,dx 


EYOLUTE^AND INVOLUTE. 


■is by (4) iseduces to 

(2^'-^)^ + (22/'-y)g = o, 

« dr/ —X 

fore . 

ax —y 

bitnte in (1), and we obtain 

_ + _/ 

3. Definition. The evolute of a plane curve is the 
of the centre of curvature; a curve when considered 
respect ‘to its evolute is called an involute. 

oe\ y\ be the co-ordinates of the centre of curvature at 
oint {pc., y) of a curve, we have by Art. 320, 

x~x'+{y-y') ^1=0 ( 1 ), 


dx) ^ ^ dx^ ■ 


iV .r.r^ ^ 


Leans of the equation to the curve y, and can be 

issed in terms of x ; hence from the above equations we 
by eliminating x, obtain a relation between x and y 
\ is the equation to the evolute. From the above equa- 
te' and y may be considered functions of x ; differen- 
ig the first, we have 

Leans of (2) this gives 


dx ^ dxdx ^ 
^dx'dx ^ 


^ % 
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Hence (1) may be written 

, dy , 

wbich. shews that the point {x, y) is situated on the tangent to 
the evolute at the point (V, y'). Also (1) shews that the 
point (x\ y) is on the normal to the curve at the point (cc, y)^ 
Hence the normal at any point of an involute is a tangent at 
the corresponding point of the evolute. 


331. If p be the length of the radius of curvature at the 
r point {x, y) of a curve, and x\ y the co-ordinates of the centre 
of curvature, we have 


p^=(x-xy + {y-y')\ 

x and y are functions of x, so also is p ; hence differen- 
tiating we have 



By means of equation (1) of the preceding Article this gives 




(!)• 


From equations (1) and (3) of the preceding Article we obtain 


dx' 

dy_ 

f Y+ T 1 

1 

dx 

dx ^ . 

1 \dx) \dxj j 

• 1 ds' 

X 

y'-y~~ 

[{x -xY+ iy'-yY] 

~-pd^’ 


/ being the length of the arc of the evolute. See Art. 307. 
Hence, by (Ij, 




therefore 

Since 

ax 


ds ^dp 

dx dx' 


.( 2 ). 


0, we have, hy Art. 102, 
«' + /> = some constant, say 1. 
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Let ABC 1:^6 the given curve, and A'B'G' the evolute, 





o ^ 

BS being the radius of curvature of the given curve at J?, 
and GO' at G. Then if A be the fixed point on the evolute 
from which the arc is measured, we have 

AB'GA O'G^l, 
therefore B'G' = BB'^GO\ 

Hence, if a flexible string of length Z be fastened at A and 
placed in contact with the evolute AB' G\ then, as the- string 
is unwound from the evolute, the free end of it will describe 
the involute CBA. From this property the names evolute 
and involute are obtained. 

Ill the figure as / increases p diminishes and we have 
5 + p = a constant ; if / be measured in the direction, from G' 
towards A, then / and p increase together and we have 

_ p = a constant. 

It will be obseiwed that a curve has only one evolute ; but 
a curve has an infinite number of involutes, for in the equa- 
tion s' T p = some constant, the constant may have any value 
we please. 

332, The following polar formuljB f^r determining the 
evolute of a curve are sometimes useful. 



350 EYDLTJTE. POLAI;. FORMXJLJ5. 

Let 0 be the centre of cui'vature corresponding to tlie 
point P of a curve referred to polar co-ordinates. Let ^Fbe 
the perpendicular on the tangent at P. 



/ 


Let 

8P=r, PO = p, 8T=p, 



SO = p' = perpendicular from S on 

PO. 

From the 

triangle SOP we have 



= p* -h — 2rp cos SPO 



==p’‘ + r^-2rp sin SPY 



= p® + r° — 2pp 

.(!)• 

Also 

p''^ = r^—p^ 

.(2). 


dr 



.(3). 


From the given equation to the curve we can find p in terms 
of r, and then between (1) and (2) we can eliminate r, and 
thus we have an equation between p' and r to determine the 
locus of 0, Since P(9 is a tangent to the locus of 0, p' is 
the perpendicular from the origin on the tangent to the 
evolute at 0. 

‘ In the figure the curve is drawn concave to the pole. 

dv 

If the curve be convex to the pole ^ is negative (Art. 294), 

d/T* • . 

and we should take p = — r ; in this case we shall find4n- 
^ dp 

stead of (1) the equation 
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Thus in both cases we have 

r'^ = p^ + r‘-2pr^. 

333. Involute of a circle. 



Let 8 be the centre of a circle, APQ a portion of the 
involute, 0P= OA the portion of the string unwound. Let 
SO=a, OSA^cj), and let x, y be the co-ordinates of P, 
the origin being at S, and 8A the direction of the axis of x. 


Then OP = acj>, 

x = a cos ^ 4- sin cf), . 
y = a sin (p — acj) cos cj). 

Let AP = s, then 

= a^. 

Hence, as we shall see in the Integral Calculus, 


EXAMPLES. 

1. In the curve 

the ordinate at any point is a mean proportional between 
the radius of curvature there and at the lowest point. 


S52 

9 


4. 


0 . 


6 . 


CONTACT. CUIIYATU:^.!. EXAIIPLES. 

In the curve ^ 

the radius of curvature at the origin = 

In the curve 

yz=zX^-{- 5X^ + 

the radius of curvature at the origin == 22.506... 
Find at what point the radius of curvature is infinite. 

If (j> {x, y)=Ohe the equation to a curve, then 


{ 

fd^ 

\dx) 

2 

i + i 

^d)/) 


( 1 ) 

' dx‘ ' 

, # d4> d^<j> ^ 1 
dx dy dxdy 

(dtp] 

[.dxj 

<Bcp 

' df 


Find the parabola whose axis is parallel to that of y 
which has the closest possible contact with the curve 


y = ~ at the point where a; — a. 


If r = a (1 — cos 6)y p = ^ sin ^ . 

o 


Besult. (‘^-|)=|(2/-|). 


7. If r = a (2 cos 0—1), p — 


a (5 — 4 cos 6)^ 


9—6 cos 6 

8. If the curves f{Xy y)~0 and (Xy 3/) — 0 touch, shew that 

at the point of contact 

dx dy dy dx 

9. Apply the last result to find if the straight line 

X y ' 

_ 4.^ — 1 = ( 


a 0 


touches the curve 


— {cb 




10. When the angle between the radius vector and the per- 
pendicular on the tangent has a maximum or minimum 
value, shew that pp = r\ 


r 


CONTACT. CUEmTURE. EXAMPLES. 


353 


dx V 

11. If at evely point of a curve ^ 

p = 4”^ • Shew also that i + i = i , where n is the 
^ y-V n p a 

portion of the normal intercepted by the axis of x, 

12. Find the value of p when r = a cos 6, 

13. If find p. 

14. The equations which determine the co-ordinates a, 5, of 

the centre of curvature of a curve may be put in the 
following form, where : 

d^x dV , d^y cPr^ 

15. In the parabola y^ = 4.mx, 


a — 2m + ZXj h— — 


2^ _ 2 (w -f- x)^ 

fsjm * ^ "" 

Shew that the circle of curvature at any point of a 
parabola, except the vertex, cuts the axis at two points 
on opposite sides of the vertex. 


16. If 


Ax^ + By^+0=0, 




BG 


AO 


a 


18. 


The radius of curvature of the .curve y^ = — , 

^ £c — 4a 

• 3a 

at one of the points where y*=0 is — , and at the 


other 


3a 


19. .^If s = a sin” find p. See Art. 324. 

20. Find the equation to the circle of curvature of the curve 

y^ = 4a V — x\ at the origin. 


354 CONTACT. CURVATD|iE. EXAMPLES. 

21. If 3/ + ae “ = 0, tlien p = - - 

ay 

f 3a\* ( , ,, 

22. Shew that the circle f x — — j 4- — — j = — and the 

curve 4- Vy = contact of the ?5/a/*cZ order at 

the point a:; = 3/ = | . 

^ <9 

23. If r = a sec" 5 , find p. Result. p = 2a sec" - . 


24. Find the two parabolas which, having their axes parallel 
to the co-ordinate axes respectively, have a contact of 
the second order with the circle at the 

point a? *= a, y = 2a. 


Results, 



I X - 5 

25. In the curve - = (e° + e°), shew tluvt the co-ordinates 

c 2 

of the centre of curvature arc 

r=2y, 

and find the equation to the evolute. 


26. Find the equation to the evolute of the ellipse, and the 

whole length of the evolute. 

Results. (Jy)^ ==(«"- 6") 

27. If r =/(p) he the polar equation to a curve, shew that 

the equation to the locus of the foot of the perpendicular 

drawn from the pole on the tangent is p = jt-tt . F^ind 

tT \^ ) ^ 

the locus when p® = r , and shew that it is a circle. 

^ ia — r 


4 
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28. 

29. 


Find the ^volute of the curve = or. 

ItA be the area between a curve, its radius of curvature, 
and its evolute, then 


dx 


1 + 


(m 

\dx) 


'dx^ 


30. If p be the radius of curvature of a curve, then the radius 

of curvature of the evolute at the corresponding point 
dp 

31. If x\ y be the co-ordinates of the centre of curvature of 

the cuiwe shew that 

a"4- 15/ V 

’ y ~ 2a* ' 

35. Shew that in a parabola the radius of curvature at any 

point is equal to twice the portion of the normal which 
is intercepted between the point and the directrix. 

33. Investigate the following expressions for the radius of 
curvature at any point of an ellipse : 

(1) rf (2) 

where r and / are the focal distances of the point and 
(j> is the angle which the normal at the point makes 
with the major axis. 

« 

34 The locus of the centres of all ellipses having the 
directions of their axes given, and having a contact of 
the second order with a given curve at a given point, 
is a rectangular hyperbola passing through that point. 

So. Find the asymptotes of the evolute of the curve 
y=^ a tan x, 

36. "Shew that corresponding to the portion of the curve 

= a} near the origin, the evoluh3 is approximately 
a curve whose equation is xy^ = c®. 
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87. Shew that corresponding to the portio^i of the curve 
= near the origin, the cvolute is approxi- 

mately a curve whoso equation is 

38. Shew that the chord of curvature parallel to the axis 

of X of the curve scc*^ i.s constant ; and that the 
a 

evolute of this curve for tlie portion rH.‘ar the origin. * 
is approximately a curve whose etpiatiou is 



39. If along a curve and its circle of curvature at any point 
equal arcs {B$) he lAcasured from the j)oint of contact 
and on the same side of it, shew that tlie distance Ixj- 

tween their extremities will bo ultimately ^ , 


40. Shew that in geiicral a conic section may he found which 
has a contact of the fourth order with a gi ven curve at 
a proposed point, and shew how to fnul it whem the 
length of the curve is given in terms of the angle which 
the normal makes witli a fixed lino. 


If the curve be an equiangular spiral, and a be the 
angle Ixitween the radius vector and the tangent at any 
point, shew that the conic section is an ellipse, the 
major axis of which makes with the normal to the 
curve an angle m given by the equation 

tan 2o) 4- S tan a = 0. 


f' 


CHAPTEE XXV. 


ENYELOPS. 


S34j. Suppose 

F{x,y, a) =0 (l) 

to be the equation to a curve, a being some constant quantity. 
By changing a into a + A, we obtain another curve of the 
same species as (1), the equation to which is 

F{Xy y, a + A) =0 (2). 

The point of intersection of (1) and (2) will be found by 
combining the equations. Now (2) may be written 

F {Xj yy a) “f liF' {Xy y, a-V 6Ji) = 0 (3), 


the accent denoting that F {x, y, a) is to be differentiated 
with respect to a, and in the result a changed into a + dh. 
Hence, combining (3) and (1), we have the point of inter- 
section determined iDy 

F{Xy y, a) = 0, and F' {Xy y, a-\-01i)= 0 (4). 

If we diminish A indefinitely, the equations (4) become 
F (a;, y, a) = 0, and F' {Xyy, a) = 0 (5). 

The point determined by equations (5) is the limit of the 
intersection of (1) and (2). 

If between equations (5) we eliminate a, we obtain the 
equation to a curve which is called the locus of the ultimate 
intersections of the curves formed by varying a continuo'iisly in 
the equation F {x, y , a) = 0, 

The quantity a is called the parameter of the curve. 

335. The locus of the ultimate intersdbtions of a series of 
curves touches each of the series of intersecting curves. 
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Let F{x, y, a) = 0 be the equation which^ gives the series 

of curves by varying continuously the quantity a. Then the 

locus of the ultimate intersections is found by eliminating a 
-1 . ^ 


between 

F{x,y, a)=.0 (1), 

and F(xyy, a) — 0 (2). 

Suppose from (2) we obtain a in terms of x and y, s; 
a — (f>(xj y); then if we substitute in (1) we have 

F{x,y, <j!> (a;, y)} =0 .(3), 


which is therefore the equation to the locus of the ultimate 
intersections. Now if for any assigned value of a the equa- 
tions (1) and (2) give possible values to x and y, then the 
curve represented by (1) when a has this assigned value, will 
meet the curve represented by (3). 

The value of ^ for the cutve (1) is found by the equation 

dF(x, y, a) , dF{x, y, a) dy ^ 



The value of ^ for the curve (3) is found by the equation 


dF {x, y, </>) dF (x, y, (f>) dy 


dx 


+ 


dy 


dx 


, y, <j>) = Q 

d([> 


.15). 


[dx dy dx) 

But ^ only differs from in having ^ (a:, y) in the 

place of a\ hence by (2) we have at ike point where (1) 
dF 

and (3) meety ^ Thus (5) becomes at that point 

dF{x, y, <f>) . dF (Xy y, cf>)dy _^ 

d^ d^ = ^ 

Since at the point of intersection of (1) and^) we £ave 
a = ^ (x, y), equaticm (6) gives for ^ at that point the. same 
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value as equation (4). Hence (1) and (3) touch at their 
common point. 

From this property the locus of the ultimate intersections 
of a series of curves is called the envelop of the series of 
curves. 


336. Example. Required the locus of the ultimate inter- 
sections of a series of parabolas found by varying a in the 
equation 

1+ o 




Here 


From (2) 


1 H- 

F(x,i/, a) = y-ax+—^x- = 0 (1), 

F'ix,y,a)= ^-x =0 (2). 


Substitute in (1) and we have 




or x^+2py--p^=0, 

which is the equation to a parabola. 


337. Required the locus of the ultimate intersections of a 
series of normals drawn at different points of a given curve. 

Let X, y be co-ordinates of a point in the given curve, then 

x'-x+{y’-y)^ = 0 (1) 

is the equation to the normal at that point ; x\ y\ being the 
variable co-ordinates. From the equation to the given curve 

y fiCtid ^ can be expressed as functions of x ; thus x is the 

parameter in (1), by varying which thp series of normals 
is obtained. Hence the required locus is to be found by 



S6.0 
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eliminating x between (1) and the equation oj^tained from (1) 
by differentiating it with respect to x, which is 



It appears from (1) and (2), compared with Art. 320, that 
x^y will be the co-ordinates of the centre of curvature at 
the point (x^ y) of the given curve. Hence the locus of the 
ultimate intersectic/ns of the normals to a curve is the evolute 
of that curve. 



338. It may happen that the envelop does not touch all 
the curves of the series, as will appear from an example. 

Suppose the centre of a circle of variable radius to move 
along the axis .of a;, so that the 
abscissa OP of its centre and its 
radius PM are the abscissa and 
ordinate of an ellipse AMB w^hich. 
has for its equation 

a? 't? 
m n 

required the envelop of the system of circles. 

If OP== the equation: to the circle will be 

7)^ 

(ar- ay+y^- — (m^- = q 

Hence differentiating with respect to a, we have 

x — a =j=0: 

m 


■(!)■ 


therefore 


a = 


mx 


-f 

Substitute in (1) and we obtain , 




which is the equation to the envelop. 


.( 2 ). 

•(sj. 
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For all values of a comprised between - 77—5 and m, 

V W + ^ ) 

the circles do not ultimately intersect, and are not touched by 
the envelop : for the value of y found from ( 2 ) and ( 3 ) is 




•which is impossible when a is greater than 


m 


+ n ") ' 


Therefore in the enunciation of Art. 335 we do not assert 
that the envelop touches each of the series of curves, but that 
it touches each of the series of intersecting curves. The de- 
monstration in that Article assumes that the equations ( 1 ) and 
( 2 ) lead to possible values of a; and 3 /; or in other words, that 
one curve of the series ultimately intersects the adjacent curve. 


339. The method of Art. 334 may be extended to the case 
in which there are 71 parameters connected by 72 ^ — 1 equations. 
For example, suppose 

F(a:,y,a,h,c) = (i (1) 


to be the equation to a curve, the parameters a, &, c, being 
connected by the equations 

(a, h, e) = 




and that we require the locus of the ultimate intersections of 
the curves obtained by giving to the parameters in (1) all 
possible values consistent with (2). If from equations (2) we 
find the values of h and c in terms of a and substitute them in 
(1), we may then proceed as in Art. 334. If however the 
solution of equations (2) be difficult we may proceed thus. 
Eegarding I and c in (1) as implicit functions of a, we have, 
if we differentiate with respect to a, and put the result equal 
to zero as in Art. 334, 


da db da - dc da 


( 3 ). 


To find ^ and ^ , w^e have by differentiating (2), 
da da 
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.(4). 


d4>^ ^ — 0 

da db da dc da 

da db da dc da 

If the values of ^ and ^ from (4) be substituted in (3), 

and then a, J, c, be eliminated between (1), (2), and (3), the 
resulting equation between x and y will determine the re- 
quired locus. 

This process may be rendered more symmetrical by suppos- 
ing a, bj c all functions of a third variable, say t ; then using 

Da, Db, DcioT^, ^ respectively, we have instead of 

(3) and (4) the equations 

dF j. dF jyj dF ^ 

^j)a + -^Db + -^I>c-0 

^2)a+^Db + ^Dc = 0 ( 5 )- 

da db dc 


%j)a+^4^m + ^J)c = 


da 


db 


dc 


0 


And the solution of the problem will be facilitated by the use 
of indeterminate multipliers. Thus multiply the second of 
equations (5) by X, the third by fju, and add to the first ; 
this gives 

u.^ 

\ da da ^ da j 






db 


Db 


+ ■ 


(4L 

[do 




,( 6 ). 


Now since X and are at present undetermined, we may 
take them such that 


da 




da 

• db db 


da 


:0 


•( 7 ), 


r 
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from which it fyllows by (6) that 



Hence we have to eliminate a, 5, c, X and (jl from equations 
(1), (2), (7) and (8) ; the result is the equation to the envelop 
required. 

Example. A straight line moves so that the length inter- 
cepted between the co-ordinate axes is constant : required the 
envelop of the moving straight line. 

Let the equation to the straight line be 



so that — constant = F, say (10). 

From (9) ^ Da -j- i)6 = 0, 

from (10) aDa + IDh = 0 ; 

thus J5a -f Bh = 0, 

therefore -^ + Xa = 0, and = 0 (11); 

a b \ y ^ 

multiply the first of these equations by a and the second by 
b and add ; thus 

f + f+X(a»+5») = 0, • 

that is, 1 + XF = 0, therefore X = — L • 

iC 

Then from (11) 

a^;=k\ and b^ = Ii?y, 

Therefore by (9) 

or + = 

% 

This equation determines the envelop. 
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CC V 

1. Find the envelop of the series of straight lines ~ -f |- = 1, 

where a + /s/h =■ sjlc a constant. 

Result + 2/^ = 

2. Ellipses are described with coincident centre and axes, 

and having the sum of the semiaxes = c. Shew that 
the equation to the locus of ultimate intersections is 

+ 2/^ = c^. 

3. Find the envelop of all ellipses having a constant area, 

the axes being coincident. 

Result where ttc® is the given area. 

4. A straight line cuts off from the co-ordinate axes distances 

ABj A Gi such that nAB -i’AC = c, shew that the 
envelop of the straight lines is 

(2/ + wic — cy = inxy. 

5. Find the evolute of a parabola 3/“ = 4(2^, by the method of 

Art. 337, taking the equation to the normal in the form. 

^ = m (ic — 2a) — aw?. 

Result ^lay“ = 4 (a? — 2a)l 

6. Find the evolute of the curve -f 3/^ = See 

Example 9, to Chapter xviii. 

Result {x + y)^ -f (a? — y)^ == 2a^. 

7. Shew that the envelop of the series of parabolas 



under the condition ah = c% is an hyperbola having its 
asymptotes coinciding with the axes. 

8. Find the locus of the ultimate intersections of the 
straight lines drawn at right angles to normal® to 
the parabola 'iy = 4 tax, at the points where they cut 
the axis. ♦ 

Result 3/® = 4a (2a — x ) . 
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9. Straight lines drawn at right angles to the tangents 
of a parabola at the points where they meet a given 
straight line perpendicular to the axis, are in general 
tangents to a confocal parabola. 


10. Find the envelop of the curves 


k 


= 1 . 


the variable parameters a, I, being connected by the 

. (aV fh\^ 
equation [t] + 


Result. 


Z2 ^ J-2 — 


11. Circles are described on successive double ordinates of a 
parabola as diameters : shew that their envelop is an 
equal parabola. Find what part of this system of 
circles does not admit of an envelop. 


12. A circle moves with its centre on a parabola whose 
equation is y — Aax = 0, and always passes through 
the vertex of the parabola : shew that the circle always 
touches the curve {x + 2a) + a;* = 0. 


13. A series of parabolas of latus rectum I is described with 
their vertices in a given parabola of latus rectum l\ 
Shew that the locus of the ultimate intersections is a 
parabola with latus rectum I -I- the concavities being 
in the same direction and the axes parallel 


14. Find the envelop of all ellipses having the same centre 
and in which the straight line joining the ends of the 
axes is of constant length. 

Result 0 ? ± y = ± c. 


15, From any point of the ellipse ^ + ^2 = 1^ perpendiculars 

are drawn to the axes, and the feet of these perpen- 
diculars are joined: shew that the straight line thus 

formed always touches the curve = I* 
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From every poiat of the ellipse ^ ^ ^ ~ ® pairs of 

tangents are drawn to the ellipse ^+^ — 1=0: 

shew that the locns of the ultimate intersections of 

AV IcV 

the chords of contact is — 




17. Circles are drawn passing through the origin having 
their centres on the curve a'y — 6^ (2ax — 0 : shew 

that the locus of the ultimate intersections of these 
circles is {p(? 4- — 2axy — 4aV — = 0. 


IS. 


The circle whose equation is 2ax + 25?/ 4- 2c = 0, 

is cut by another circle which passes through the 

x^ 

origin and whose centre is on the curve ^ “h ^2 = 1 • 


shew that the chord joining the points of intersection 
touches the curve aV 4- = ifloc -l- 4- c)\ 


6r 


19. Find the locus of the ultimate intersections of the 

straight lines 

y cos ^ — cc sin 0 = c — c sin 0 log tan f - + 2 ) » 
where 6 is the variable parameter. 

X X 

Eesult (e^ 4- . 

20. The equation to a spiral is cos n9 = d" ; straight lines 

are drawn through the extremities of the radii vectores 
at right angles to them : shew that the envelop of these 
straight lines is the curve 

cos md = where m == 7 . 

71 + 1 


21 . 


A series of ellipses has the same centre and directrix : 
shew that the envelop is a pair of parabolas, but that 
the envelop will not meet those ellipses whose excen- 


.tricity is less ‘than ^ . 
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22. Find the locus of the ultimate intersections of an ellipse 

which t(?tiches a given straight line at a given point 
at the extremity of the axis minor, the excentricity 
varying as the axis major. Find the limits of the 
excentricity in order that two consecutive ellipses may 
intersect. 

23. A straight line is drawn from the focus to any point of 

a conic section, and a circle is described on it as a 
diameter : shew that the locus of the ultimate inter- 
sections of all such circles is a circle, except, in a 
certain case, where it is a straight line. 

24. Shew that the locus of the ultimate intersections of all 

the chords of an ellipse which join the points of con- 
tact of pairs of tangents at right angles to one another 
is a confocal ellipse. 

25. Find the locus of the ultimate intersections of the straight 

lines X cos 3^ 4- y sin 30 = a (cos 20)^, where 6 is the 
variable parameter. 

Result [a? + = a® {x^ - y®). 

26. Find the envelop of the circles described on the radii of 

an ellipse, drawn from the centre, as diameters. 

Result -f y®) ® = a®i»® + Ifif. 
6 

27. On any radius vector of the curve r = c sec"" - as diameter 

is described a circle : shew that the envelop of all such 

Q 

circles is the cilrve r = c sec”"* . 

w — 1 

28. Find the locus of the ultimate intersections of a family 
, of parabolas of which the pole of a given equiangular 

spiral is the focus, and its tangents directrices. 

Result A similar equiangular spiral. 
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29. Perpendiculars are drawn from the pole of an equi- 
angular spiral on the tangents to the Surv® : find the 
envelop of the circles described on these perpendiculars 
as diameters. 

Result A similar equiangular spiral. 

SO. From every point of a parabola as centre a circle is 
described with a radius exceeding the focal distances 
of the point by a constant quantity : find the envelop 
of the circles. 

Result (/r + c + a) + (a? — a)* — c®} == 0 ; where c is 
the constant quantity. 

31. Find the envelop of the straight lines obtained by vary- 

ing 6 in the equation ax sec d-^iy cosec ^ — 1^. 

Result [ax] ^ + (by)^ = (a® — 

32. From a fixed point A in the circumference of a circle 

any chord AP is drawn and bisected at H, and on 
PH as diameter a circle is described : find the locus 
of the ultimate intersections of the system of circles 
described according to this law. 

Result c? + y^) = (2^^ 4* — Zaocf ; 

where cu*4-y® = 2(xa; is the equation to the given circle. 


.1 


t 


1 


i J0 


r 


1 


( 869 ) 




CHAPTEE XXYL 

TRACING OF CURVES. 

340. In* this Chapter we shall give some examples of 
fcraciEg curves from their equations. 


Example (1), Let ?/* = 


(x^ — 4,a^) 


First find the value of taking the logarithms of both 


X —a" 


.( 1 ). 


sides of the equation and differentiating, we have 


X 


therefore 


1 dt/ _ 1 
y dx 


X 


dx ^ {x^ — X'' - 4:d^ x^— or 

Next find the aF-ymptotes : since 


X —a^ 
X 


X 


....( 2 ). 


V =■ 




l-T 


therefore y = + a; ^ ^1 — 

2a' 2a* ) f, d‘ 3a* 

a' i^+‘i5*+8a* + - 

f 


= + a; 11 


3a' 


= 4- £C 1 1 ~ . . . (■ 

“ 1 2^^ j 


= + -la; 

Hery^e 
and 

are asymptotes. 

T. D. C. 


2x 


.( 3 > 


y = a? 
y=^-x 


BB 
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Also when a? = + a we see that y is infinite. 

Hence a 

and x = — a 

are asymptotes. 

We may now assign different values to and note the 

uV 

corresponding values of y and ^ obtained from (1) and (2). 

Since the curve is symmetrical with respect to the axis of x, 
we may confine our attention to the positive values of y. 


When a? = 0, y = 0, 


7 • = + 2. 

ax “ 


From cc = 0 to a; = a, y is possible. 


When 


x=^a, 


y=< 


dx 


■ 00 . 


; 00 . 


From ic = a to a: = 2a, y is impossible. 

When a;=2a, y = 0, = 

When X is greater than 2a, y is possible. 

It is not necessary tp give negative values to x in this 
example, because the curve is symmetrical with respect to 
the axis of y. 

If we draw the asymptotes and make use of the above 
list of particular values of y and ^ , we shall have sufficient 
materials for ascertaining the general form of the curve. If 
necessary, in any example, we may find in order to 
determine the points of inflexion ; also by examining when 
vanishes, we can determine the maxima and minima values 

ofy. 

If we take the upper sign in equation (3), we have for 
the asymptote 

(4T; 


and for the curve 


3a% 

y = a:__&c. 


.(5). 
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When X is very large the terms included in the &c. of 

. 3^2 

equation (5) 'will be very small compared with — . Hence 


2x 


comparing (4) and (5) we see that corresponding to the same 
abscissa the ordinate of the curve is less than that of the 
asymptote, and therefore the curve lies below the asymptote 
as represented in the figure. 



341. 


Example (2). 


Suppose 

x{x--a) {x — 2a) 
x-hSa 




therefore 


L_, 

y dx X X — a X’-2a iz? + 3a 


^ 1 { x{x—a){x-2a) \h fl 1 _1 1 ] 

dx 2 I a; + 3a ) \x^ x-- a x — 2a x + 3aj 


( 2 ). 




^Iso from (1) we have 


BB2 
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If the three series be multiplied together -we have 
( 3a IW ^ 


Hence ^ = x — Ba 

and ^ — 

are asymptotes. 

Also from (1) x = — 3a 

is an asymptote. 

rrom (1) and (2) we have the following results, confining 
ourselves to the positive values of y. 


^±[ce-3a + — 
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From £8 = a to ^ = 2a, y is impossible. 

When X = 2a, y = 0, ^-=03. 

CLSC 

When X is greater than 2a, y is possible. 

When X is negative and between 0 and — 3a, y is impossible. 

When x = — Ba, y = oo , ~ * 


When X lies between 3a and oo , y is possible. 


From (3) we see that the equation to the curve when x 
is very great is approximately 


y=x — 3a-j- 


2x 


and whether x be positive or negative x — 3a -I- is 

numerically greater than x ~ 3a. Hence the curve lies above 
the asymptote. 


S42. In the above examples the value of y is given 
explicitly in terms of x. In a similar manner we may pro- 
ceed if X is given explicitly in terms of ?/. But if the equa- 
tion connecting x and y does not admit of easy solution we 
must abandon this method. In such cases we may find the 
asymptotes by Art. 277 : we may determine the nature of 
the curve near the origin by a method exemplified in the 
next two Articles ; from these results we may obtain some 
idea of the form of the curve. By transforming the equation 
to polar co-ordinates we shall sometimes be enabled to trace 
it more accurately. 


S43. To determine the form of the curve 

x"^ — ayx^ -f- by^ = 0 (1) 

near the origin. 

First, suppose that near the origin the term can be 
neglected in comparison with the other two terms in (1) ; in 
tha1> case we should have 

x^ — ay a? = 0, 

= ay. 


therefipre 
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This mates ^ vary as a;*, and therefore / va^ as a®. 
Heace the aeglected term ly^ vanes as a;, while the terms 
retained, and ayx\ vaiy as a;*. But by takmg a; smaU 
enou<rh iB® can he made as small as we please compared with 
k\ and therefore near the origin one branch of the curve may 
be found approximately by neglecting hy . The branch we 
thus obtain, being determined by the equation x - is 
a portion of a parabola having its axis coincident with that 

oiy. 


Nest, assume that near the origin the term uya?" may be 
neglected in comparison witli tlie others. We tlius find 


^ 2 /^= 0 ; 


therefore y varies as x^. 

Hence the neglected term ai/ 2 ? would vary as ; that is 
as ic®, while the terms retained would vary as x\ But since 

can he made as great as we please pmpaxed with 
by taking x small enough, we do 'rot obtain an approximate 
branch near the origin by neglecting ayx^. 


Again, assume that may be neglected near the origin ; 
then 

— ax^y = 0 , 


therefore 


— ax? = 0 . 


Hence y varies as x ; the terms retained vary^ as C(? and the 
rejected term varies as of ' ; and thus an approximation to the 
curve near the origin is given by 


. Jy* - = 0, or y 




The figure shews the nature of the 
curve near the origin; AB is the para- 
bolic branch, and GD^ C'JD\ are the two 
branches found by neglecting 



se 
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'The conclusions in this case may* be verified by solvincT tbe 
given equation 'with respect to We thus find ^ 

^ • 

lExpa^Tid. V 4&y) in poAvers of y by the Binomial Theorem, 
and take the upper sign, then 

= ay approKimately ; 

with the lorer sign 

= appro jimately^ 

Ja this manner, or hy transforming the e(iiiation into a 
polar form, we may complete the tracing of the curve. It will 
be found that the branches extending from the origin to G 
and 5 respectively, unite, thus forming a loop. The branch 
from the origin to B' extends to infinity, and has no recti* 
linear asymptote. The curve is obviously symmetrical with 
respect to the axis of y, 

344. Determine the nature of the curve 
2/‘*4 x^— 0 

near the origin. 

First, if ve neglect x"^ ve have 

y'4 afx-=0, 

therefore = — ax, 

BCence cc varies as ; the rejected term varies as y®, while 
the terms retained vary as and therefore we have in the 
parabola ~ ax an approximation to the given curve near 
the origin. 

N ext, reject the term ay^x ; thus 
therefore y 

&ence y varies as x ; the rejected term varies as and 
the terms retained vary as hence this does not give us 
an aupioximate branch. 
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Again, reject ; tlins 

at/~x — cc* = 0, 
^ _0(} 

Lherefore ~ a ‘ 


Hence if varies as ; the rejected 
and the terms retained vary as 
and consequently "v^e obtain 
an approximate "branch. 

The branch to the left of the 
axis of y is that given by f = - ax, 
and the cusp to the right of tbe 

axis of y is that given hjy-^-. 


term varies as 
.>1 



In this example, may he found 
in terms of .r and the whole curve traced. 




345. We may observe that in the examples^ of the pre- 
cedino- Articles, the supposition vrhich was found inadmissible 
near the origin, will be admissible for points at a very great 
distance from the origin. Thus if 

wieacu and y are indefinitely great, ay'‘x may be neglected 
in comparison with y' and a*; and = or y— ± m, wid be 
an approximation at points remote from the origin, it we 
find the asymptotes hy Art. 277, we shall have 

= 


to which y ~ 

may he considered an approximation when x and y are inde- 
finitely great. 

346. Required the nature of the curve 

f 4- xf -4 — ia?® =0 •> 

near the origin. 

Assume ax^y — — 0 p 
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approximation iieai the origin. Hence 
ay ■= IXy 

bxe y varies as x, 

^rms retained vary as cc® and those rejected vary as 
have therefore an approximation to the ciirve at the 
If we examine all the six cases i;vhich present them- 
i Tby retaining two of the terms of the given equation and 
img the other two, we shall find that the only other 
rble supposition is, that xy^ and hd can he rejected, and 
•tain for an approximation 

+ = 0 , 

if — — cty?, 

11 be easy to draw the branches we have found; the 
ion j./ = — gives us a cusp, the two branches being on 
VO sides of the negative part of the axis of y. 

^ If in any examples we wish only to find the direc- 
oj the tangents at the origin, we may arrive at them 
diately, as shewn in Art. 195, 

opose y* -h H- ax^ij — bx^ = €, 



n ce, when x and y vanish, we have 

the limit of - = - . 

X a 

sides this, the limit of ^ mxy have an infinite value, and 

an he determined by examining if - has zero for a limit, 
^ven equation may be put in the form 


378 


TEA-CINS OF POL^ CFRYES. 


Heace oae of tlie limiting talues of - is zero. 

y 

In like manner, if + aifx - a:" = 0, 


re have 




Hence - kas zero for one of its limiting values. Also from 

X 

tke given equation Tve may deduce 


a? [X 
f/ + a x[- 

^ y \y‘ 


Hence - kas zero for one of its limiting values, rkns ~ 
y ° X 

may be zero or infinity when x and y are indefinitely dimi- 
nished, and therefore the axes of x and y are tangents to the 


branches through the origin. 


In connexion with the subject of tracing curves from equa- 
tions of the form <j) {x, y) == 0 the student may with advan- 
tage consult Chapter xxiii. of the treatise on the Theory oj 
Equations. 

S4^8. We shall now give some examples of polar curves. 


Suppose r = <3 sec - . 

o 


, dr a 
therefore = 

cos^- 

o 


tan (jf) = r ^ = 3 cot ~ . (Art. 27 0.) 


dd 6 

The polar subtangent = ~ 3a cosec - . 

0 fji' 

When 5 = — , r is infinite, and the polar subtangent = 3a ; 

^ ^ . ^TT 

hence we have an asymptote. As 9 increases from 0 to — , 
is positive, and r is positive and increases with 6. As 0 


THACII^O 01 ^ POLAB CITilYES. ST9 

increases from ^ to Stt, r is negative, and ~ is positive so 
that r numericallj diminislies. 

To draw the asymptote we proceed thus: since, when 



0 = T is infinite, and the polar subtangent is 3a, the eye 

must be supposed at 0 looking along OF, and a distance 
00=3(1 must be measured to the right of OF and at right 
angles to it ; a straight line drawn through. 0 parallel to OF 
is the required asymptote. 

As 6 changes from 0 to ^ the hranch AB CD is traced 

jj 

out, cutting OA at right angles at A since tan (p = .co when 

0 == 0. When 6 becomes greater than r is negative, and 

according to the usual conventions with respect to sign, must 
be measured in a direction - to -^bat which it would 

have ^ it were positive. For example, if the angle A OQ 
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measured in the ordinary way round from ^0^ be 
the corresponding value of r is 

a Cj 


cos 


L /OTT , 2l\ 

a V2 '^IJ 


or ~ = 


or — a\/2 (^3 + 1) ; 


S111-J5 


hence we take OP—a^/2 (V^d-l) measuring it along QO 

S-TT 

produced. In this way, as 6 changes from — to Stt, we 

obtain, the portion PC FA of the curve. 

If we suppose 9 negative, or positive and greater than 
Stt, we shall only obtain repetitions of the braiiches already 
found. 


549. A very common mistake in drawing polar carves is 
made with respect to the asymptotes. For example, if r is 
infinite when ^ = 0, it is assumed that the initial line is an 
asymptote. This involves a double error, for in the first 
place it does not follow that because r is infinite there is an 
asymptote; and secondly, if there be an asymptote it may be 
'parallel to the initial line instead of coinciding with it. 

For example, the polar equation to the parabola from the 
vertex is 

Aa cos 6 

V = a . 

Sin 9 

0, r is oo, but the curve has no asymptote. 
a 


when 6 = 0,r is infinite ; there is an asymptote, hut it does 
not coincide with the initial line; it will he found to be 
parallel to it and at a distance 3a from it. 

550. Trace the curve * 


Here when 6 = 
In the curve 


asin^ 
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__ dr _ a {6 cos 6— sin. 9) 

Here ’ ^ ^ . 

^ sin ^ 

^ cos ^ — sin ^ ’ 

r is never infinite there is no asymptote ; r is positive 
from ff = 0 to ^ = '7r, negative from 9 =7r to 9 =2'ir, and 

so on. 

When 0=0, tan<f) assumes the form - ; on examination it 
will he found infinite. 

The curve begins at Aj crossing the initial line at right 



angles, since there tan 0 is infinite : as 9 changes from 0 to tt 
the portion is traced out; as 9 changes from tt to Stt 
the portion ODMJPO is traced out, and so on. The curve 
forms an infinite number of loops, each smaller than the pre- 
ceding and all passing through (?. 

If V 7 e ascribe negative values to 6 to obtain the dotted 
part lying below the straight line OA, 

Zil. Trace the curve 

ad^ 
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r 

In tMs case the curve "begins at the pole 0 and makes 



an infinite number of revolutions round it ; r can never be- 
come so great as a, to which value however it continually 
approaches. Hence r = a is the equation to an asymptotio 
circle, to which the curve continually approaches as 6 in- 
creases without limit. 

If we give to 6 negative values, we have a branch similar 
to that obtained from positive values of 6, It is represented 
in the figure by the dotted portion. 

352. We shall now give the equations and the figures of 
a few curves which frequently occur in ptoblems. 

The Logarithmic Curve, 

The equation to this curve is 

X 

or, which is an equivalent form, 
y = ba''. 

The curve extends to infinity 
both in the positive and negative 
directions of the axis oi x. As x 



CATENARY. LOaAIRTHMIO SPIRAL. 


is increased namerically in tlie negatiye direction, y tends 
to the limit zero, so that the axis of x is an asymptote. 


S53. The Catenary. 


The eq[iiatioii to this cnrYe is 

C ^ 

y=2 ")■ 

It is the carve in which a flexible string 
would hang if suspended from two points, 
is shewn, in works on Statics. 



ISC' 


S54?. The Zoyarithmic Spiral. 

The eq[uation to this curve is 

0 

r = 

or r = laK 

Taking the first form we have 

4 A 

tan 6 = r -r- = c* 

^ dr 

Since ^ is thus constant the curve is also called the 
equiangular spiral 



Tlie^ dot tied part arises from negative values of 9 . 


384 


SPIRAL OF ARCHIMEDES. CYCLOID. 


355. The Spiral of Archimedes, 
r = aO, 



35 G. The Gpcloid. 



The cycloid is traced out by a fixed point in the circum- 
ference of a ch'cle as the circle rolls along a straight line. 

Let Ax he the straight line along which the circle rolls ; 

M the fixed point in the circumference of the circle 
BMG which traces out the cycloid ; 

A the point in the straight line Ax with which M. 
was originally in contact ; 

0 the centre of the circle : 

AT^x, MP = 7 j, 3f OB = cl>, OB=^a. 

The BxcMB=a^, and by the nature of the curve it is 
equal to AB ; 

therefore x == a<f} - PB = a(j) - a sin 

y = a — a cos 
If we eliminate we have 

x^a cos"^ ^ — V" (2ay - y“) . 

Qt 



CYCLOID. 
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S57. rroin tke last eqiiatioa Lave 

({ y 

V ' 

Hence the eq[DatioD to the tangent at is 

and the equation to the normal at Mis 

If in the last equation ve put y — 0, have 
X — X— *sf\y (2a— 2()} — a = PB. 

Hence MB is the direction of the normal at M, and therefore 
3IG is the direction of the tangent at M. 

If in the equations of Art. 356 we put (j> =7r, we have 
and ic = UTT as the co-ordinates of the vertex K Hence 

PD = aw a(f> -i- a sin. cf> 

= a{6-hdTi9), " TS6 = T—(f). 

Also the distance of M from a straight line through E parallel 
to Ax is 2a— a (1 — cos <f>) or a (1 — cos 6). 

358. If we tahe the vertex as the origin, and the tangent 
at that point as the axis of y, vre have by the last Article 

y = PM - (i[6 sin ^ 

x — APr—a(l — eos9)) ^ 



Describe a semicircle on AD as diameter: let PN meet 
this circle at M, and join M -with the centre 0 ; then 

AN=^ a (1 — cosAOlf); 
therefore AOM= 0. 


X n. a 


cc 
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r 

Since the arc AM= aO, it follows that 
JO^=arc AM, 

From (1) we have 

y = acos‘‘^2 — (2), 

I- 4^)- 

If 5 denote the arc APy we have 

therefore s= \/{^ax)y 

as will appear from the Integral Calculus. 

The normal to the curve at P is parallel to MDj as we 
may see from Art. 357 or ftom an independent investigation. 
By the property of the circle it follows that 

Q 

MD = 2a cos ~ . 

If we investigate the value of the radius of curvature at P 
we shall find it to he twice J£Z>, that is, 

6 

la cos - , or 2 ^l{lci^ — 2ax). 

359. The evolute of the cycloid is an equal cycloid. 



For it appears by Art. 358 that the radius of curvature at 
a point Af of a cycloid is twuce MN. Hence if we produce 
MN to 0, making NO — MN, the point 0 is the cent:^ of 
curvature corresponding to the point M, Draw EIB and 
make IB = 2a \ dra-y B 0 parallel to ED ; the circle described 
on NG as a diameter will pass through 0, ^ 


EPICTCLOm. HTPOCYCLOID. 


S87 


The arc NO arc J/iXTand therefore 

therefore the arc 0 (7= JvT = GB, 

Hence O is a point in a cycloid generated by rolling a circle 
of radius a along JBG- Hence the evolute of the cycloid 
AEA' is composed of the tiv-o semi-cycloids AJB and A'B. 

360. The epicycloid is the curve traced out hy a point in 
the perimeter of a circle which rolls on the outside of 'a fixed 
circle. 



let O and C he the centres of the fixed and the rolling 
circles respectively, B the point of contact, P the tracing 
point, A its initial position. Take OA as the axis of ; 
draw CNy PM^ perpendicular to the axis of x. Let 

OB=a, BG=h, AOB:=^9, POP=(f>, 

Then x= ON-i-NM 

= (a-f Z>) cos0-f Ssin {cj) — ^7r+0) 

= {a-i- h) cosd — h cos {cf> + 0), 

But the arc AB = the arc BP, by the mode of generation, 
that is, a6 = therefore 

X = (a -^-h) cos 9 — h cos - A 

Similarly y = (a -f- 6) sin 0 — 5 sin ^ 9. 

The hypocycloid is the curve traced out by a point in the 
perimeter of a circle which rolls on the inside of a fixed circle. 


SS8 
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It ma^ "be found “by a method similar to the above that for 
the hypocycloid 

^ j 

x= (a — 1) cos ^ 4- & cos 6, 


y 


= (a — 5) sin ^ — J> sin 


a — 1) 
~b~ 


e. 


301. The radius of the rolling circle may he greater or 
less than the radius of the fixed circle both in the epicy- 
cloid and in the hjpocycloid; it is ho’wever easy to infer 
from the figure, that a hypocycloid in -R^hich the radius of the 
rolling circle is greater than the radius of the fixed circle may 
be counted as an epicycloid. This can also he shewn from 
the equations. Tor in the equations to the hypocycloid put 

9 = <p; then those equations may he -written 


a; = (a + 6 — a) cos — (5 — a) cos 


a H- h — a , 

I 

6 — a 


y = (<x 4- & — a) sin <][>-> (6 — a) sin - ^ ^ \ 

these are the equations to an epicycloid iu which the radius 
of the fixed circle is a, and the radius of the rolling circle 
is & — a. 


Similarly we may shew that a hypocycloid in which the 
radius of the rolling circle is greouter than half the radius of 
the fixed circle maybe counted as a hypocycloid in which the 
radius of the rolling circle is less than half the radius of the 
fixed circle. Thus we can obtain all epicycloids and hypo- 
cycloids if in addition to epicycloids we take hypocycloids in 
which the radius of the rolling circle is less than half the 
radius of the fixed circle. 


362. If a. and i are in the proportion of two whole num- 
- bers we may eliminate 6 between the two equations -rhich 
determine an epicycloid or a hypocycloid, and thus obtain the 
equation to the curve in an algebraical form. For example, 
suppose in the hypocycloid that « = iJ ; then 
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x = 3h cos 9 ~\-h cos 3^ = 46 cos’ 9, 
y =^Zb sin 0—6 sin 30 = 46 sin’ 9 ; 

therefore x^-\-y^=^ a\ 

If in the hypocycloid we suppose a= 26, we obtain 
x = 2b cos 0 and y = 0 ; 

thus y is always zero and x may have any value between — a 
and + « ; therefore the curve reduces to a diameter of the fixed 
circle. 


363. If in Art. 360 the describing point, instead of being 
on the perimeter of the rolling circle, is on a fixed radius 
of that circle, but either within or without the perimeter, the 
curve generated is called the epitrochoid when the rolling 
circle moves on the outside of the fixed circle, and the hypo- 
trochoid w^hen the rolling circle moves on the inside of the 
fixed circle,. In the former case we have 

x= (a-\-b) cos 0 — mh cos — ^ 9j 


y= {d-jr i) sin 0 — mi sin 
and in the latter case 

x= {a — h) cos 0 + mi cos 

y = (a — 6) sin 0 — mi sin 


a 4* 6 

~~r 

a — b 

~T 

a — b 
~b~ 


0 . 

e. 

e, 


mb being the distance of the describing point from the centre 
of the rolling circle. 


364. If a circle roll along a straight line the curve traced 
out by a point in the perimeter of the rolUng circle is, as we 
have already stated, called the cycloid. If the describing 
point be inside the perimeter the curve is called the prolate 
cycloid, if outside the curtate cycloid ; the term trochoid is also 

used to denote both the prolate cycloid and the curtate cycloid. 

& 
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The equations 
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x^ail-m cos 0), 
i/ = a(0 + msm 0), 

win represent a prolate cycloid, a common cycloid, or a 
curtate cycloid, according as is less than unity, equal to 
unity, or greater than unity. See Art. 358. 


EXAMPLES. 

Trace the following curves : 

1. y® = ox^ — 2. y* = a’ — X . 

3. (x — a) = (x + a) x®. 4. x'y® = ix‘ — \f) . 

5. y® (x — 4a) = ax (x — 3a). 6. (x® + y®)® = 4a®x'y®. 

7, y® (2a - x) = x®. (The cissoid.) 

8 x®!/® = (a®-y®) (6 + y)®- (The conchoid.) Transfer the 

origin to the point (0, -h) and then change to polar 
co-ordinates and we have for the equation 

r = 6 cosec 6 ± a. 

9 , (a;»+y=)* = a®(x®-y®). (The lemniscata.) 


10. 

r = a6 sin 6, 

11. 

r==a(6 4- sin 6). 

12. 

r sin 0 — (X cos* 6. 

13. 

r = log sin 9, 

14. 

r* cos 0 = a* sin® Z9, 

15. 

r* cos 0 = a* sin* 6. 


16. r (0-sin 0) = a(0-l-sind). 

17. r = a (1 — cos 6). (The cardioide.) 

18. rO = a. (The hyperbolic spiral.) 

19. Find the equations to the tangent and normal at the 

point P in the epicycloid. See the Figure to Art. 360. 
Shew that the normal at P passes through B. 

20. Trace the curve determined by the equations • 

X = a (1 —cos ^), y = a,j>-, 
this curve is called the companion to the cycloid.* 
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21. Ottaia in an algebraical form tlie equation to tke epi- 

cycloid xor whicli a = 2J. 

jResulL 4(a3’*-fy*-ay = 27ay. 

22. Skew that wlien a- = & the epicycloid becomes the car- 

dioide. 


2S. 


Trace the carve 'wlose eqnatioa is 


^ = a cos - ; and 
s 


shew that if ^ be the point where the curve meets the 
prime radius produced backwards and 1^Q£ any 
chord drawn through the pole S meeting the curve 
at P, Qi and 2, the angles PAQ and QAP are each 
60^, and the angle A8Q equal to thrice the angle 
APS. 


24. Shew that the equations 

r = ot tan6 and 2(i& = r~ytaiL 6 

represent the same curve in different positions, and 
that the radii vectores to the points of intersection 
bisect the angles between the tangents at those points. 


25. Trace the curve - = sin - log ( ??zsin-“) , (1) when m is 

greater than unity, (2) when m is equal te unity, 

(3) when m is less than unity and greater than the 
reciprocal of the hase of the i^"apierian logarithms, 

(4) when rn is less than the reciprocal of the base of 
the hfapieiian logarithms. 


( m ) 
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365. In the preceding pages we have given the proposi- 
tions commonly found in works on the Differential Calculus, 
and have used the method of limits in all the demonstrations. 
We now offer a few remarks on another method of treating 
the subject. 

In the expansion of /{a^ + h) by Taylor’s Theorem, the 
coefficient of h was shewn to be that function of os which we 
had called the differential coefficient of f{x) with respect to x. 
Lagrange proposed to the differential coefficient of /(a?) 
with respect to a; 05 the coefficient of h in the expansion of 
/(aj + A), and thus to avoid all reference to the theory of 
limits. Lagrange’s views ivere propounded towards the close 
of the last century and were generally adopted by elementary 
writers. 

One objection to this method is its use of infinite series 
without ascertaining that those series are convergent^ and the 
proof that f{ps-\-li) can always be expanded in a series of 
ascending powers of A, which is made the foundation of the 
Differential Calculus, labours under serious defects. Another 
objection is* that it is impossible to avoid introducing the 
notion of a limit in the applications of the subject to geometry 
and mechanics ; the definition of the tangent line to a curve 
may be given as an example. 


366. Nearly all the recent treatises on the Differential 
Calculus have followed the method of limits, and the only 
-point of importance in which a difference exists among th^ 
is with respect to the use of differentials. In the present 

work ^ has been defined as one symbol, thus : if y — [x) 
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the limit of - ^ when h is indefinitely diminished 

d'u 

is denoted hy ^ . Some writers add the following words : the 

quantities dx and dy are called the differentials of x andy 
o'esyectively ; their absolute values are indeterminate, and they 
may he either finite or indefinitely small provided their relative 

magnitudes he such that ^ is equal to the limit above men- 
tioned. 


With this meaning attached to dy and dx such equations 
may occur as 

dy = {x) dx, 

where [x) is the differential coeflScient of ^ {x) or y. 

Equations expressed by means of differentials are in 
general capable of immediate translation into the language 
of differential coefficients. For example^ if x and y be co- 
ordinates of a point on a curve and be functions of a third 
variable t, and if s denote the corresponding arc of the curve 
beginning at some fixed point, we have, by Art. 307, 



and by differentiation 

4 . 

dt ~df ^dt df dt df ’ 


A writer who uses differentials will express these results thus, 
dx^ +• dy^ = ds^, 
dx d?x + dy d^y = ds d\ 


The student may look upon the latter as merely abbreviated 
methods of writing the previous equations, and may take 

dx du d^x 

dx, dy, d\ ... as standing for , ... respectively. 


367. Let w be a function of any number of variables, 
for example three, so that u = ^ [x, y^z). If Ave suppose 
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x, y, z, all functions of a variable t, and for shortness put 

%-!>.. 

- (2) ^ + (f) + (k) W- 


we have 


In works on the Differential Calculus, which use differentialsy 
we find an equation similar to the above occurring at an 
early period, namely. 



The introduction and use of this equation form the principal 
difference between such works and one which, like the pre- 
sent, uses only differential coefficients. To establish (2) the 
following method is adopted. 

Let u = (j) {iv, y, 

and = ^ (x + Aco, y + Ay, z + Az), 

therefore 


Au = 0 (a? -f- Aa?, y -f Ay, z q- Az) — <j) {x, y, z) 

__ <f>{x-{-Ax, y + Ay, z-\- Az)--<j>{x, y-^ Ay, z-\- Az) 
Aaj 


I «/»(a?,y+ Ay, ^4-Az)-st»(a;,y. z + Az) 

Ay ^ 

- , g + Az)-(^(a!,y,z) 

Az 


( 3 ). 


K Aa?, Ay, and Az diminish without limit, the quantity 

^ (a; q- Axj y 4- Ay, z q- A^) — <^ (a?, y q- Ay, z q- Asj) 
Aaj 


approaches the limit . If then we put for this quafttity 


\dx) 


+ a, we know# that a diminishes without limit when 
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A^, so. In this manner we may deduce from 

( 3 ) the equation 



As?... .(4), 


where a, 7 , all diminish without limit when Aa?, Ay, As 
do so. If then duy dx, dy^ and dz, denote quantities whose 
absolute magnitudes are undetermined, but whose relative 
magnitudes are those to which Aw, Aa;, Ay, and Azy respec- 
tively approach as their limits when they are all indefinitely 
diminished, we have 


du=^ 



Having thus established ( 2 ), we give an example of its 
application. Since in establishing ( 2 ) we had no occasion to 
consider whether a?, y, and were independent or not, the 
result is universally true, whatever relation be given or sup- 
posed between the variables. If, for example, <f> (x, y, z) is 
always == 0 , we have 




How if ^ (x, % z) = 0 is the only equation connecting a?, y, 
and z, we may if we please vary x and z without changing y. 
Hence in the preceding investigation Ay = 0 throughout, and 
therefore in (5) dy — 0\ thus we have 



where ^ is the differential coefficient of supposing x to 
vary and y to be constant. See Art. 188. 


368. It would occupy too much space if we were to pro- 
ceed further with the subject of differentials. Differential 
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coefficients have been used exclusively in the present work, 
from the conviction that the subject is thus presented in the 
clearest form, and that if some of the operations are thus 
rendered a little longer than they would otherwise he, there 
is at the same time far less liability to error. The equation 
(2) is certainly of great use in applications of the Differential 
Calculus, particularly in the higher parts of the Geometry of 
Three Dimensions: after the remarks already made, the 
student will probably find little difficulty in those applica- 
tions. Perhaps he may be further assisted by referring to the 
theorem for the expansion of a function of three variables. 
If 2 ^ = (^ (x, y, z)^ we have 

^ {x + li, y -{-h, z + l) — (j> (x, 2 /, z) or Au 


^ du , T du ^ ^du ^ 

== h -j — j- h — h I — h jU, 
dx ay dz 

where R involves squares and products of A, h, 1. Hence the 
smaller A, /c, Z, are taken, the smaller is the error contained 
in the assertion 

dx ay dz 


MISOELIANEOUS EXAMPLES. 

1. Find ^ if 2 ^ = sin“^ — \f{x— x ^) , 

and V = cos"^ c^) — a^)^. 

Result. 


2^x^ 


2a^ ^/\—xJl — x^c 


2. Find the maxima and minima values of (sin 

3. Find the area of the greatest isosceles triangle that can 

be inscribed in a given ellipse, the triangle having its 
vertex coincident with one extremity of the major axis. 

4. APQB is a semicircle whose diameter is AB^ and PQ is 

parallel to AB, Draw AQ and BP, and let them meet 
at B : find the position of P and Q so that the triangle 
PQR may be a maximum. • 

Result must be equal to ^ . 


#- 


r' 
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5 . A. figure made up of a rectangle and an. isosceles triano-le 
is inscril)ed in. a semicircle : determine its dimensions 
so that its area may he a maximum. 

Result. The height of the rectangle must he half the 
radius of the cii'cle. 


6. Find the cone of least surface, excluding the base, that 

can surround a giv^en sphere. 

Result, The siue of the semi vertical angle = V2-~ 1. 

7. Find the cone of least surface, including the hase, that 

can surround a given sphere. 

Result The sine of the semiYertical angle = 

S. Find the maximum value of cos cos cos Yrhere 

0 -f <j[) -f - = 77. 




Transform by assuming 


oc = l^x - 1 - y — - 4 - m^y. 


Resxdt 4- ni^) 4- 2 \ 4- 


d XL / 7 2 r n. dj il 

df- 

10. An equation between three variahles contains n arbi- 
trary functions of one of them, and 4n®-- — 1 arbitrary 

constants: shew that generally the equation must be 
differentiated at least 4n ~ 2 times in order that the 
functions and constants may he eliminated. 


11. If Fbe any function of y, z, and Y' the value of V 
when VXD is substituted for x, %ou for y, and uv for z ; 
then 


,d^F, drV cPF d^Y 


1 

2 


RW' R^Y' 


dvC* 


t + F 


d'i 


■4-t<? 


. 6}Y\ 

dvf j ' 


12. If y = e*® and z -hxe~^ = 0, shew that the general 
V term in the value of y when expanded in a series is 

o;^ 
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13. If ^ = a? + ayfr (y) + ^(j> {y) ■+ 

j'( 2 /)=i?’(®)+. ..+ i irQc) {af(x)+^<f> (x )+.. .}"] + . .. 

14 If y==a4-«^(y), and y = z' + x -^{y"), « and z' being 
independent variables, shew that the general term in 
the expansion of /(y, y) in powers and products of x 
and X is 


15. 


16. 


17. 






Find the coefficient of a?x in the expansion of. 
cos (ay + a'y'), when y^z-Vx sin y, and y=z-\-x sin y. 

In any curve the part of the tangent between the point 
of contact and the perpendicular from the origin on the 
vdv 

tangent is equal to . 


Shew that the equation to the normal at any point of a 
curve may be put under the form 
X —X ^ y —y 
d^x (ffy 

ds^ ds^ 


Shew that this equation is the analytical expression 
of the fact, that if a tangent be drawn to a curve at 
any point P, and in the tangent FT be taken equal to 
the arc PQ and on the same side of P, then the straight 
line QT is ultimately perpendicular to the tangent. 


In the ellipse the focal distance cuts the curve at an 
angle, the tangentof which is a mean proportional be- 
tween the tangents of the angles at which the corre- 
sponding diameter and a parallel through the point to 
the transverse axis cut the curve. 


If a curve be referred to axes inclined at an angle a to 
each other, shew that the radius of curvature is 


+2cosa^ + 


\dx) 


■ sin a 


ly 

da? 


18 . 
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19 . The equation to a parahola referred to any two tano*ents 
heing V ^1]”= radius of cur- 

2 

vature is (ax - 2 cos a V(ahx^) + y^here a 

is the inclination of the tangents ; and thence find the 
co-ordinates of the vertex assuming that the curvature 
is a maximum at that point. 


20 . 


21 . 


22 


24. 


If a curve pass through the origin and touch the axis 
of y, the diameter of the circle of curvature is equal 

to the limit of ^ ; if it touch the axis of x the diameter 

^ . a;” 

is equal to the limit of ~ . 

y _ 

If a curve pass through the origin at an inclination a to 
the axis of x, shew that the diameter of curvature at 

o ^ 

• • • CCT - 4 * ^ 

the origin is the limit of — r-^ . Hence, shew 

^ ^sma— 2/cosa ' 

that the radius of curvature at the origin of the curve 
+ 2ay — 2ax = 0 is 2 \/2a. 

If ^ be the angle between the tangent and the radius 
vector of a polar curve, shew that the radius of cur- 
T cosec (f> 


vature is 


1 + 


d(f> 

w 


23. 


The equations to an epicycloid being 
x = a{2 COB 0 — cos 20), 
y = a (2 sin 0 — sin 20), 

0 

shew that p = sin - , and that the evolute is an epi- 
o 2 

cycloid in which the radius of each circle is ^ . 


In the curve y =x^—4:X^— 18x^, find the nature of the 
curve at the points x = d, —1, and f(l ± a/ 5). 

25. Shew that the curve y = has points of inflexion when 


X- 


'* a/2' 
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26. 


In any curve the equation ^ + 1 = 0 holds at a point 


of inflexion, 6 and <f> being the angles which the prime 
radius and tangent make respectively with the radius 
vector. 


27. 


Is 


cZr 0 

^ necessarily of the form - at a multiple point ? 


28. Find the singular points in the curves 

and — 2:ry 4- 2x^ — = 0. 

29. Find the nature of the curve 

2 / -f 1 = 2a; — ± (2 — a;)"^ 

at the point a; = 2. 

50. Determine the point of inflexion in the curve 

y = a;^ — -}- 24a? — 1 6. 

51. From the pole of the curve r — Aa^ perpendiculars are 

drawn upon the tangent ; through the points of inter- 
section of the perpendiculars with the tangents, straight 
lines are drawn parallel to the radii vectores : shew 
that the equation to the locus of the ultimate intersec- 
tions of all such straight lines is r = .^1 cos a where 
cot a = log a. 

32. If radii vectores of an equiangular spiral be diameters of 
a series of circles, the locus ofthe ultimate intersections 
of the circles will be a similar spiral. 


1 
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369. In fhe present Chapter we shall investigate various 
propositions which afford valuable illustrations of the prin- 
ciples of the subject and lead to important results, 

370. The following formula is due to Jacobi: 

(2”-i ,^„.,1.3.5...(2w-l)sin«^ 

where x = cos 6, This we shall now demonstrate. 


Put y for 1 — 0 ?^: we have 

dx + 1) 




do" 

thus by Alt. 80 

(2«+ 1) 1)C2«+ 1)^„^ 




Also 

thus by Art. 80 


d"f*^ dyf-^ 
dx^ ~ dx"- ’ 


jn-i ..-j dr^TT^ 

■inx — r4:j n[n- 1) 


.( 1 ). 


.( 2 ). 


From (1) and (2) hy eliminating ■ obtain 

r7%i'^h 

(2« + l- -^= (2»i + l)y-^s — Qln + J)nx-^r ...(3). 

£d. c. dd 


-1 
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Assume that Jacobis formula is true for a specific value 
of n ; differentiate both sides with respect to : thus 

1.3.5... (2n-l) cosnO 
^ sin ^ 

Using this result, and also Jacobi’s formula, on the right- 
hand side of (3), we obtain 

.7n 

{%-{• 1) = (— 1)”1 . 3 . 5 ... (272 + 1) oo^nd sin 9 

+ (— 1)” 1 . 3 . 5 ... (272 + 1) sin n9 cos 6 


= (— 1 )" 1 . 3 . 5 ... (272 + 1 ) sin (n + l) 6 ] 


therefore 


^ 1,3.5... (222 + l) siu (^2 + l) l9 

dx^ ^ 22+1 


This shews that if Jacobi’s formula is true for a specific 
value of n it is true for that value increased by unity ; and 
it is obviously true when 22 = 1, and when 22 = 2 : therefore it 
is true for any positive integral value of 22. 


371 . The following proposition is useful in some appli- 
cations of mathematics to natural philosophy : Having given 
that if* X varies, it must be such a function of the independent 
dx . 

variable t, that = ax, where a is some quantity, not neces- 


sarily constant, which is always finite ; and having given 
that X is zero when t is zero: then it will follow that x 
cannot vary, or, in other words, that x is always zero. 


Denote a; by ^ {t). We know by Art. 101 that 

(0) = 

where 6 is some proper fraction. 

In the present case <p (0) = 0, and (fd (6t) =: {6t)^ where a 

is some finite quantity. Thus we have 

<j) {t)=^ ia^ {dtj, 

and therefore, if ^ (t) be not zero, r. 

_ 
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But it is irnpossible that this result can be universally 
true. Tor since a is always finite we can take t so small 
that ta shall be as small as we please. And as ^ [t] begins 
with the walne zero, if it -varies it must at first increase 

namerically with and therefore cannot be fireater 

9 (t) 

than unity. Hence the result is inadmissible ; and it follows 
that X cannot vary, or in other words, a? is always zero. 

S72. The preceding proposition may be extended so as 
to involve amj number of snch supposed variables as x ; we 
will take three for example : Having given that if a:, y, and s 
vary, they must be such functions of the independent vari- 
able t, that 


dJCi 

dt 








wbere 6 ^, ... are (quantities, not necessarily con- 

stant, which are always finite ; and laving given tliat ce, y, 
and z are all zero when t is zero; then it will follow that no, y, 
and ^ cannot vary, or, in other words, that x, y, and 2 ? are 
always zero. 

Denote x by </)(^), and z hy;j^(^). Then, as in 

the preceding Article, we have 

{dt) -h apir {dt ) -f {6t ) } : 

and therefore if ^ (^) be not zero we have 

"“‘{■•(-(o ‘m- 

and in like manner we deduce two other similar results. 


But it is impossible that these results can be universally 
true. For suppose t indefinitely small, and let {t) be not less 
than either (0 or %(]5). Then the first of the three results 
assorts that unity is equal to an indefinitely small q^iiantity. ^ 
Hence the results are inadmissible ; and it follows that x, 3 /, 
and z cannot vary, or, in other words, ^tbat x, y, and z are 
always zero. 

• 


» d3 
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S73. Ve have already given forms for the remainder 
after %-f-l terms of an eipansiou by Ta 7 lo/s'‘ Theorem; see 
Arts. 93 and 110: these two forms, and others, may be 
deduced from one general expression which we will now 
investigate. 

Let {x) and (x) be two functions of x which remain 
continuous, as also their differential coeffi-cients between the 
values a and a -1-^ of the variable cc; suppose also that be- 
tween these values the differential coefficient 'yj^fcc) does not . 
vanish : then by Art. 98 

<f> (a -h Ji) — (a) __ <j>' (a -h 9h) ^ 

yjr (a -h h) -- (a) (a -f- 9Il) 

where 0 is some proper fraction. 


Denote by cf) (x) the function. 

Fia + h] -F{x)-{a + h-a;)F'(x)- 2 ? » . 

id?: 

and denote by ‘yjr (x) the function 

fia+h) -fix) -(a, + h-x)f(x)-...~ ^ (x). 

We assume that F (x) and all its differential coefficients 
■up to inclusive are continuous while x lies between 

the values x and a-f A; as also /(a?) and all its differential 
coefficients up to inclusive : moreover we assume that 

{x) does not vanish between these values. 

Now 4' [x) = M 

\n ^ ^ 


and -^'ix) . 

also ^ 0, and (a + A) == 0 : 

thus we have from (1) 


■f {a) -{n 


{7i- eh)”-^ 


F’'^^(ia + 9}t) 
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Hultiply Toy ani pu-t for (p{a) and f'(a) tlieir values ; 
tlien 

y (« -I- A) -F(a) = J?, 


where M = 

|/(o 4 A) -/(») - y"(“) 


m«)iLz 


Ij; Jlii 


--{h-eiif 


, F’'*\a-^eh ) 

{a -hOk) 

(2). 


Ttis is a general erpression fori?, tlie remainder after 1 
terms of the expansion oiF{a-i-K) by Taylor’s Tlieorem. 


Tor a particular case tabe f(x) = (x— a)^^, where is any 
positiTe numloer wliieli is not less than q ; then all the con- 
ditions with respect to f {x) are satisfied : and we liaye 

/•(a)=0, /'(a.)=0, .../«(a)=0, 

f{a + h)= 7 r\ 


and {cz-\- eit)=ip + l)p... 


Hence 

y ( 1 - 9y^ ^h9) , 3 , 

d*’-' (p + Op ... (p-2 + 1) 

In the particular case in -which jp = S' we hare from (3) 

„ {i-ey-^Tf^^F'^'Cp+ef^ 

(p + 1) |_» 

If itt (4) -we put p = n -we have La^ange’s form of the 
remainder, wliich is given in Art. 92 ; if in (4) we put p = 0 
we have Cauchy’s fonn of the remainder, which is g:iven 
in Art 110. 

Other particular forms may he readily obtained. Thus in 
(.^) put 2 = 0 ; then since |_0 must he replaced hy unity ve, 

ha^e 
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Again, in tlie general expression (2) let/(^) = and 

2 = 0; then 

'tjr (x) h) — F"" (x), 

and assuming that (x) does not vanish between the 
values a and a + we have 

^ {i^”(a + Ji) . 

In (2) put q==0; thus 




F''*^{a + eh) 
fifl+eh) ' 


MSmoires de I’AcadSmie... de Montpellier, Vol. 5, 1861 ...1863. 


374. Expand siii'^a; in powers of x. 

Assume sin'^a; = A^+ Ape + ApF + Ap^ 

Differentiate both sides with respect to x ; tlius 

, a: sin"’ a: . c. a a .r-^ 

^ _ a;'-’) ~ + ^^ 2 * A ...A rA,.x + ... , 


that is 


1 - 


1 — a:' 


^ (A^ A^x -j- A jX° + . . .) 


= A, + 2A^x+ ...+rApd~^+ ... ; 
therefore 1 — x^— x (A„+A^x + A^x^ +...) 

= (A,^ + 2A^x+ ... + rApf~^ + .. .) (1 - 

Equate the coefEcients of x'; thus if r be greater than 2 
we have 

- = (»• + 1 ) - (»• - 1 ) 
therefore (r— 2) A,._j^= (r + 1) A^^^. 


, Also we can see by expanding V( !—«’') and sin"’ x and 
forming their product that '' 


1 
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lienee 

and 
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vanish, 



Put ^forsia~*a;; thus we deduce 
2 

tir 

3 




2. 4 

3 . 5~7 


(sin0/ — — 


See Quarterly Journal of Mathematics^ ToL 6, page 23. 

375. let (^(ir) denote + 

Tv-liere ?2 is a positiTe integer. It is required to determine 
the coefficients p^, p ^, ... so that the numerically greatest 
Talue of 4) (a?) bet ween the given limits —h and h for ^ shall 
he as small as possible. 

If we give a geometrical form to the problem, we may say 
that the curve p = 4 (^) between the limits — h and h is to 
deviate as little as possible from the axis of x. 

The maxima and minima values of 4 (^) will be deter- 
mined by the equation = 0/ which is of the [ri— 1)^ de- 
gree ; and therefore there cannot be more than » — 1 of such 
values. These values, together with the values of 4 (^3 WFhen 
X ^ — li, and when x —h, will be called extreme values. 

37G. iNow we admit as sufficiently obvious that tliere 
must be some definite values of the coefficients in 4 ^bich 
solve the problem ; and we shall first shew that there must 
be w +- 1 extreme values all numerically equal. 

Suppose, for instance, that n=3 ; then there must be 4 
extreme values all numerically equal 

For if possible suppose that there ai'e only 3 extreme walues 
of 4 (^) ^ numerically equal ; namely, corresponding to the 
values aTj, iTg, and of x. Let (x) denote the expression 
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and suppose jjb^y /Xg, and /Zg to "be infinitesimal constants, 
whicli are determined so that (x) and 'ijr (x) maj hare con- 
trary signs when x — when x = x^, and when x~x^: this 
can obviously be done. For instance, the sign of must he 

contxaiy to the sign, of j . Then (j5) (x) 

1^1 ^2/ \^l — ^S/ 

differs only infinitesimally from ^ (x ) ; but when (j> (x) has its 
extreme values <f) (x) (a?) is numerically less than <j> (x) : 

and so <j>(x) -f i^) deviates less from zero than ^ {x) does. 
Moreover the coefficient of x^ in cf) (x) H- yjr (x) is unity ; so 
that ^ (cc) 4- {x) is an expression of the proper form. It 

follows therefore that <j> [x) cannot be such as the problem 
requires. 

The preceding argument will perhaps he more readily 
understood when presented in a geometrical form. The curve 
y=^(f>{x)+'\lr [x) is indejmitdy close to the curve y = ^ (cc) ; 
but where the latter curve deviates most from the axis 
of X the former curve is nearer to the axis of x: and thus 
the former curve deviates less from the axis of x than the 
latter curve. 

In the same way we may treat the case in which (f> (x) 
has only 2 extreme values numerically equal and numerically 
greater than any other value; or the case in wliicL the 
numerically greatest value of <f> \x) is unique. 

The considerations which we have thus employed when 

= 3 are applicable whatever may be the value of 

Hence, as we have said, to solve the problem the coeffi- 
cients in ^ [x] must be determined so that (p (x) may have 
71 +• 1 extreme values all numerically equal. 

377. Let Jc denote the extreme numerical value of <j) (x ) ; 
then we have shewn that the equation 

{4>(^)Y~F=o ( 1 ) 

must have n-f 1 values which also satisfy the equation 
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Let ttie w + 1 values be denoted by besides 

— h and h. We shall shew that any one of the former n—l 
roots of (1) occurs twice in (1). For the derived equation 
of (1) is 

2<f>'(x) <j>{x)=0 (3); 

and any one of the values is by supposition a 

root of the equation (j>'(x) = 0, and so satisfies (3). 


Hence we have by the Theory of Equations 

{<^ (x^- h?) (X (x--x^,r. 

But by supposition the roots of the equation 4> W = 0 are 
x„x^,... hence 

4> {x) = n {x - xX^~x^ ... {x-x^y, 

therefore {<^ (a;)}’ - h^= (4). 

Diflferentiate (4) with respect to x ; thus we get 

n^<j> (x) = X(^' (x) + (x^— h^) ^"'(x) (5). 

From (5) by equating the coefiRcients of x” x””^ x““^, we 
shall be able to determine in succession p^y For 

thus we have 

n^ = n'hn(n — l), 

= {n -1) p^+ {n - l){n -2) p^, 
n% = (w - 2 )_Pj + (w - 2) (» - 3) p^- n{n-l) h\ 
n% = (w - 3) P 3 + (» - 3) (re - 4) - (re - 1) (n - 2) , 

re®p^= (re-4)2)^+ (re -4) (re — 5) (re — 2) (re-3) 

and so oil 

Thus p^=0, p^ = J-, p,= 0, ^>4 = -^ 


4 ’ ■ 

Therefore <f} (x) =x' — nxT ^ ^ ^ aP 


8 

2 * 


71 (n ~ 4) (n — 5) 


‘^+ 


.( 6 ). 
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378. If in. the identity at the top of page 120 we put 
4^ = -- we shall obtain 

X 

/or + - /o}’‘ 


= 2” 


hence we infer that 

^ (a,) ^ {a; + V(a;* - A^)]" + {x - V(a:" - 

and this may be verified by shewing that this value of ^ (x) 
satisfies equation (5). 

A" 

By putting x^hvre find that h == — . 

JU 


X ~ naj 


,n{n-z) Ji 


*>2 


a; 


Assume ^ = cos which is of course allowable so long as 
X is not numerically greater than A. 

Then [x ± ~ /O}’' — /^" {^os 6 ± sin 

= {cos n9 ± ^ —I sin 7id] ; 


thus 


<f> (x) = 


A” cos 7^0 


that is so long as x lies between — A and A we have 

^ (0 = ^ <^c>s n ^cos"^ ~ ^ ^cos"^ . 

379. The last result may also be obtained from (4). For 
put (j) {x) =^z‘j then (4) gives 

.n 1 dz 


therefore 
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xce since diffoTential coefficient of 

^ ^ with respect to^, and — " 7 -— ^ ^ is the differea- 

oefficient of with respect to ir; it follovrs by 

02 tbat 


-jCC 

n cos = cos 


Ha 


C denotes some constant q^iiantity. Hence 


V = cos ( n cos 


P 


)• 


t by hypothesis z mnst be numerically equal to K; when 
^cpiial to h ; and thus € must he some multiple of tt ; 

tliercfore cos cos~^ ^ is nnmericallj equal to 

^cos"^ . 'This gives the required result. 

^ problem of Arts. 3 7 5... 379 is also solved in IBertrand’s 
il jpages 512.. .519. 


O. We have sometimes to determine the value of 


dx 

axi equation = 0 , when cc and y are such that 

and - ^ vanish : fox instance, we have to do so 

ay ' 

L we are rinding the directions of the tangents at a mui- 
point of a curve. The method of Art. 191 is liable to 
objection wdiich is there stated. In Art. 195 another 
lod is given for the case in which £cr = 0 and 0 are the 
under consideration. It is easy to mahe the latter 
Lod applicable for any values of oc and y ; by a procecs 
ti. is geoinetricall j equivalent to transferring the origin 
-ordinates to the multiple point which may be supposed 
i under consideration. 

ippose that x=^a and y=& are the values to he con- 
Put a+Afora?, andy-f/; for y. Then the equa- 


-fl 
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tion becomes cf) {cb + 7i,h-\-k) — 0. Now expaud + A, 6 + Jc) 

by Chapter xiv. Suppose that every differential coefficient 

— vanishes when x — a and y = &, so long as r 4- 5 is 

less than n. Then we may denote the expansion symbolically 
thus : 

^here n stands for <p (x, y) and v for (j)(x + 67i, y + 67c), 
6 being some proper fraction ; and after the differentiations 
have been performed we are to put x = a and y = 6. 

Now if we suppose 7i and Tc indefinitely small we have ulti- 
mately for determining the ratio of 7c to li an equation which 
may be expressed symbolically thus : 


or more explicitly thus : 
j d tc 7 ti~i T d' u 


n {n — 1) 




i+' 


12 _ 

wffiere after the differentiations have been performed we are 
to put x = a and y = &. 

It is obvious, as in Art. 195, that when h and Jc are indefi- 
nitely small ^ coincides in meaning with ~ for the case in 
which x= a and y = 5. 

S81. As an example of the preceding Article suppose 
we have the equation — d{c — x)^ (o'* -h x^) = 0. Here 

when x = c and y =; 0 we have ~ = 0 and ^ ^ 

j 4 ^ j dru ^ 4 rni 1 u. • 

^ = ^ = and^ = 2c^ Thus we obtain 


therefore 


-A*4c‘+F2c‘ = 0; 

• | = ±V2. 
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382. The lemaiks T^hich we shall now give "will illustrate an 
instructive mode of considering the singular points of cu.r\'es. 
It will be seen that in effect we transfer the origia to the 
point to he examined, and then employ polar co-ordinates. 

383. Suppose that from any point of a curve as centre a 
circle is described with an infinitesimal radius; then by the 
aid of diagrams the following statements become obvious : 

If the point is an ordinary point the circle cuts the curve at 
two points, and the radii of the circle drawn to the two points 
include an angle which differs infinitesimally from two right 
angles- 

If the point is a singular point we have other results wdiicli 
depend on the nature of the singularity. 

If the point is a conjugate point the circle does not cut the 
curve. 

If the point he a point 6! arret the circle cuts the curve at 
only one point. 

If the point is a cusp the circle cuts the curve at two 
points ; but the radii of the circle drawn to the two points 
include an infinitesimal angle. 

If the point is a point saillanf the circle cuts the curve at 
two points; but the radii of the circle drawn to the two 
points include an angle which is neither infinitesimiil nor 
infinitesimally different from two right angles. 

If the point is a multiple point the circle cuts the curve 
at mare than two points. 

384. How suppose that ^ (cc, y) = 0 is the equation to the 
curve in a rational form. Let x and y be the co-ordinates of 
a point on the curve; and let x-vh and y +■ & he the ca-ordi- 
nates of any adjacent point 

Sjpce ^ {x, y) = 0, we have, hy Chapter xiv., 

^ 4” y 4 -f- £7c -f- - {CJh^ “h 2j^hh -P -p -S ;; 

iU 
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here -4, jB, (7, J), E are certain differential coefScients of 
^ y) 5 It may be symbolically expressed as 

1 (j d , , cZV 
|_3 V dx'^^ d.ii) 

wliere v denotes and t is some proper frac- 

tion. 


Let us suppose tliat A and B are not both zero ; assume 
J. = j?Lsia7, and B — Kco^*y\ also put r cos B for h and 
r sin d for Ic. Then the equation (f> y — becomes 


Xsin (y-f 6 ) 


C cof 9 -b 2D sin 0 cos 6 -\-B sin 


inBj- 


r 


.(1). 


It is obvious that when r is infinitesimal — is also in- 

r 

finitesimal; and that the above equation is satisfied by a 
value of 6 for -which 7 -b B is infinitesimal, and by a value 
of 9 for which 7 -f is infinitesimally different from tt ; 
and by no other value of 9 except such as differ from these by 
a multiple of Stt. Hence -we have an ordinary point of the 
curve. Tlierefore for a singular point it is necessary that 
A == 0 and B = 0. 


Suppose then that J. = 0 and B=0. The equation (1) 
reduces to 

B cos®0|tanB4^ tanB+^j--f ^ =0 (2). 

385. Suppose that is greater than CE ; then -we know 

2D C 

that tan^0-l-^ tan can be resolved into real factors; 

and so may be expressed as (tan 0 — tan a) (tan 0 — tan ^ 
cmd a and ^ may be supposed to he between 0 and tt. Thus 
the equation becomes 

91 ? 

Ecos^9 (tan^-^ana) (tanB-tan/3) 4* -y = 0.'.....C3). 
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Now ^ is iiiinitesimal yfhen t is ; therefore, clenotiBj hy 

Tj aa iafmitesimal angle, we see tliat (3) lias four different 
solutions for 6, namelj, one bet-ween a — 9; and a 4- one 
between ^-77 and ^+-77, one between 7r + a—^ and 
and one between tt 4-^/3 -- ij and tt 4- /S -F- 7/. Tbns tbe singular 
point is a double point, tbe tongerits at tlie point being in- 
clined at angles a and 0 respectively to the axis of x. 

386. Next sappose that is less than CE; then vre 
shall find that tbe infinitesimal circle does not cut the curve, 
and so tbe singular point is a conjugate point. 

SS7- Finally, suppose that D^=CE; then equation (2) 
takes the form 

E CQS,^d (tan 0— tan a)® -f ^ = 0 (4) : 


the discussion of this form is rather complex, and ive will 
only briefly indicate the results. 


Suppose that ^ is negative when 6 is indefinitely near 

to a. Then denoting by 77 an infinitesimal angle "we see that 
(4)* has two solutions for 6 , namely, one between a — 77 and <x, 

and one between a 4*^7 and a. The sign of when 0 is 

jLJ 


indefinitely near to 7r4-a will in general he coiitrary to the 
sign when d is indefinitely near to a, hecause R is in general 
a function of tbe third degree in cosS and sin when r is 
small enough ; and so there is no solution of (4) in this case 
besides the two already noticed. Hence the infinitesimal 
circle cuts the curve at two points, and only at two ; and the 
radii of the circle drawn to the two points include an in- 
finitesimal angle. Therefore the singular point is a cusp • the 
tangent at the cusp is inclined to the axis of x at an angle a, 
and the two branches are on opposite sides of the tangent 


Jd 

Similarly if is positive when 9 is indefinitely ; 


we have in general a cusp of the first hind as before; the 
tangent at the cusp is now inclined to the axis of a: at an 
angle 4- a. 
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But it may happen that R itself changes sign when 6 is 
iadefinitelj near to a or to 7r-f (x; and thecr onr conclusion 
as to a cusp of the first kind does not hold. We should have 
in such a case to make a closer examination, and in general it 
would be necessar\^to extend our expansion of 3/'+^;), 

and instead of R to have terms which may be expressed as 

where t represents a proper fraction. 

388. IToreover if (7, i>, and R all vanish at the point 
(Xy we should Lave to use this extended form of the ex- 
pansion of (.r -f A, y -f- i) in order to determine the nature 
of the singularity. 
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1. If a semicircle roll along a straight line, the curve to 

w’hich its diameter is always a tangent is a cycloid. 

2, If a cycloid toU along a straight line, the equation to 

the carve which its base touches is 


X 

2a 


{2+ 


-(£)?■ 


3. A series of circles is described having their centres on an 
equilateral hyperbola and passing through its centre, 
shew that the locus of their ultimate intersections will 
be a lemniscate. 

it. Examine the nature of the foEowing curves at the origin: 

3 /* -f 2ay^x + 2ax^ = 0, 

y — — 4* 4- = 0, 

y*- (ay — Ja?) — 0, 

y®4^==2aVy, 
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o 

o 


-IX 


e. 


Q.: 


5. 'Trace the curre (cc" — a,*) (^^--6^) = 0, and stew 

that the Freadth of each closed poition is t^ice as great 
in the direction of y as in that of cc. Shew also that 
when h approaches a as its limit, each of these portions 
is ultimately similar to an ellipse. 

6. Trace the curve (a?® — a^f +- (y® — Shew that 

when 6 = a it reduces to two ellipses. 


7. 


If a conic section whose focus is at the pole of a given 
curve have vrith the curve a contact of the second 
order at the point (w, 6) the equation to the conic sec- 
tion "will be 


du 


u -f cos^ (Q — S) 


d\ do dhi. 

dd cos [& —‘9)) ” 


8. A given curve rolls on a straight line, explain the 
method of finding the locus of the centre of curva- 
ture at the point of contact of the curve and straight 
line. 


If the rolling curve he an equiangular spiral the re- 
quired locus will be a straight line ; if a cycloid a 
circle ; and if a catenary a parabola. 


9. night-angled triangles are inscribed in a circle : if one 
of the sides containing the right angle pass through 
a fixied point, find the curve to which the other is 
always a tangent. 

Hesult, (f -f y®) — (a^ -h 6® — c® — aa? — b^)\ 

. where (l and h are the co-ordinates of the centre of the 
given circle and o its radius, the fixed point being the 
origin. 

_ 19. Determine the equation to the envelop of all the equi- 
lateral hyperbolas which have a common centre and 
-- cut .at right angles the same straight line. 

JBesnlt ’ a?® -t 3 — y® -f a® = 0, 

„ where a? = a represents the given straight line. 

. lin.c. EX 


418 


mSCELLuO^EOUS EXAMPLES. 


11. Find the enyelop of the axis of a parabak having a 

focal chord given in position and magSdtude. ^ 

JtestilL + = the origin being the middle 

point of the given chord, and one of the axes coinciding 
with that chord. 

12. A system of ellipses is described such that each ellipse 

touches tw'O rectangular axes, to which its axes are 
parallel, and that the rectangle under the axes of 
the ellipse is constant: shew that each ellipse is 
touched by two rectangular hyperbolas, the rectangle 
under the transverse axes of which is equal to the 
rectangle under the axes of any one of the ellipses. 

13. A, B, are the centres of two equal circles, and AP^ BQ, 

are two radii which are always perpendicular to each 
other : find the curve which is always touched hy the 
right line and explain the result when 

AB^=2AP^ 


14 . 


Tiace the following carves : 

~ xy^ + a/ = 0, 

3/’ ~ 7 yx^ 6^?®— a* = 0, 


y >f — aV== 0, 


a -f 7x^2/ + 7a:y *f y) - = 0, 

o® = 0, 

y (a; ~ 2a) — a;® -f a® = Q, 

y — -f a;® = 0, 


y — + ic® = 0, 

a?* , /r ^ V(^' 
3, = -±(a;-a)^ 




j/*(a-hx) =as‘{ct-a), 


— 1 ), 
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( sin $ = a- cos 20, 

rie~^y=a(d^-'^y 

15. S and ^ are two fixed poiuts, and a curve is described 
sucli P te any point in it the rectangle con- 

tained by and EF is constant: shev^ that the 
straight lines dra-wn from S at right angles to SF and 
from jS at right angles to HP meet the tanrent at P at 
pomts eqnidistauf; from P. 


•Id. 


17. 


18. 


( CO 

a* rational homogeneous function of - , ~ 

of 71 (iiin6iision.s, she'w that thie envelop of the curves 

represented bj the equation /(-, f) =1, under the 

condition aD = constant, consists in general of n rect- 
angular hyperholjB having the axes as asymptotes. 


If any quadrilateral ABCF change its form, its sides 
remaining constant, shew that the variations of the 
angles -d, F, (7, J) are ultimately in the same ratio as 
the areas of the triangles BCD, CBA, BAB, ABC. 


In Art. 274, if ~ 1 , we have approximately when 
X and y are very large 



where — ^ 7 -^ 4 : 

^ <>i) 


shew that if — we have by continuing the 

approximation 


2^==// I ^ (^i) d- (/£,,) 

00 a - 

Hence shew that in general the two extremities of 
the rectilinear asymptote are on. opposite sides of the 
cuTV'e- 

m 
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19. In Art. 275, if ^ ^ — 1, we have approximately when 

X and y axe very large • 

shew that if ^ — 2, we have by continuing the 

approximation 




■A\J B.G 


-i- 


+ -a "f - 

a? # 


where 


f'(ft) 6f>,) ’ 


0=- 






20. If (a, /3) he a point of the curve ^ (a?, y) = 0 through 
which pass w tangents, shew that the locus of all the 
tangents at that point is expressed by 


21. Shew that the theorem of Art. 91 will hold even if 

is infinite when x — a or when x = 6. Give a geo- 
metrical illustration. 


22. Shew that the theorem of Art. 98 will hold even if F' (jx) 

or f\x!) is infinite when a:;= o or when x = a + h. 

23. Shew that the formula (3) of Art. 373 will hold provided 

p + 1 is not less than q. 

24. Obtain from (3) of Art. 373 the result 

P _ [5 2=^* 8 ^ (1 - 0)"-* (a + 0i) 

1 . 3 .5 ... ( 22 + 1 )|_» 


cambriix^e:: printed bv j. ciay, m,a. a son, at the dniveesity press. 


